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PREFACE 

TN this treatise an attempt is made to give, in as 
•^ elementary a form as possible, the main outlines 
of Lie's theory of Continuous Groups. I desire to 
acknowledge my great indebtedness to Engel's three 
standard volumes on this subject; they have been 
constantly before me, and but for their aid the present 
work could hardly have been undertaken. His Con- 
tinuierliche Ghruppen^ written as it was under Lie's 
own supervision, must always be referred to for the 
authoritative exposition of the theory in the form in 
which Lie left it. During the preparation of this 
volume I have consulted the several accoimts which 
Scheffers has given of Lie's work in the books entitled 
IXfferential'gleichungen, Continuierliche Ghruppen^ and 
the BeruhrungS'Transforrnationen ; and also the inte- 
resting sketch of the subject given by Klein in his 
lectures on Higher Geometry. In addition to these 
I have read a nimiber of original memoirs, and would 
specially refer to the writings of Schur in the Mathe- 
matische AnncUen and in the Leipziger Berichte. Yet, 
great as are my obligations to others, I am not with- 
out hope that even those familiar with the theory of 
Continuous Groups may find something new in the 
form in which the theory is here presented. Within 
the limits of a volimie of moderate size the reader 
wiU not expect to find an account of all parts of the 
subject. Thus the theory of the possible types of 
group-structure has been omitted. This branch of 
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group-theory has been considerably advanced by the 
labours of others than Lie ; especially by W. Killing, 
whose work is explained and extended by Cartan in 
his Thhse sur la stmicture des groupes de transforma- 
tions Jinis et continus^. A justification of the omission 
of this part of the subject from an elementary treatise 
may perhaps also be found in the fact that it does 
not seem to have yet arrived at the completeness 
which characterizes other parts of the theory. 

The following statement as to the plan of the 
book may be convenient. The first chapter is in- 
troductory, and aims at giving a general idea of 
the theory of groups. The second chapter contains 
elementary illustrations of the principle of extended 
point transformation. Chapters III-V establish the 
fundamental theorems of gi'oup-theory. Chapters VI 
and VII deal with the application of the theory to 
complete systems of linear partial diJOPerential equa- 
tions of the first order. Chapter VIII discusses the 
invariant theories associated with groups. Chapter IX 
considers the division of groups into certain great 
classes. Chapter X considers when two groups are 
transformable, the one into the other. Chapter XI 
deals with isomorphism. Chapters XII and XIII 
show how groups are to be constructed when the 
structure constants are given. Chapter XIV discusses 
Pfaff '8 equation and the integrals of non-linear partial 
differential equations of the first order. Chapter XV 
considers the theory of complete systems of homo- 
geneous functions. Chapters XVI-XIX explain the 
theory of contact transformations. Chapter XX deals 

^ See the article on Gronps by BornBide in the Encyclopaedia Bri- 
tannica. 
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with the theory of Differential Invariants. Chapters 
XXI-XXIV show how all possible types of groups can 
be obtained when the number of variables does not 
exceed three. Chapter XXV considers the relation 
subsisting between the systems of higher complex 
numbers and certain Imeax groups. I have added 
a fairly full table of contents, a reference to which 
will, I think, make the general drift of the theory 
more easily grasped by the reader to whom the sub- 
ject is new. 

It now remains to » express my gratitude to two 
fiiends for the great services which they have ren- 
dered me during their reading of the proof-sheets. 
Mr. H. T. Gerrans, Fellow of Worcester College, 
Oxford, at whose suggestion this work was under- 
taken, found time in the midst of many pressing 
engagements to aid me with very helpful criticism. 
Mr. H. Hilton, Fellow of Magdalen College, Oxford, 
and Mathematical Lecturer in the University College 
of North Wales, has most generously devoted a great 
deal of time to repeated corrections of the proofe, 
and suggested many improvements of which I have 
gladly availed myself. With the help thus afforded 
me by these friends I have been able to remove some 
obBCurities of expression and to present the argument 
in a clearer light, though I fear I must still ask the 
indulgence of my readers in many places. Finally 
I desire to thank the Delegates of the Oxford Uni- 
versity Press for imdertaking the publication of the 
book, and the staff of the Press for the great care which 
they have taken in printing it. 

J. E. CAMPBELL. 

Hebtfobd College, Oxfobd. 

September, 1908. 
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CHAPTER I 

DEFINITIONS AND SIMPLE EXAMPLES OF GROUPS 

§1. If we have two sets of variables, cCi,..., 07,1 and al^...,a;^^ 
connected by the equations 

(1) «/ = /i(^, •••, a^n)> (i = 1» — »^)» 

they will define a transformation scheme, provided that we can 
solve the equations so as to express the variables a\, ..., ir^ in 
terms of the variables o^', ..., x^. 

We shall denote the transformation scheme (1) by S. 

The operation, which consists in snbstitnting for x.^,.,^x^ 
in any function of these variables fi9*»*ifn respectively, will 
be denoted by S^^, or simply by 8 when there is no need to 
indicate the objects on which the operation 8 is performed. 

So 8y will denote the operation of substituting for J^i, ••mJ^ii 
respectively, /i (y^ ...yyn\"',fn(yu"'\ Vn) respectively. 

Sinularly the operation which consists in substituting for 
x^ t|;ie function /^(/p ..., /,») wiU be denoted by 8\ and so on, 

/Solving the equations (1) we obtain the algebraically 
Univalent set 

(2) aj^= ^<(ar/, ..., x^"), {i = 1, ..., n). 
From (1) and (2) we see that 

Xi=F^(/^{Xi,...,xJ,...,fn(iX^,...iXj) 

We therefore denote the scheme (2) by 8''\ and the operation 
of substituting Fi{Xi, ..., x^), ..., F^lxi, ..., ojJ for a^, .,., x^ 
respectively by 8^"^. 

The two schemes (1) and (2) are said to be inverse to one 
another. 

§ 2. If we have a second transformation scheme T, viz. 

^/= ^ii^v •••>i»n)> (^ = ^» •.•>^)j 
then T8^ will denote the operation of substituting /^ (</>i, . , . , </> J 
for x^. 

CAMTBCU. B 
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The fdHction fiOpp •••> <^fi) mftj be more compactly written 

/^(^/the'ftmction A(<^i(^i, ...,V^J, ..M<^,»(^^^ may be 

^ /y)gitj»n/^<^^, and so on. 

f;/C/'In TS the order in which the operations are to be taken 

:'*i8 from right to left; but it shoald be noticed Uiat^/ being 

the functional symbol which corresponds to S^ and ^ the 

functional symbol which corresponos to T, the functional 

symbol which corresponds to T8 is not <^/but/<^. 

So if we have a third transformation sdieme U^ viz. 

UTS would denote the operation which consists in first opera- 
ting with 8, then operating with T on this result^ and finally 
operating with U; the functional symbol which corresponds 
to UTS is /<^^ : that is, UTS is the operation which consists 
in substituting /i^t^, ...ifn<l>^ for a\, ...yX^ respectively*. 

ST denotes the operation of substituting </>|/, ..., ^^ for 
a;,, ...,a;^ respectively, and TS the operation of substituting 
for ajp ..., x^ respectively, /i</>, *..,fn<l> ; i* then 

fi<f> = <l>if, (i= 1,...,^0» 
ST = 7i8^, and the operations S and 7 are £aid to be 2)er» 
mutable. 

§ 8. In accordance with what precedes, STSg^""^ denotes the 
operation of replacing x^ by Fi4»f\ it follows thereibre that 
when STS^"^ is applied to /<(ai, ...i ^^J this function becomes 
fi^j^i that is, since /^i^= a?^, it becomes <^^(/i, '*<9fn)' \ 

We thus see that the operation STS'^ has the same erSMt 
on the variables Xi\ . . . , x^\ when expressed in terms of o^, . . . ,^ 
by the scheme 5, viz. Y 

as the operation T^ has on the variables a?i', . . . , oj/ ; STS'^ is 
therefore said to be an operation dmUar to 2* with respect 
tOiSf. 

§ 4. If we have a system of transformation schemes iSfj, £^2) • • • } 
and if the resultant operation generated by successively per- 
forming any two operations of the system is itself an operation 
of the system, then the transformation schemes are said to 
form a group. 

* In BariiBide*B TAaory qf Groups the order of operations is taken from left to 
right. The reason why we have adopted the opposite convention is that we 
•haU deal chiefly with differential operatorsj and it would violate common 

usage to write -3- y in the form y -j- . 
ax ax 



8] ^NTINUOUS AND DISCONTIlftjOUS GROUPS 8 

§ 5. A group is said to be continuous when, if we take any 
two operations of the group 8 and 7, we ean always find 
a series of operations within the group, of which the effect 
of the first of the series differs infinitesimaUy firom the effect 
of 8 ; the effect of the second differs infinitesimaUy from the 
effect of the first ; the third from the second and so on ; and, 
finally, the effect of the last of the series differs infinitesimaUy 
from T. NaturaUy this series must contain an infinite number 
of operations unless 8 and T should themselves chance to differ 
only infinitesimaUy. 

§ 6. If the equations which define the transformation 
schemes 8^, /Sfj, ... of a group involve arbitrary functional sym- 
bols the group is said to be an infinite group ; but we shaU 
see that a group, with an infinite number of operations within 
it, is not necessarUy an infinite group. 

§ 7. A group is said to be discontinAuyua if it contains no 
two operations whose effects differ only infinitesimaUy. 

It should be noticed that the two classes of continuous 
and discontinuous groups, though mutuaUy exclusive, do not 
exhaust aU possible classes of transformation groups. 

An example of a transformation group which belongs to 
neither of the above classes is 

where a is a parameter and o) any root of a;"* = 1 . 

A series of transformations within the group, the effects of 
consecutive members of which only differ infinitesimaUy, could 
be placed between 

ai^^oix + a and af^tax + b, 

. . . ^— « ^ . 2(6— a) 

n n 

oi^ 0)0; + a+ —^^(6— a), 

n ^ ' 

where ti is a very large integer ; but such a series could not 
be placed between 

af=:oi>x + a and af=<a^x + b 
if a> and ta are different m^^ roots of unity. 

§ 8. The transformation scheme 

^/=^<> (*= 1,...,^) 
is caUed the identical transfoTTnation ; if it is included in the 
transformations of a group, the group is said to contain the 
identical transformation. 

B 2 
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4 EXAMPLES OF GROUPS [9 

§ 9. A simple example of a diBOontinuous group is the set 
of six transformations, 

1— a? X X 35—1 

by which the six anharmonic ratios of four coUinear points 
are interchanged amongst themselves. 

If we denote the six corresponding operations by S^ (which 
is eqaal to unity since it transforms x into x\ S^y 8^^ 8^^ 
8^, S^ respectively, we verify the statement that these opera- 
tions form a group when we prove that 8^8^ = 8^, 8^ 8^ = 8^y 
and so on. 

Inversion with respect to a fixed circle offers an even 
simpler example of a discontinuous group ; it only contains 
two operations, viz. the identical operation 8i and the opera- 

CL X 

tion 82 which consists in replacing x by -, — ^ and y by 
a^y , xr + y' 

o a when the circle of inversion is a:* + y* = a*. 
xr+y* 

The group property follows from the fact that 8^ = 8^. 

§ 10. In the above two examples there are only a finite 
number of operations in the group ; the set of transformations, 

af=ax + fiy, y'=yx + by, 

where a, )3, y, d are any positive integers, is an example of 
a discontinuous group with an infinite number of operations. 
The group property follows from the fact that from 

x' = ax + fiy, y'^yx + by, 

and aj"= jyof + 5^, ^'= raf + 6y\ 

where jp, q^ r, a are another set of integers, we can deduce 

ic"= {pa + qy)x + {pfi-\'qb)y, 3^'= (ra + 8y)x + {rp + 8b)y, 

where the coefficients of x and y are still positive integers. 

§ 11. Simple examples of continuous groups are the fol- 
lowing : 

where / and (f> are arbitrary functional symbols ; the group 
property follows from the fact that these equations and 

where X and 11 are other arbitrary functional symbols, lead to 

af'=\f{x), y"=l^<l>(y)' 
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(2) af=f{x,y\ ^=<l>{x,y), «'=Vr(») 
where/, <f>, and ^ are all arbitrary functional symbols. 

(3) af=f{x,y\ y'=<l>{x,y) 

where/ and ^ are conjugate functions ; for if and y^ are two 
other conjugate functions, and 

then oi'JtVif'- Fiaf-hi/) =F4^(x+iy\ 

80 that af^ and j/' are also conjugate functions of x and y ; 
that is, the transformation system, which is obviously con- 
tinuous, has the group property. 

(4) ixf=zf{x,y,z), ^=<^(aJ,y,2), i2^=V^(«,2^,«) 
where /, <^, V^ are functions of their arguments such that their 
Jacobian ^(/,»,Vr) ^ ^ 

^ {oc, y, z) 
The group property follows from the identity 

These are examples of infinite contimbous gnmps^ for the 
transformation schemes in (1), (2), (3), (4) involve arbitrary 
functional symbols. 

§ 12. If the transformation scheme 

a?/=/i (»!,... J aJfiJ «!»•••» ^r)> (^= 1,...,^) 

defines a group ; that is, if from the equations 

X^ = J I (aJj 9 • • •) ^n } ^1) • • • J ^r/ 

we can deduce (^i'=fi{^ii •••j^'j^i Cj, ..,,Cy), 

where o^, ...,a^ and &i, ..., 6^ are two sets of r unconnected arbi- 
trary constants, and c^, . • . , o^ are constants connected with these 
two sets, then this group is said to he finite and contin/uous. 
If values of 04, ..., a^ can be found such that 

the group contains the identical transformation; if 04^, ..., a/ 
are &ese values, o^^, . . . , a/ are said to be the parameters of the 
identical transformation. Finite continuous groups do exist 
which do not contain the identical transformation, but the 
properties of such groups will not be investigated here. 



6 THE INFINITESIMAL TRANSFORMATION [is 

4 18. A transformation whose effect differs infinitesimaUy 
from tide identical transformation is said to be an infi- 
nitemnal tranefarmcUion, Thq general form of sucdi a 
transformation is 

where < is a constant so smaU that its square may be neglected. 
If <t> (^} •••t^n) is 9^J function of o:^, •••^^n) then if we expand 
4> {x^i •••i x^) in powers of ty n^lecting terms of the order ^^ 
we get 



= *(ai,...,a:J + <(f,^-| + ...+f,^^). 



If then we let X denote the linear operator, 



</> (iCi', ..., a?^') = (1 + <Z) «^ (a?!, ..., a:J, 

so that we take l-^-tX 

to be the symbol of an infinitesimal transformation ; and we 
call X the infinitesimal operator, or simply the operator, which 
corresponds to this infinitesimal transformation. 

We shall see that any transformation whatever of a finite 
continuous group which contains the identical transformation 
can be obtained by indefinite repetition of an infinitesimal 
operation ; that is we shall prove that if 

Xi=fi{Xi, ...,«n>^» -..jar)* (i = l,...,^) 
are the equations of such a group, 

fi{Xi, ...,«», «!» -Mttr) = *^® li°^i' of (l + — ) «<» 

when m is made infinite, and X is some linear operator. 
This limit is, we know by ordinary algebra, 

§ 14. A simple example of a finite continuous group is the 
projective transformation of the straight line 

a^x+a^ 
where o^, Oj, a,, a^ are four arbitrary constants ; the group 
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property of these transformation schemes can be easily 
verified. 

In this ^oup four arbitrary constants appear, but only 
three effective jparameters, viz. the ratios of these constants ; 
it is always to be understood that the parameters of a group 
are taken to be effective ; thus, if 04 and aj idways occurred 
in the combination 04 + ^2 they would be replaced by the 
single effective parameter 04. 

The identical transformation in the above projective group 
is found by taking the parameters aj = (13 = and o^ ss a^ . 

K we take 01 = 0^4(1+62), a^ = 61041 08== — 6g04, where 
6x1 621 63 are small constants whose squares may be neglected, 

ar — ^ — _-?^ lis- x-k-Ci-k-e^x-k-e^ar. 

This is the general form of an infinitesimal transformation of 
the projective group of the straight line. 

§15. K «/ = «<+6jfefw(^,. ..,»»), ij^'Zi[\'\) 

are a set of r infinitesimal transformations, they are said to be 
iThdependerU if no set of r constants, X^, ..., X^, not all zero, can 
be found such that 

^ifi<+-*- +Vfw = ^> (^= i,...,w). 
The r linear operators, X^, ...,^|., where 

are said to be independent when no r constants, A^, ..., A^, not 
all zero, can be found such that 

Any linear operator which can be expressed in the form 

A2^l"T" ••• +A|,^|, 

is said to be dependent on X., ..., X.. 

K we have r operators, X^, ...,^|., such that no identical 
relation of the form 

connects them, where V^i, . . • » V^r ft^ ^ functions of the variables 
scj, ...ja^^ynot all zero, they are said to be uncon7iec<6c{ operatora 
It is necessary to distinguish between independent operators 
and unconnected operators ; unconnected operators are neces- 
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darily independent, but independent operators are not neces- 
sarily unconnected ; thus 

2, — — 

'bx 'by bz 

are unconnected operators, but X, F, Z where 

^bz by bx bz by ^bx 

are three connected operators, since 

xX-k-yY-k-zZ =0y 

and yet they are independent. 

In the projective group of the straight line there are three 
independent operators, viz. 

bx^ bx^ bx* 

but only one unconnected operator. 

We shall find that there are always just as many indepen- 
dent operators in a group as there are effective parameters. 

§ 16. If X^ and X^ are any two linear operators, the svmbol 
X, X^jfneejiB that we are mrst to operate with X^ ^^^ ^^° 
with 7^ the symbol X.X^ is not then itself a linear operator ; 
but X^ ^2— X2 X^ is such an operator, since the parts m X^ X^ 

and X2X, which involve such terms as ^^ — :r — , are the same 
in both. bx^bx^ 

The expression XiX«— X-X^ is written (Xj, Xg) and is 
called the alternant of Xj and Xj. 

In the projective group of the straight line we see that 

^bx' ^bx)-- bx' 

\bx* bx^ "" bx' 

y bx' bxf bx' 

80 that the alternant of any two of the three infinitesimal 
operators of the group is dependent on these three operators. 
This will be prov^ to be a general property of the infinitesimal 
operators of any finite continuous group. 
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§ 17. The most general infinitesimal operator of the pro- 
jective group of the straight line is X where 

Z = (6i + 62aj+e3a^)^ 

and 6j, e,, 63 are arbitrary constants. 
If we take 

(1) y = 2(46ie3-e2^)-4 tan-i l(4«i^-0"* (2«3« + 0}> 
it is easily verified that 

and therefore 
is eqaal to 

and tbds by Taylor's theorem is equal to 



V 



fl. -^tan^^^^^-^Vy+D- -^ 
6, 4ea 2 ^^^^ 2e. 



If we substitute for y its value in terms of x we shall have 
an expression of the form 

dzX-^a^ 

where Oj, aj, ag, a^ are functions of Cj , Cg, eg; and we thus verify, 
for the case of the projective group of the straight line, the 
general theorem that any transformation of a group can be 
obtained by repeating indefinitely a properly chosen infini- 
tesimal transformation. 

§ 18. K we have two groups 

X^ =/^(fl^, ...,0/^, dii •»*y<lf)9 (t ^ 1, ...,72) 

and y/= <^<(yi»...,ym> ^>"->^r)' (i=ly...,m) 

where m and n are integers not necessarily equal ; and if we 
have a correspondence between San •••' ^r ^^ operations of the 
first, and Tai, ...jar ^^ operations of the second such that to 
every operation Sai^ ...,ar^ single operation Tai, •••y(ir corre- 
sponds, and to every op^tion Ta^, ••^ar & single operation 
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Saiy •••} Or ^^^ ^ ^^ product Sai^ ••'iUf ^^> •o,&. the product 
2^11 ••M^r Tbi^ ..., hr^ then the two groups are said to be maply 
isomorphic. 

It might appear at first that any two groups with the same 
parameters would be simply isomorphic; we could of course say 
that Sai, ...,a-Corresponas uniquely to T^i) •••tar &nd Sbi^ ...ybf 
to r^ii ..., bfi out it would not follow that Sai, ..., Or SIh, ..., br 
corresponded to Taiy ..., ar Tbiy ..., br* ^^^ fiom the dennitlon 
of the group 

where c^, ...,c^ are functions of the two sets 04, ...,a^ and 
^i» •••> ^r' ^^^ these functions will naturally depend upon the 
forms of the functions /j, .•.,/|| which defined the first group ; 
whilefrom ^ 7»jl ;; - T^ ^ 

where y-^^ •••y'Yr ^^^ functions of Oj, ...,a^ and bj, •••}^r> "^hose 
forms depend on the forms of the functions ^1, . . . , ^m ' "^^ could 
not in general conclude that y^ = c^, ..., y^, = c^ unless the two 
groups are specially related. 
An example of two simply isomorphic groups is offered by 

and yi' = yi + a2y2 + logai» V^-Vi' 

If we take two operations of the first 

x{'= \x{ + b^b^x^y x^'^ fejCCj', 

we deduce a5x''= Cjaji + CiCgaJai ^2''= c^o^, 

where Ci = ct^ftj, c^ = (I2 + 62* 

so that the group property of the first is verified. 
Taking two operations of the second 

y/ = 2/i + aay2 + logai, 2^2' = ^2. 
y/'= Vi + hy2 + log 61 , 2//'= y^, 
we also deduce 

yi''=2/i + C2y2 + logCi, 2^2"= y» 
where <?i = cti6i, 02=02 + 62* 

and thus Terify the group property of the second and its 
simple isomorphism with the first. 
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§ 19. Returning now to the definition of a finite continuous 
croup and writing/^ (o^, ...,^n' ^> ••M^r) ^ ^^ abridged form 
fi{x^ a) we see that u 

then aj/' = /^ (a;, c), 

where Cjt = <^fc(c^j««.>ct|.> 6i>. •.>&!.)> (A;= l,,,.,r). 

It will now be proved that these functions ^i, ...,^r <l6^6 
two groups, one of which is simply isomorphic with the given 
group. 

It is to be assumed that /^ is an analytic function of 
^} ••M^fi' ^' •••}^r within the r^on of the arguments a^, ...,a/„ 
ti^, ..., a^; and a]so that the parameters are effective ; that is 
if we suppose /^ expanded in powers of a^, . . . , a;,^ the coefficients 
will be analytic functions of Oj, ..., a^, and there will be exactlv 
r such functionally unconnected coefficients in terms of whida 
all other coefficients can be expressed. 

From the group definition we have 

fi (a?, c) = a;/'=/^ (a?', 6) =/^ {f^{x, a), ...,/„(«, a), ftj, ...,6^), 
and since the parameters are effective we have 

Also aj| = JF'|(aj', a), (i = 1, ...,^) 

being the inverse transformation scheme to 

aj/=/^(a;,a), 
we have 

/<K 6) =/{ (a;, c) =/^ (^i(aj', a), ..., F^ {of, a), c^, ...,c^); 

and therefore if we expand/^ (of, h) in powers and products of 
Xi\...y x^\ since there are exactly r parameters involved, we 
see that in the expansion of 

there must be exactly r unconnected coefficients. 

We further see that bj. can in general be expressed in terms 
of Oj, . . . , a^, Oj, . . . , c^ subject to certain limitations in the values 
which Oj, ...,a^, 0],...,c^ can assume in order that (2) may 
remain an analytic function of its arguments. 

Thus suppose we have the equations 

/(aj,y) = a, <t>{xyy) = p, 

a necessary condition that we mav be able to express x and 
y in terms of a, ^ is that the Jacobian of the functions /(a;, y) 
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and (f> (Xy y) should not vaxiisb identically, or as we shall say 
the fonotions must be unconnected. The form of the functions 
/ and <!> may, however, be such that whatever the values of 
X and y, real or complex, / cannot exceed an assigned value a, 
nor <l> an assigned value o ; the equations 

could not then be solved unless a^a and p^b. 

When we come to seek the conditions that a group may 
contain the identical transformation we shall have to make 
djc^ Cj^f and the result may be that we cannot solve the equa- 
tions (1), and in this case the group will not contain the 
identical transformation. 

In general, however, we can express bj^ in terms of 04, ..., a^, 
Cj, ..., 0^, and therefore in the equations 

the functional forms <^i, ..., <^,. are such that the determinant 



^61 



^6- 



^61 



^6. 



cannot vanish identically. 

Similarly from «/'=/<{ (a^j b) we deduce «/= F^ {pi\ b) ; and 
from x^=f^ {Xy a) and from these identities we have 

f^(a;,a) = ^<(a/',6) = ^<(/i(a;,c),...,/^(a;,c),6„...,6^); 

so that we see that aj^ can be expressed in terms of b^, ..., &,., 
C|, ..., Oy. and conclude that the determinant 



<)ai 



<>a. 



1 . • , 1- 

cannot vanish identically. 

We can therefore conclude that the equations 

(3) Vh-^hiyi^'^'yVry Oi, ...,ctj, (fe= 1,...,^) 
define a transformation scheme with r effective parameters, 
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and we shall now prove that these are the equations of 
a ^np. 
We have /< {a/, h) = <= /< (aj, c) =/< {x, <^ (a, 6)) ; 

and if we take any other set of parameters yi, . ..) yr 9 

Now Maf\ y) =fi {x, <^(c, y)) =/^ (re, <^ (<^ (a, 6), y)), 

so that by equating the coefficients in these two expressions 
for/^ {xf'y) we have the identity 

*fc (a, <^ (6, y)) = <^fc (<^ (a, 6), y). 

This identity leads at once to the group property of (3), for 
by its idd we deduce from 

yk = <t>k{y^cL) ^^ yk'= 4>h(y'>^) = 4>ki<t>{yy(^)^i) 

that y/=*Jk(2/>*K^))» 

that is the equations (3) generate a group which is known as 
the yirs^ parcmieter group of 

aj/=/^(a^, ...,«,,, ai,...,aj, (i = 1, •..,?!). 

It is an obvious property of this parameter group to be its 
own parameter group. 

From the definition of simple isomorphism we see that two 
groups are then, and only then, simply isomorphic when 
they have the same parameter group; the first parameter 
group is therefore simply isomorphic with the group of which 
it is the first parameter group. 

§ 20. In exactly the same way we see that the equations 

are the equations of a group. 

This group is called the second jmrameter group ; it is its 
own second parameter group ; but it is not isomorphic with 
the original group ; for from yj/=: <^^ {a, y), y^''= <^>^ (6, y') we 
deduce yy'= 4>j^ (c, y), where c^ = <i>^{h., ..., 6^, tti, ..., aj, and 
^*i?' ^^ ^ ^^* generally equal to <^jj, (a, 0). 

The two parameter groups are such that any operation of 
the first is permutable with any operation of the second. 

This comes at once from the fundamental identity 

*A: (a» <^ (&> c)) = it>y. (4> (a, 5), c), 

which is true for all values of the suffix k and the arbitrary 
parameters Oj, ..., a^, 61, ..., 6,., c^, ..., c^ ; for to prove that 

yk=<i>k{y*<^) ^^ yh = <t>k{b^y) 
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are permutable operations it is only necessary to prove that 

*fc {4> (6> y)^ a) = *jk (ft, * (Vf a)). 

§ 21. As an example we shall find the first parameter group 
of the general linear homogeneous group, 

the summation being for all positive integral values of h from 
1 to 71 inclusive. 

As such summations will very frequently occur it is neces- 
sary to employ certain conventions to express them. The 
subscripts will always denote positive integers ; those which 
varv in the summation will be supposed to go through all 
positive integral values between their respective limits, mua in 

where the summation is for all positive integral values of 
a from p to r inclusive, and for all positive integral values 
of ft from qiok inclusive, we should indicate the sum by 

When the two limits are the same we should write the above 
sum in the form 

i CafiJ^iKk' 

This would not of course mean that a = )3 throughout the sum- 
mation ; a summation in which a = ^ would be expressed by 

amk 

When the lower limit is unity it will be omitted, thus when 
jp = 1 the sum would be written 

Expressing the linear group in this notation from 
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hmn 

we obtain ar/' = 2 <^hi^h > 

where C;i<=2«Aifc^w- 

If then yj^^, ... are n^ variables, the linear group 

is the first parameter group of the general linear homogeneous 
group in n variables. 

It will be noticed that this group is itself a linear homo- 
geneous group in n^ variables, but it is of course not the 
general Imear group in n^ variables. 

The second parameter group is 

yw=2«A*yiw- 

§ 22. If in any given group 

(1) «/=/<(iCi,...,a:„, a|,...,ay), (i=l,...,7i) 
we pass to a new set of variables ^^i •••»^ii where 

(2) y» = fl^<(ai» -,««)» 
and to a cogredient set ^/, ..., 2// given by 

where ^i^ •••ig^n are any n unconnected functions of their argu- 
ments, we must obtain equations of the form 

(3) y/=<^<(yi,...,yn> OiJ— >ar). (i=l,...,^). 

We are now going to find the relation between the two trans- 
formation schemes (1) and (3). 

Let T denote the operation which replaces Xihj g^^ x^ by ^2 > 
and so on. 

If then a:^= <?^(yi»—>yj 

is the inverse scheme to (2), T'^ will denote the operation 
which replaces x^ by 0^. 

We now take S^ to be the operation which replaces x^ by 
fi(oc, a) and Sf, the operation which replaces x^ hyf^{x, b). 

The operation TS^T'^ acting on y^ that is on fl^i(a?i, ...>^n) 
will transform it into y/ ; for 
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and TSf^Xi = Tf^{a\,...,Xn, Oj, '••y(ir)=fi(9v"'99n^^ ^r)> 

The operations of the transformation schemes (3) are 

therefore TSaT'\ TSj, T-'\... 

and since TSaT-^ TSj,T-^ = TS^Sf,!'"^ = TS^T-\ 

we see that the equations (3) are the equations of a group 
simply isomorphic with the group (1). The two groups (1) 
and (3) are said to be dmUar. Similar groups are therefore 
simply isomorphic, but it is not true conversely that all 
simply isomorphic groups are similar. The necessary and 
sufficient conditions for tne similarity of groups are obtained 
in Chapter X. It will then be seen why it is not possible to 
transform the two isomorphic groups given in § 18 into one 
another. Groups which are similar are also said to be of the 
same type. 

§ 23. It will be proved later that groups which contain the 
identical transformation can have their operations arranged 
in pairs which are inverse to one another ; that is to everv 
transformation /S^ another transformation Sf, of the group wiU 
correspond in such a way that the product of the two will be 
the identical transformation. If then T is any operation 
within the group, T"^ will also be an operation of the group, 
and so will the operation TST'^. This operation is said to be 
conjugate to 8 with respect to T; if TST'^ is equal to 8, 
whatever operation of l^e group T may be, then 8 is per- 
mutable with every operation of the group and is said to be 
an Abdian operation. 

If T is an operation of the group so is T8T^^ ; but even if 
T is not such an operation, TST~^ may be an operation of the 
given group : we should then say that T was an operation 
which transformed the group into itsel£ 

If 2\ and T^ are two operations each of which transforms 
a given group into itself, then T^ST{~'^ is an operation within 
the group ; T^ T^ 8T{'^ Tf'^ must then be witriin the group ; 
that is, since T^-^T^"^ ^{T^T^)-\T^T^ is also an operation 
which transforms the given group into itself. 

It follows therefore that the totality of operations with the 
property of transforming the group into itself^ or as we shall 
say the totality of operations which the group admits, form 
a group. This group, however, need not be finite. 
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§ 24 If out of all the operations of a group a set be taken 
not including all the operations of the group, this set may 
itself satisfy the group condition ; in this case it is said to l>e 
a ev^group of the given group. 

Let Sif Og, ..., jT], jTj, ... be the operations of a group, and 
suppose that &, S^, ... form a suo-group, then ITj^j^ jT^'S 
Tj^S^Tjg"^, ... which (§ 22) is a similar group to iSj, flfj, ... is 
said to be covjv^ate to the sub-group Si^S^, •••. Sub-groups 
which are conjugate to one another are also said to be of the 
eametype. 

If, wnatover the operation Tj^ may be within the group 
iSfi, iSj, ..., Tj, Tg, ... the sub-group T^ S^ Tj-\ T^ 8^ Tfr\ ... 
coincides wiUi Sp S2, ..., then the sub-group SiiS^,...iB said 
to be a adf-conjv^aie mb-group. It will be noticed that it 
is not necessary in order that the sub-group may be self- 
conjugate, that T^Sj^Tjg"^ should be identical with Sj^, but 
only uiat it should be some operation of the system Si, o^, .... 

A group such that all its operations are commutative is called 
an Abman group, 

^ It is easily proved that if a group contains Abelian opera- 
tions they form an Abdian aiLb-group. 

Exa/mple. The linear homogeneous transformation schemes 

^/=2 ^W^A> (i = 1, ..., 7l), 

where the parameters are subject to the single condition 

Ou . . . a„i 



a 



In 



a 



nn 



= 1, 



form a group with {n^ — \) effective pai-ameters. 

If iSi^ is a transformation included in this scheme, and Jf^ 
the above determinant, then, S^ being anv other transformation 
of the scheme and Mr. the determinant which corresponds to it, 
the determinant of o^ fi^^ is if^ if^ ; and therefore, since this is 
unity, the transformations generate a group. This group is 
called the special linear Junaogeneovs group; it is a sub- 
group of the general linear homogeneous group. It is also 
self-conjugate within it; for if T is any operation of the 
general g^oup, the determinant of T8gT~^ is Uie same as that 
of Sa^ and therefore TS^^T'^ is itself an operation of the 
special linear group. 
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Exa/ntple. The projective group of the straight line 

contains the sub-gronp 

of =z aiX+a2' 

This sub-group contains two sub-groups, viz. 

oi^ax and aj'=:aj+a; 

the first is the homogeneous linear group, and the second is the 
translation group. 

We shall prove later that these are the only types of finite 
continuous groups of the straight line; that is, all other 
ffroups of the straight line are transformable to one of these 
by the method of § 22 ; it will also be proved that every 
group which contains only one parameter is of the type 

that is, the type of the translation group of the straight line. 

§ 25. A group which contains r effective parameters is said 
to be of omer r, or to be an r-fold group. We now write 
down some groups of transformations of the plane. 

The eight-fold projective group is 

The identical transformation is obtained by taking 

and making the other parameters zero ; the eight infinitesimal 
operators (§ 13) are then found to be 

d d d d d d 

ix <>y ix 3y ^y ^x 

The projective group has as a sub-group the general linear 
group, viz. 

of which the infinitesimal operators are 

A ^ 1- — — — 
^x* ^y* ^aj* ^y* ^y' ^x 

One sub-group of the general linear group is the group of 
movements of a rigid lamina in a plane, viz. 
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a/ssascoBtf+ysmtf+Oj, j/^-^xsmO+ycosO+a^f 

Oj, aj, and being the arbitrary parameters. 

The identical transformation is obtained by putting 

Oj = Og = ^ = 0^ 

and the infinitesimal transformations by taking o^ , o^, to Ite 
small unconnected constants ; the infinitesimal operators are 

^x* ^y* ^x 'by* 

Each of these sub-groups could be obtained firom the pro- 
jective group by connecting the parameters of the latter by 
certain equations ; thus the general linear group was obtained 
by taking 0^3 = 023 = 0. It must not, however, be supposed 
that if we are given a group, and connect its parameters by 
some arbitrarily chosen equation, the resulting transformation 
system will generally be a sub-group ; this would only be true 
for equations of a particular form connecting the parameters of 
the given group. 

It has been stated that there are no groups of the straight 
line which are not types of the projective group of the line, or 
of one of its sub-groups. In space of more than one dimen- 
sion, however, gi^oups do exist which are not of the projective 
type ; thus in tiie plane the equations 

^=^;iT^' y^ K^T^r ; 

where the constants are arbitrary, define a non-projective 
group of order r+ 4. The group property may be verified 
easily. The identical transformation is obtained by taking 
a2 = a, = a5 = ••• = 0, and a^ = 04 = 1^ and the infinitesimiQ 
operators may be written down without much difficulty ; but, 
smce a general method of obtaining these will soon be in- 
vesti^ted, we shall not now consider these operators. 

This group is not similar to the projective group, nor to any 
of its sub-groups. 

§ 26. In three-dimensional space many of the groups have 
long been known ; there is the general projective group of 
order 15, viz. 

a^4X'¥a^y'¥(i^Z'\-a^' ^ Oi^x-^-a.^^y-^-a^z + a^* 

% 
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From this we obtain the linear group of order 12 by taking 
C44 = a«4 = ^34 = ; the linear homogeneous group of order 9 
by farther taking a^^ = a^^ = ^43 = ^ ; ^^ apemal linear homo- 
geneous group of order 8 by taking 



= 1. 



^1 ^21> ^1 

Other Bub-groups of the general projective group are: the 
group of rotations about a fixed point of order 3 ; the group 
of translations, also of order 3 ; and the six-fold group of move- 
ments of a rigid body, obtained by combining these two groups 
of order S. 

There are very many other sub-groups of the projective 
group, but we have now perhaps ^ven a sufficient number of 
examples of projective groups m uiree-dimensional space. 

From these groups others could be deduced by transforma- 
tions of the variables, but they would not be new types, thus 
the groups 

ar'= OuX + 0^^ + 0312;, j/= a^x -k- a^y + a^z, 

»'= OiaOJ +0^^+0530, 

«'= a^xz-^-a^yz-k-a^s^ 

are of the same type, for the first can be transformed into the 
second by the scheme 

Xj-xz, Vi^yz, z^=^z. 

§ 27. We may applv the theory of groups to obtain, in terms 
of Euler's three angles, the formulae for the transformation 
from one set of orthogonal axes to another. 

Describe a sphere of unit radius with the origin as centre, 
and let the first set of axes intersect this sphere ia A, £, C. 

By. a rotation yjr about the axis OC we obtain the quadrantal 
triangle CPQ, and a point whose coordinates referred to the 
first^set of axes were x, y, z will, when referred to the new set, 
have the coordinates a/, j^, z' where 

a^= iccos^+ysin^, 2^=— ajsin^ + ycos^^, /= 0. 

By a rotation about OQ we pass to the quadrantal triangle 
C7|i^Q, and a point with the coordinates x, y, z will now have 
the coordinates ix/\ }j[\ sf\ where 

a"=a'costf— /sintf, 2^'= y'l «"=«'sintf+/coBtf. 
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Finally by a rotation ^ about OGi we pass to the axes 
0(7|, OAi, OBi referred to which the coordinates of x, y^ z will 
be Qi'\ f\ 7f'\ where 

a^''=:iB"coB<^ + y''sin<^, y'''=-.a;"sin<^ + y"co8<^, «"'=/'. 




If then 22 denotes the operation of replacing x^ y, z re- 
spectively by 

a;cos^ + 2^sin^, — a; sin ^+2^ cos V^, z^ 
8 the operation of replacing x, y, z by 

xeosO—zsixiO^ y^ xsmd-k-zco&O, 
and T the operation of replacing x, y, z by 

ajcos<^ + ysin<^, — a;sin<^ + 2^C08<^, z, 

the coordinates of a point x, y, z, with respect to the first 
axes, will be obtained when referred to the new axes OA^^ 
OBi, OCi, by operating on a;, y, z with AST, and therefore 
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+ (cos 006 ^ sin ^ + sin ^ 008 ^) 2/ * sin cos ^ . 0, 

"if"^ — (ooB sin^ cos ^ + COS <^ Bm^)a; 

+ (cos^ cos V^— COS0 sin^ sin^) 2^ + sm0 sm<^ . ;?, 

2^^^=8in0cos^.a; + Bin0Bm^.3^ + co6 0.0. 

These axe Euler's formulae ; if we take 

and then make c^, c^, €3 small, we obtain the three infini- 
tesimal operators 

A — A. A A_ — 

^ ^z ^y* ^x ^z ^y ^x 

of this group. These can, however, be more easily obtained 
otherwise. 

§ 28. An example of a group in three-dimensional space, 
wmch is not derivable from the projective groups by a trans- 
formation of coordinates, is 

^__ ai^ + biy + Ci ^ ,_a2X+b^y+C2^ 

If we notice that 

^ (61C3-63C1) a:+(ai63-a36i)(y-a») + aiC3-a3Ci ' 

it will not be difficult to verify the group-property. 

As the number of variables increases the number of different 
types of groups increases rapidly. Thus there are only three 
types of groups of the straight line ; there are a considerable 
number of types of groups in the plane, but they are now 
all known and will be given later on ; in three-dimensional 
space there are a verv lar^e number of types^ most of which 
have been enumerated in Ue's works ; but in space of higher 
dimensions no attempt has been made to exhaust the types. 



CHAPTER n 

ELEMENTARY ILLUSTRATIONS OF THE PRINCIPLE 
OF EXTENDED POINT TRANSFORMATIONS 

S 29. Some classes of differential equations have the property 
of being unaltered when we transform to certain new variables. 
Such transformation schemes obviously generate a group ; for 
if S and T are two operations which transform the equation 
into itself, or as we shall say oi)eration8 adm^itted by the 
given equation, T8 will also be an operation admitted by 
the equation, and therefore S and T must be operations of 
a group. This group, however, is not necessarily finite or 
continuous. 

The differential equation of all straight lines in the plane, viz. 

-j^ = 0, is an equation of this class ; for from its geometrical 

meaning we know that it must be unaltered by any pro- 
jective transformation. 

Again the differential equation of circles in a plane, viz. 






must admit the group of movements of a lamina in a plane, 
and also inversion. 

It would be easy to write down many equations which, 
from their geometrical interpretation, must obviously admit 
known groups ; but more equations exist admitting ^oups 
thim we could alwavs obtain by this a priori method ; and 
we shall now thereK)re briefly consider a method by which 
the form of those differentiid expressions may be obtained 
which are imaltered, save for a factor, by the transformations 
of a known group. The method will be more fully explained 
and illustrated in the chapter on Differential Invariants. 

§ 80. In this investigation the underlying principle is that 
of the extended poirtt transforToation. 
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To explain this principle let 

be an infinitesimal transformation ; then 
dj/ dx ^^x ^ydx^ 

dx ^^x ^ydx ^xdx ^y^ch^ ^' 
since ^ is a constant so small that its square may be neglected. 

If we denote -^ by p^ and -^ by p\ and the expression 

^x ^^y ^x^^ ly^ 
by IT, we have proved that 

Similarly we have 

dp ^/^' ^' ^wdp\ 
dpf ^dx ^^x ^y^ ^pdx^ 

da? ^^x ^^y ^xdx ^y^dx ^pdx^* 
If we now write r for -^ this gives, after some easy reduction, 

where 

The infinitesimal transformation is said to be once extended 
when to the transformation scheme 

a/=x+ti, j/s^y-^tri 

we add p^ssp-^tv; 
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it is said io be twice extended when we add to these 

r'ss r + ^p, 
and so on. 

A general rule for extending a point transformation to any 
order will be explained in Chapter XX. 

We have only considered the extension of an infinitesimal 
transformation, but any transformation could be similarly 
extended ; the infinitesimal transformations with their exten- 
sions are, however, the most important in seeking differential 
equations which admit the operations of a known group. 

It will be proved in Chapter XX that if we have a group 
of transformations, and extend it any number of times, the 
resulting set of transformations will belong to a group which 
is simply isomorphic with the given group. 

§81. In order to illustrate the theory of extended point 
transformations we shall find the absolute difierential in« 
variant of the second order ; that is, an expression of the form y 

/(^> Vi Pi ^)» which is unaltered by the transformations of the r -^ \j^ 
group of movements of a rigid lamina in the plane ocy. ^ «^ ^^^"^ 

In this problem the infinitesimal transformation is 

a/sraj+^fc y^=^y-\-ti\, p'^p-^tir, r^^zr-k-tp, 
where 

and a, 6, c are constants. 

^^^ f{x,y,p,r)=f(xU(, y-hHp-^tir, r^tp), 
and < is so small that its square may be neglected, 

most snnihilate/. 
As (he constuite are independent we infer (hat 

most each separately annihilate/. 

We conclude therefore that in / neither x nor y can occur 
explicitly, so that/ is a function otp and r annihilated by 
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it is now at once seen that the required differential invariant 
for the group of movements in the plane must be a function 

of ^ — SIL , that is, of the radius of curvature, 
r 

§ 82. In the theory of differential invariants we look on the 
group as known and deduce its invariants ; a related problem 
IB : ' given a differential equation or differential expression to 
find ike infinitesimal transformations which the equation or 
the expression admits.' 

We know that these transformations must generate a group, 
thouffh we do not know that the group wfll be finite. It 
should be noticed, however, that the property of admitting an 
infinitesimal transformation at all belongs only to particular 
types of differential equations. 

llius if we take the equation 

and try whether it admits the infinitesimal transformation 

we see that it cannot admit it unless 

p = 2ajf+2yiy, 

for all values of x, y, p, r satisfying the equation r^cf-^-y^. 
We must therefore have 

for all values of a;, y^ and p. 

Equating the coefficients of the different powers otpio zero, 
we get 
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From (1) we see that 

by differentiating (2) with respect to x, and (3) with respect 
to y^ and eliminating rj we get 

+ 22/^ = 0; 



hix^^y ^ ^y 

that is f'{x) + 2 2(/"(a:) = 0, 

so ihaXfix) vanishes identically. 

From (1), (2), and (3) we therefore conclude that 

and 2 fix) = 4>''(x). 

From (4) we get 

yf\x) + f'\x} + {a?^y'){f{x)^2<l>\x)) = 2x<l>{x) + 2ff{x)^2yylf{x), 

and on equating the coefficients of ^ in this equation we see 

that f{x) + 2 (f>\x) = 0, 

and we conclude that f\x) = <t>^\x) = 0. 

By equating the coefficients of y we get ^(o;) = ; while by 
equating the terms independent of y on each side we easily 
obtain ^ {x) = 0, and therefore/Zo;) = 0. 

The equation proposed thereiore does not admit any in- 
finitesimal transformation. 

If we were to treat the equation -7^ = in the same manner, 

we should find that the only infinitesimal transformations it 
admits are those of the projective group. 

Examiple. Find the form of the infinitesimal transformations 
which have the property of transforming any pair of curves, 
cutting orthogonally, into another such pair. 

Let x'=zx+t^, j/^y-^tri, p'^p-^-tity 

be the once extended infinitesimal point transformation ; and 
let x^y h^ the point of intersection of the two curves, and 
p and q the tangents of the respective inclinations of the axis 
of a; to the curves at this point, so that ^+1 = 0. 

We have now to find the form of f and r] in order that 
292 + 1 = may admit the infinitesimal transformation. 
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We must have 

wherever p^ + 1 = 0. In this and other like examples we 
shall employ the suffix 1 to denote partial differentiation with 
respect to Xy and the suffix 2 to denote partial differentiation 
with respect to y. 

Substituting - for 9 in this equation, and equating the 
different powers of pio zero, we get 

so that ( and t; are conjugate functions of x and y. 

An infinity of independent infinitesimal trajisformations 
will then have the required property. 

§ 83. We know that the differential equation 

/^te.N* /^U\* /^Un* 

is unaltered by any transformation of the group of movements 
of a rigid body in space;'and we also know that it is unaltered 
by inversion with respect to any sphere ; and finally that it 
is unaltered by the transformation 

sxfsz kx, y^= ky^ «'= kzy 

where k is any constant, that is, by uniform expansion with 
respect to the origin. We therefore see that this differential 
equation admits a group, and we now proceed to find all 
the infinitesimal transformations of this group. 

It is a matter of interest to connect this problem with 
another one, apparently different, but really the same. 

Any curve in space, the tangent to which at each point on 
it intersects the absolute circle at infinity, is called a Tmnvmv/m, 
'Curve. If Xy y, z and x + dx^ y + dy^ z-^dz are two consecutive 
points on such a curve, 

da:^'^dy^+dai^= 0. 

Through any point P in space an infinity of minimum 
curves can be drawn, and the tangents at P to these curves 
form a cone ; also through P an infinity of surfaces can be 
drawn to satisfy the equation 

and the tangent planes to these also touch a cone ; we shall 
now prove that these cones coincide. 



S4] LINES OF ZERO LENGTH 29 

On any surface, and through any point on it, two minimum 
curves can be drawn ; for in the usual notation we have on 
any sur&ce 

da^-^dy^-^ds^ = da?-k'd'j^'¥{pdX'Vqdyf\ 

if therefore we choose dxxdy W) that 

{\-\'j?)da?-\'2pqdxdy'\-{\'\-q^)d'i^^ 0, 

we have two directions for minimum curves through the 
point. 

Now on any surface, u = constant, which satisfies 

we must have l+p*+5*=sO, 

and therefore the minimum lines on the surface drawn through 
any point on the surfeu^ must coincide; and, converse^, 
surfaces with this property satisfy the differential equation (1). 
It follows that any tangent plane, at a given point, to a sur- 
face satisfying the equation (1) touches the cone, formed by the 
tangents to the minimum curves through the same point ; the 
two cones therefore coincide at every point of space, and the 
same set of transformations must leave unalt^ed the two 
equations, 

This is a particular case of a theorem, to be considered later, 
connecting partial differential equations of the first order with 
equations oi the form 

where cf^, dx^, ..., dx^ enter the equation homogeneously. 
These equations are called Mongian equations. 

§ 34. Consider the infinitesimal transformation 
aj'=aj+<f, y'^y+tri, z'=Z'^tC 
which has the property of being admitted by the equation 

(foj2 + dy2 + (fe2 = 0. 

Since cte^+dy^ + cfe^= 0, wherever (ic^+dy^+cfo* = 0, 
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we say that these two equations are connected ; we now have 
the equation 

dx{(idx+(2<^y'^(^dz)'^dy{ri^dx+v2dy'k-ri^dz) 

-^dziCidx-^Cidy-^ddz) = 

connected with da? + dy^ + dz^ = 0. 

We must therefore have 

To verify that we obtain these same equations by the con- 
dition tliat the two equations 

are connected, we write down the identities 

4 ( t ^ \ 

5^ = ^ + Hf «^ + ''257 + ^«^> 
5i = j7 ■*" * '^^» aZ ■*■ ''8^7 + ^a?-* ' 

and, since t is so small that its square may be neglected, we 
deduce from these 



By the conditions of the problem the expression 

^ (^' 5^ + ''iS^ + f» Ji-) + 2^ i^»a^ + ''«d^ + f» J^ ) 

must therefore be zero, wherever the expression 

/^Ux' (^"^^ (^'^\ 

is zero^ and the equations (1) are thus obtained over again. 
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§85. We now take 

fi = ^2 = Cs =/(a?, y, «), 

Differentiating Tig + Ca = ^ '^th respect to y and 0, and ex- 
pressing the resulting equation in terms of/, we get 

Similarly we obtain 

^ + ^=0, and ,-^ + ^ = 0, 
and conclude that 

^aj* ^y* ^2? 
We therefore take 

where the coefficients of the powers and products of the 
variables are constants, so that 

By differentiating 1/3 + f2 with respect to x, fj + fa ^'^ 
respect to y, and f 2 + Vi with respect to Zy we have 

C28 ^^ ^81 ^ V12 ^ ^ 5 

and conclude that 

Ogg = Ogi = 0^2 = ai23 = ^* 
Litegrating (i^f^aQ-k-a^x-k-a^y + a^z 
we see that 

and since ^m = we see that i^(y, 2;) must be of the form 
^12 (y) + -^13 W» "wli^re -P12 (y) ^ some unknown function of y, 
and i^]3 (0) some unknown lunction of 0. 

We have now advanced so far that we may take 

f = a^aj + Joja? + Oaa^ + agO^ + i^i2 (y) + i^i3 (2;), 

ly = aoy + a^xy + 1 a^y^ + a,y0 + -PjiC^) + ^M^ 
C=aQZ'ha^xz-ha^yz+ka^s^ + F^^{x) + F^{y); 
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and from the equations 

we next obtain 

We conclude then that 

^82 (y) = - 1 «32/* - -^1 2^ + constant, 
F^{z) = — 1 02^^ + ill 2; + constant, 

with similar expressions for the other functions. 
Finally we have 

f = |ai(a?— y*— s^) + a3yaj + a8a» + aoa; + a + il2«-il32^, 

We now have ten infinitesimal transformations admitted by 
the equation ^^ a ,^Un« .^Uv« ^ 

and by the Mongian equation 

The ten operators which correspond to these transforma- 
tions are 
ddd dd dd dd 

hx ^y ^z oz cy dx cz hy ^ ^x 

ia?^y^^z^)1^2yz^^2zx±. 

§ 36. Example. Find the most general infinitesimal trans- 
formation with the property of transforming any two surfaces 
intersecting orthogonally into another pair of such surfaces. 

Let u and t; be any two functions satisfying the equation 

' ^x^x ^y ^y ^z^z'~ ' 

then It = constant, and t; = constant will be two surfaces 
intersecting orthogonally. 
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The equation (1) must therefore admit 

We have 

with similar expressions for 

du dl6 'hv ^v dt; 
^' W W "^' W' 

substituting in (1) and neglecting t^ we see that 

is an equation connected with (1). 

We are thus again led to the equations 

fi = r?2 = fa* »l8 + fa = f8 + fi = f2 + ^i = ^5 

and conclude that the only infinitesimal transformations with 
the required property are those found in the last article. 



CHAPTER m 

THE GENERATION OF A GROUP FROM ITS 
INFINITESIMAL TRANSFORMATIONS 

Th$ identical transformation. 
§ 87. From the equations 

which define a group, and from 
we have 

Subject to certain limitations on the values of %|..M<^r) 
C|, ... c^, we can deduce from these equations 

(2) 6;^ = V^fc fe 4 (A? = l,...,r). 

Now suppose that on taking aj = c^, ...,a. = c^ the func- 
tions y^^ (a, c) remain analytic functions of their arguments ; 
and suppose further that the values of 6i, ...,6,. so obtained 
make j^ (o^, ..., ^9 ^d •••> &r) ^^ analytic function of its argu- 
ments, within the region over which a^,...,^^ may range; 
then as we have always 

fi («. c) =fi {x', h) ; 
by the hypothesis a^ = c^ we have 

icj =/<(«, a) =/<(aj,c), 

so that icj =/^. (a?', 6), (i = 1, ..,,71) : 

that is, h^ = ^j^ (a, a) gives the identical transformation. 
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Since these values of i^, . • . , b^ are obtained from the equations 

it mi^ht seem at first as if they would be functions of o^, ••., a^: 
this, however, is not the case ; they are absolutely independent 
of ci], . • . , a^ • To prove this, suppose that 

Xj^ being some functional symbol : then 

fl^ =/5( (iCj, •••9^1 Ai, •••9 A^), 

and as X^, ...,X^ must occur effectively in/^ we should have o^ 
expressed in terms of o^, •••, a^ and arbitrajy constants, which 
is of course impossible. 

§ 38. As an example in finding the parameters which give the 
identical transformation we take the case of the linear group 

We have Ohi^^<^hhhi' 

putting cj^^ = aj^i we have 

and therefore, since the determinant 



a 



nl) 



a 



nn 



cannot be zero, we must have hj^^ = 0, if A and i are unequal, 
and h^^ = 1. 

Of course these values of the parameters for the identical 
transformation could have been obtained by inspection of 
the equations of the group, but we have preferred to deduce 
them oy the general method in order to illustrate the theorem 
that they are absolute constants. 

As we shall verv often have to deal with constants such as 
6;^^, characterized by the property of being zero if h and i are 
unequal, and uYiity if they are equal, it will be convenient 
to denote such a constant always by the symbol c;^^ . 
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We should thus express the parameters of the identical 
transformation in the general linear group by the equations 

, /A = 1, .«., W\ 

but it will not always be necessary to explicitly state the 
range of the suffixes. 

§ 89. Engel has proved that finite continuous groups do not 
necessarily contain the identical transformation. 
Thus consider the function due to Foincar^ 



naoo 



2^ = 2 2~*a?^^ 



nsO 



which is known (Forsyth, Theory of Functiona^ § 87, Ex- 3) 
to exist only within a circle of radius unity, whose centre is 
the origin. It follows that a; is an analytic function of y 
such that, whatever value y takes, x always lies within 
a circle of radius unity. Let x = k(y) : then X is a function 
such that, whatever may be the value of its argument, it is 
always less than unity. 

Take now the transformation schemes a?'= k{a)x. These 
clearly generate a group ; for if 

a^'=k{b)af then af'=k{a)\(b)x, 

and k(a) k{b) = ky k being a constant less than unity, so that 
k{a) X(6) = X(c), where 



nsw 



n = 

We therefore have the group property, since we can deduce from 
aj'= k{a)x and aj"= k{b)x the equation a?"= k(c)x. 

We now have k(b) = -44 > 

k{a) 

but we Cfuinot take c = a, for that would give X(6) = 1, which 
is impossible, since X(&) is always less than unity. 

TTie rnethod of obtainiTvg the operators of a group. 
§40. Let (1) a!^=fi{x,a) 

be a transformation of the group ; let r— ^ , expressed in terms 
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of 0^, •••9^9 ^) •••» ^r 1^^ written £;^(^) •••) ^) ct], ..., a^), 
or in abridged notation ^^^ ; and denote by Jt'y^ the linear 
operator ■ " 

Let -^ — denote the operation of differentiating totally with 

respect to a^^ any function of o^, .x,^) Ad ..M^r) in which on 
account of (1) o^, ..., o^ are to be considered implicit functions 
of c^, ...jay.. 
We have 

that is, if we express any function of a^* •••>a4> ^> •••>ar> "^ 
terms of a?|, . • ., ^n > ^> * ** » ^r ^7 i^^ans of the equation system (1), 
and then differentiate with respect to a j^, we get the same 
result as if we had performed the operation 

directly on the given function. 

If we now keep ajj, ...,^n> ^>"->«r fi^ed, iej, ...,a^ will also 
remain fixed; and the increment of any function tf> (a^', ..., ^0> 

where af{ = /^ (a?', 6) = /^ (a?, c), 

due to the increment db^^ (the other parameters ftj, ...,6jfe-i> 
&*+!»•••» ^r remaining fixed), will be 

Since, however, ajj' = /< (a?, c) and ajj, . . .,a;^ remain fixed^ while 
Cj, ...,<^r *^ functions of Oj, ...,ay, 6p ...,&r> "^® may write this 
increment in the form 

Now ^ (a^',..., a^') ^ *^ arfei^rury function of its aiguments; 
so that we obtain the identity 

by equating the above two expressions for the increment. 
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By giving k the valaes 1, ...^r we have r identitieB which 
hold for all values of a^, ••n^n* ^v ••M^r» ^i> ***> ^r» "^h^i^ 

cjfc = ^j^ (a, 6), (*= l,,..,r). 

§41. We now take 6i, ...,6^ to be the parameters of the 
identical transformation, and since these are absolute constants, 
we shall omit the 6 in ^Xji^ and write it X'^ simply. 

T-^ is now a function of o^, ...» a^ only, for 6j, ...» b^ 

are absolute constants; we write it therefore in the form 
Hji'h* ••M^n)* ^' simply ay. 

Also, since 6^, . . ., 6^ are the parameters of the identical trans- 
formation, 0^ =5 aj^, and we have the identities 

(1) : _ 

where the determinant 



m* • 



«ri> • • • ^rr 

cannot vanish identically, that being a condition for the 
existence of an identical transformation. 
From these identities we deduce 



(2) 






where A^y, ... are functions of o^, ...,0^ ; that is, any operator 
with aiiy i/mplicit set of constants o^, ...,a^ is dependent on 

This theorem is called the first fundamental theorem in 
group theory. 

§ 42. il group of order r contaims exactly r iruiependent 
operators. 
Lem/ma. If we have any linear operator of the form 



kmr 



(1) 



2 



«»^' 
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where a^^ is a function of o^, •••! ^r* "^^ know from the theory 
of differential eauations that there are exactly (r— 1) functions 
of o^, ...,a^ whicn this operator will annihilate. LetAi,...yil^.2 
be any such (r— 1) functionally unconnected functions, then 
if/ is any function of a^, ...^a^, which i3 annihilated by (1), 
we know that it must be a function of ilj, ..., ilf..i. 

It follows that there cannot be any linear operator of the 
form (1) which annihilates the n functions /j, ..m/ii defining 
a group ; for if there were such an operator there could not be 
more tnan (r — 1) effective constants involved in /j, ...,/n> viz. 

From this lemma we conclude that there cannot be any 
equation system of the form 

2^*^"^^^' (^=1,-..,^), 

where X^, «..,^n do not contain rCj, .•.,^n» ^^^ therefore there 
cannot be any identical relation of the form 

between the operators ^^ ..., ^^ when A^, ..., A^ only involve 
Oj, «.., a^ ; that is, the r openitors 

are independent, and therefore so are the operators 

If 6j, • • . , 6^ are the parameters of the identical transformation, 
and 6j + e^, ..., b^-k-e^ an adjacent set of parameters, e^, ..., e^ 
being so small that their squares may be neglected, then ex- 
panding a<< =/<(«!, ...,aJn> &i + ^»--»6y + 6^) 
by Taylor's theorem we have 

A = «'<+ 2^ik ft<» (^ = ^ — »^) ; 

or since a!^ is approximately equal to x^^ 

Since -X'fc=2fw^» 

and the operators are independent, we see that there are 



40 



EXAMPLE 



[42 



exactly r independent infinitesimal transformations ; and we 
see farther that the operators of a group, as defined in § 13, 
coincide with the operators as defined in this chapter. 

§ 48. As an example iUustrative of the preceding methods 
we take the projective group of space, viz. 

(1) ^^ ^<^ + ^2i^ + a3,a:3 + a,, ^ (i = 1, 2, 3) ; 
from these equations we obtain (p being < 4) 



IsA 



i _ 



x^ 



if ?<4, 



and 






da, 



Ifil 



y*' 



M 



is the minor of a^ in the determinant 



Jf = 



(hi^ 



a 



'41) 



^4 



a 



44 



we have, as the scheme inverse to (1), 

^ il41«l + ^42«4 + ^48«4 + ^44 

Since only the ratios of the constants are involved, we may 
take a^ as absolutely fixed; and we get as the operator 
corresponding to a^^ 

(2) -af-^U,ia4+^i,2a4+^i>3a4 + ^i>4)^ if j < 4. 
If g =5 4 the operator is 

^-H^j,i«4 + ^,2^2 + ^i,8a4+^j,4)(«4g^+«4^^+^^)- 

The identical transformation is obtained by taking a^ = €^ : 
this gives Aj^ = ^, and the corresponding 15 operators are 



(4) 






fP = 1, 2, 3v 
V} = 1,2,3^ 

0> = 1, 2. 3), 



(p = 1, 2, 3). 
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The reader may easily verify that the set of 15 operators 
given by (2) and (3) is dependent on the set of 15 given by 
(4) ; and also that either of these sets of operators contains 15 
independent operators. 

Exa/mples, Find the infinitesimal operators of 

(1) the projective group of the plane ; 

(2) the orthogonal linear homogeneous group^ viz. 

a<= auo; + a^^y + a^^z, 2/'= «2i^ + ^222/ + <^22^> 
where the constants are such that 

(3) the linear homogeneous group in n variables ; 

(4) the non-projective group given in § 25. 

The canonical equations of a group. 

§ 44. The parameters 6j, ..., 6^ which determine the identical 
traoisformation in the group 

give for all values of the parameters o^, . . ., a,. 

they are therefore the same parameters as those which determine 
the identical transformation in the first parameter group (cf. 
(3), §19). 
It also follows from the defimtion of the functions 

that the infinitesimal operators of the first parameter group 
are -4.^ ..., A^ where 

Let now a^^ ...,a/ be the initial values of the variables 
fltj, ...,a,. ; let the operator 

be written A ; and the operator obtained by replacing 
Oj, ..., a^ in -4 by a^^ ..., a^*^ respectively be written A^, 
If Z is any linear operator , we shall denote by e^ the expression 

1 + ^X+ ^Z2+ i^Z3+ ... to infinity. 
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We now take 

a^-e^aj,^, (fcs= l,..„r), 

when we have ^a^^ = A^a^^ 

and therefore, ^(a^, ...^a,.) being any function of a^^ ...» ^r' 

^A{<hy — fttf) = -^o*(^» .-Mar)- 



5? ^0-^0^^ 



We also have ^rr^lo = -^o ^^ 



since the operators are in unconnected sets of variables, viz. 
t and a^y •..,»/ ; and therefore 

Of ^ A A ^ A 9 

Similarly we have 






<t> = AM, 



and therefore the limit of -^ » when t is zero, is 

Since 4> (^» •••, a^) is a function of t and of the initial values 
a^^y ...,a/, we have by Taylors theorem 

and therefore 

From this formula we deduce 
d t t^ 

by a second application of the same formula. 
A particular case of this second formula is 



» = r 



0) ^=2 «.«.*• 



f 
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The identities of § 41 (expressed in the variables ^4) ••m^ 

a^h = ^;kl-^i+-«* + ^ikr-^r> (*=1>"m^) 

are equivalent to 

(2) a^'u = ^*i f i< + • • • + ^Jkr fw » 

and therefore, since o^ is a function of ^, ••M^n> ^> ..-i^r ''^^ 
thus implicitly of o^i, ..M^n> ^^ ••m^A ^' <^^ since 

we have -^•zr 2 ^y</<«#«#;k 

by (1) and (2). 
Now the identities (1) and (2) of § 41 are equivalent, so that 

we must have 2 Hj ^ah = Uj > 

and therefore 

(3) f='i«.fw. 

We can deduce from the formula (3) a result which will be 
useful later ; since 

^i-fi(^><^h (^= 1,...,^) 
we have the inverse scheme 

and therefore, since x^ does not involve t, we see that 
It foUows from (1) and (3) that the operator 



»=sr 



that is, the operator 2«, (X; + il^ 

annihilatee every function of a^ x„ when expressed in terms 




property 



/ 
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If we nowtakea^^...,au.^ to be the parametersof the identical 
transformatioii, then, wnen ^ = 0, af^ = x^; and applying 
Taylor's theorem we have 

If we write X' for the linear operator 

and express any function of o^, ••.,^ ii^ terms of a^, ••M^n) ^' 
«!,..., Cy we have from (3) 

^<^(a4, ...,a4) = ZV(ai, ...,0- 
Now ^'^(a^,...,^ is itself a function of a4> •••>^» so ^^^ 

and therefore 

^ ^ (a^, .-., O = -X''*^(a4, ...,0, 

and more generally 

^^(a^, ...,aQ = -r'«<^(a^i, ...,<). 

It follows that the limit of ( j^ ) is -X'«*a;^, and therefore 

Similarly we could prove that 

(4) *(ai>--->0 = c^^^K, ...,aJn), 

where X denotes the operator 

Example. Assuming that 
a^ = e^^a?^, prove that ^ (a/p ..., a^) = ^'^ (^> •••> ^n)* 

Since ^|, ...,il|. are operators given by 
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where the determinant 



'IV 



does not vanish identically, these operators are not merely 
vndepeTident but also unconnected, 

A group in n variables with n unconnected operators is 
said to be tran^tive ; if the order of the ^oup is also equal 
to n the group is said to be simply transitive. 

We now see that the first parameter group is simply 
transitive. 

Since il^...,^^ are unconnected operators, and e^^.^.^e^ 
arbitrary parameters, and o^, ..., a^ are defined by 

ajfe = e'(^V> (Aj=l,....r), 

we know that there can be no functional connexion between 
a^, ••., a^, they may therefore be any parameters whatever. 

It follows that if 

^< = /<(^» •••>«!,> Oj, ...,a^), (i-s l,...,n), 
we can always throw /^ (a?, a) into the form 

When the equations of a group are given in the form 

the group is said to be in canondcal form. 

Since e«i-ri + ...+«r-rr is the limit when m =qo of 



V m, f * 



we see thoA every firMe operation of a ^oup can be generated 
by indefinite repetition of an ivfiniteaimal operation. 

It should be noticed that the operation of substituting 
for Xi, ..., x^ in any given function of these variables 
a4>««M^ respectively, an operation denoted in the first 
chapter of this treatise by Sai, -••yar^ has now been proved 
equivalent to operating on a?|, ..., x^ with e^-^i + .-.+^r-^r^ when 
e^, ...,6^ are functions of Oj, ..., a^ known as the canonical 
parameters. We shall sometimes speak of e«i-ri+...+«r-rr |^ 
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a finite operator of the group, or simply as an operator, when 
there is no risk of confusing it with a linear operator. 

When in canonical form, the parameters of a transformation 
scheme and its inverse are very simply related. 

We have seen that 

and since this foimula holds for any function of oi^^ ..., x'^ we 
must also have 

Now just as in elementary algebra we see that 

e^6— ^= 1, 
and therefore ^(^i, ...,ajj = «"^^(ai, ...,^- 
A particular case of this general formula is 

so that the canonical parameters of any transformation scheme 
l>^g ^9 •••» ^r» ^ose of the inverse scheme are — e^, •.., —e^. 

Examples. (1) Prove that, X being any linear operator, 

af^ss^x^, (i = l,,..,n) 

is a group of order unity. 

(2) If X and Y are two linear operators whose alternant 
is zero, prove that any transformation 

a^ = ef^x^ 

is permutable with any transformation 

af^^=€f^x^* 

§ 45. When we are given the infinitesimal transformations 
of a group— and the group is generally discovered through the 
infimtesimal transformations — ^we are given the group in its 
canonical form; the question then arises, How are we to 
determine whether a known set of linear operators do, or do 
not, generate a finite continuous ^oup 1 

Tms question will be answered in the next chapter, but just 
now it will be assumed that X^, ..,^X^ are r linear operators, 
known to generate a group given by 

The group is, however, only given in the form of an infimte 
series, involving the evaluation of such terms as 
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80 that we may ask, Can o^, ...jO^ be expressed as finite 
functions of a:^,,..,x^? 
The differential equation 

has n unconnected integrals ; let these be 

01 (^> •••> ^fj> •••> 0n vhi •••> *^n)* 

If we take as a new set of variables y^, ••nVn ^bere 

we see that (ejZi4-...+«,.-X'y)yi = l, 

and {ejXj^'k'...+e^X^)y^= ifi>l; 

and therefore the operator 

expressed in the new variables, is -r — * 

Now we have proved that ^ (ajj, ..., ^n) being any function 

of the variables 0(a4, •••,^ = ^<t>{^ii "M^n)* 
and therefore we conclude that 

while 

A. 
01 (aii, ..., aQ = 6^yi yj = y^ + l=z <f,^{x^, ...,a;j4- 1. 

From these n equations we can therefore deduce the expres- 
rions for a!;,...,<in terms of aj, «„. 

It follows that, when we are given the infinitesimal operators 
of a group, we can find the equations of the group m finite 
terms if we can find the integrals 0^, ••., 0n of 

{e^X^'^...+e^X^)u=. 1, 

and then solve the equations 

so as to express o^, •••9 ^ finitely in terms of x^, ..., x^. 

The functions 0i, ..m 0n will of course involve the arbitrary 
parameters e^, ...,e^. 

Example. The operators 
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are known to jzenerate a group; find the equations of the 
group in finite form. 

We have to find the integrals of 

The subsidiary equations are 

dx __ dy _ dz ^du 

H (ixy-z) ■" e^^he^yTe^ "" e^x-^e^z + e^yz "" T ' 

and if we write 



a= -^-^ — ^, atan^ = v+r-^> atan(9 = - + -^ 

these equations become 



tan^— tan(9 ^ 2 

So that 

X cos fb 
is an integral of the proposed equation ; and j-iand<^— ^, 

are functions annihilated by the operator ^® ^ 

thatis ^»^^+^2^+^^ and ^f^ , , 

«82r + «22/ + ^ 2e^yz+e^{xy+z)'k'2e^x 

are annihilated by this operator. 

The finite equations therefore of the required group are 

«3y^ + «2y' + «l "" C33^ + «22/ + ^ 

g^— a?V g— ay 

2«32/'«' + ^(aj'2^+«') + 2eiaj'"' 2e^yz + e2{xy'^z) + 2e^x^ 

2 .,.^1 2^y^ + ^2 
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and if we were to Bolve these, and thus express af^ff^^vsi 
terms oi x^y^z^ we should have the finite equations of the 
group in canonical form. 

§ 4A. There is generally considerable difficulty in expressing 
the equations of a group in finite form when we are siven the 
infinitesimal operators; but for most parts of i^e Uieory of 
groups the knowledge of the forms of tiie infinitesimal opera- 
tors is of more inteirest than the knowledge of the finite form ; 
and the most important result which we have proved in this 
chapter is that every transformation of a group may be 
obtained by indefinite repetition of a properly chosen infini- 
tesimal transformation. 

Thus if we take the binary quantic 

and apply the linear transformation 

we get us a^af^ '{'poi^ixf^'^'i/ '\' ... . 

From the identity of these two expressions for u, we deduce 
(1) < = %l^+pa^l^-^l^'\'... , 

with similar expressions for aj, ... ; and the problem of the 
invariant theory is the deduction of the functions which have 
the property 

/K, ai, ...) = W{%, «!, ...)> 

where if is a function of l^y m^, l^^ 774 only. 

Now the equations (1) are easily proved to be the finite 
equations of a group of order four ; but they are of little 
use in the invariant theory in comparison with their four 
infinitesimal operators 
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A like result holds for most of the applications of continuous 
groups; thus, one of the questions to which the theory is 
apphed is the investigation of those linear partial differential 
equations, which are unaltered by the transformations of a 
klio^m ^up; we know that eveiy e(}aation, which admits 
all the infinitesimal transformations, will admit all the finite 
transformations of the group, for the latter can be thrown 
into canonical form ; and it is much simpler to find the forms 
of differential equations admitting known infinitesimal trans- 
formations than the form of those admitting known finite 
transformations. 



CHAPTER IV 

THE CONDITIONS THAT A GIVEN SET OF LINEAR 
OPERATORS MAY GENERATE A GROUP 

J 47. We liave proved in the last chapter that a ffroup of 
er r has exactly r independent linear operators, in terms 
of which all other linear operators of the group can be ex- 
pressed; and when these operators are known the group is 
also known in canonical form. 

If X^, ..., X^ are any r independent operators of the group, 
we can express all ouier operators of tne group in tenns of 
these ; there is therefore no unique system of operators ; thus, 
in the group of rotations about the origin, 

jL^y z — > Y^z X — » Z^x V — 

^ ^z ^y hx ^z ^y ^ hx 

will be three independent operators ; but so also would be 

OiX + ftjF+CiZ, a^X + b^Y-^c^Z, a^X + b^Y-^c^Zy 

provided that the determinant 

^2> ^2> ^2 

did not vanish. 

We shall, however, suppose that we have fixed on some one 
set of independent operators, in terms of which the others 
are to be expressed. 

The proposition which, with its converse, will form the 
subject of tiiepresent chapter may now be stated. 

If X^, ..., X^ is a set of independent operators of the group, 

the alternant of any two of these is dependent on the set ; 

that is . ^ . ^ 

™ xtssl, ...,r\ 

XiXj-^XjX^ = (Z^, Xj) =2,<^ijh^hy \j = 1, ..., r/ 

where the symbols c^jj^y ... denote a set of constants, called the 
dnicture constants of tiie group ; these constants are fixed, 

E 2 
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when onoe the set X^, ...,Z^ is fixed, but they vary with our 
choice of the set. 

The converse of this theorem is, if Xi,...,X^ are any r 
independent linear operators such that 

kmr 

then Xif -.-I -^r '^"'^ ^ ^^ operators of a group, which will be 
finite and continuous, and will contain the identical trans- 
formation ; the canonical form of the group will be 

We have proved that in operating on any function of 
^, •••,0^, Oj, ...,01., where we regard Xi,,,.jXf^ as fixed, and 
a^,...fl4 ^ '^^iLrying, through being implicitly functions of 

Since then ^ — 3 — = -j — j — > 

we have 

(.^. + 55;) (.-^i + 4) ^ (-^i * 4) (•^' * 4) ' 

expanding this we get 

- a^i a^k + a^h^ + ^^ a-^i- 

This identity is true for all values of ai,...,a^, o^, -m^; 
we may therefore replace o^ by o;^, and in the notation of 
alternants we have 

(1) c.Xj. «x*) + (^ . aZ*) + (.Zfc, ^i.) = 0. 

From the set of identities obtained in § 41, viz. 
in which Aj^^,... only involve 04, ...,a,., we have 

^«^*' 5^-' =~ i5;r '"" "^ •■' 
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and therefore conclude from (1) that 

where the functions Xlj^^, ... only involve a^, ...,a^. 

This identity holds for all values of the parameters cu , ... , a^; 
we therefore take Oj, ...,0^ to be the parameters of the identical 
transformation, and the functions Xj^j^^^ . . . now become absolute 
constants and give the identities 

(2) (X„X^)=2;«<yi-y*. 

This is called the second fundamental theorem in group 
theory. 

Exam]^ The equations (1) of § 46 are those of a group 
of order four, with the independent operators Xi^ X,, X^^ X^, 

where xr — ^ . « ^ . . ^ 

and we may verify that 

(Z,.Z^ = pX,-2X„ (Z„X,)=0, (Z„ZJ=Zi, 

(Xj, X^) = — -Ag, (X2, X^) = — 'X^2» (-^a* -^4) — ^• 

If we take as the four independent operators of the group, 
7„ 7„ Fa, F„ where 

M = Xj, Fg = -Aj, F3 = 2^X3— 2-A^, F4 = JLj, 

we see that the group has the structure 

(F„F^=F3, (F„F3) = 2F„ (F3. F,) = 2F,. 
(F,. FJ = 0, (F„ F,) = 0, (F3, FJ = a. 

§ 48. We now know that unless a system of linear operators 
is such that the alternant of any two of them is deperideTU on 
the set, they cannot generate a finite continuous group ; but 
more important, and, at the same time, more difficmt to prove, 
is the converse theorem, viz. that any operators which satisfy 
these conditions will generate a group. 
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Before proceeding to proTe this we shall consider some 
formal laws according to which the symbols of linear operators 
are combined. 

Let y and x denote two linear operators, and let y^ denote 
yx—xy^ y^ denote yiX^xy^, y^ denote y^x—xy^^ and so on. 

The identity 

«"y = yaf-ny^af''^+ ^ g? yg^"'""'" 

may easily be proved by induction ; for it is obviously true 
when n= I; assume that it holds for all values up to n, then 

xn+iy =- xyx^ •- nxyiX^"^ + ' "" ^ agyg^ 
and as xy^^i = yr-i^""yr> ^^ ^v® 

so that the identity holds universally. 
If we denote by [y^ of] the expression 

we next prove the identity 

Ly'(r+l)lJ'"l!r! 2l(r-l)l"^ 3l(r-2)l •""^^ ^ (r+l)I 

Assuming that this identity holds for all values of r up to 
n— 1, then 

r aj»n r iB»-^ , a;«y 

""11(71-1)1 2l(n-2)l^"'*"^^ ^ 7*1 "^7*! 
Now we have proved that 

»"y = y«*-nyia^-i+ gi ^2^ -*"> 

so that by addition of similar terms in the two series we get 



48] OF LINEAR OPERATORS 55 

and as the identity holds when n = 1 we conclude that it 
holds universally. 
We have of course similarly 

^^'' (r+l)!-!"" llrl 2I(r-l)l"*"'''* 
Eoxmiplea. 

(!) Prove similarly by induction the formula 

(2) If y = aor^+2a,4:+.-+2>«i,-i ^ 



^ = 1^5;; — +(P— 1)®8S — +,.. + a, 



prove that 

y(yi+2) = yiy; y2=-2a;, ^3 = 0, ^4 = 0,.... 

(3) Prove that y and x being as defined in example (2), 

yaf = a;*'y + raf-^(yj-r+l), 
yi/ = /(yi+2r). 

*(4) Apply induction to deduce from (3) the more general 
formula 

«lrl rl8l^(r-l)l(8-l)!^^i ^^^^ 

■*■ (r-2)! (8-2)1 1 2 

af-» y^ (yi— r + fi)(yi-r+g— l)(yi-r-hg-2) 
"^■(r-S)! (8-3)1 1 2 3 "^•••* 

(6) Prove that x and y being any linear operators, 

ya?^2(cyx+ix^y 
is a linear operator. 

* A generalization of the formula of Hilbert, see Elliott, Algebra qfQuanUcBf 
p. 164, Ex. 5. 
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(6) Prove that 

§ 49. Let 

then, if B^^ B^^.». are Bemouilli's numbers, 

a2« = (-J)"~'-7S' and 0, = Oa = a,=...= 0. 
We shall now prove the identity 

If we substitute for each expression in brackets the series 
to which we have proved it equal, we find that the coefficient 

of yof on the right is — 9 and that the coefficient of y^of^* is 

(^\Y(— \ ^ + ^2 V 

V *^V(a+i)!(r-«)| «i(r-fl)I ^ (8-1)1 (r-«)I ••'/ 

By equating the coefficients of the powers of t in 

we see that the expression in brackets is ssero, and therefore 
the identity requirea is proved. 

EocampU. If 

and z^ =s z^^^x—xz^^^, (r = 1, 2, 8, ,..), 

prove that ^L+fl^^. 

We now let 

« = y+ajyi + a2y2+-- to infinity, 
then, from what we have proved, we have 



of r of -t r af'^n 
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Adding these ezpressiona we get 
(1) yd»=z-\- [z, ^] + [«, ^] + ..• to infinity. 

Now if t is a constant so small that its square may be 
neglected, ^^ +tyy=:ar+t [y, af -i] ; 

and therefore from (1), if we neglect t', 

{l+ty)e'=l+x+tz+ l-(z+tz)'+ j-{z+tz)'+... 

a I O I 

We can now say that, if ^ is a constant no longer small, 

where R is some operator formed by combinations of the 
symbols x and y, 

§ SO. We now suppose that 

y = €^X^+... + CyZy, 

where £^,...,6^ and c^j.-.^c^ are two sets of parameters, and 
X^, ..»fX^ linear operators such that 

_*='• •t=l,...,rx 

(Z^, Xj) ^Z<^ijh^h* \j = 1, ...,rJ * 

From these conditions it follows that, if z is the linear 
operator deduced from x and y by the law 

then z is equal to 

where c^, ..., ^r &i« ft set of constants, which are functions of 
e|, ..., 6^, €2, ...,^r) ft^^ of the absolute constants c^jj^^ .... 

From the definition of we see that these constants 
e^, ..., c^ are analytic functions of e^, ..., 6., 6^, ..., €^; and 
tnerefore the coefficients of the differential operators in z 
will be finite, provided that e^, ..., 6^, c^, ..., c^ do not exceed 

certain fixed limits. It now follows that, 6^ and e^'*'^ being 
two operators whose effects on the sul^ect of their operations 
are not in general infinite, the effect 01 R on any sucn subject 
cannot be infinite. 

If we now denote by x^ the operator aj + — , where m is 

some integer, then x^ will be a linear operator depeifident on 
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Xj, ...iX^; and the result at which we have arrived may be 
thus expressed 

(1) (i + |.)^=c«.+i^jj. 

Similarly we must have 

where a^ has replaced x in (1). 
So we have 



(3) 0+l:)«^ = «-+i^' 



m^ in 



Multiplying (1) by (l + |-)""\ (2) by (l + |-)""', and 
SO on, and then adding we obtain 

(1 + X )V=e-+i,C(i + iL)"-B+ (1 + J.)"'\+...). 

Now let m become infinite; from what we have proved 
for R we see that 

i,((i.x)-«.(..^r^....) 

is an operator whose effect on any subject on which it 
operates is zero when m is infinite ; and because x^ is always 
a linear operator dependent on X^, ..., X^ whatever rn may 

be, and because also the limit ofCl + — ) ise^we conclude 

that e^^ = «', 

where X is some linear operator dependent on X^^ ...,X^. 

§ 51. We can now easily prove that a set of operators 
wmch have the property 

(1) (X„X^)=2«(/i-2'k 

will generate a sroup. 

From the definition of a group in canonical form, we see 
that what we have to prove is, that if 
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where X^, ..., A^ and fx^, ..., fi^ are two sets of parameters, and 
if Y' denotes tiie operator obtained by replacing o;^ in F by 

ajj where ajj = e^a;^, (i=i,...,n), 

then 6^'a5j = e*'*-^*"'' •'*'''»-^''aj^, 

where y^, ..., y^ are a set of parameters, which are functions of 
Aj, ••., Af., /jUy ...jfif., and of the stractnre constants c^y;^, .... 
Now 6^0^ is a function of 0^, .•.,a4» and therefore by §44, (4) 

and as we have proved that 

we now conclude that the conditions (1) are sufficient as well 
as necessary in order that X^, ..., X^ may generate a group. 

§ 52. To find i^^., ..., v^ in terms of A,, ..., A^ and /y^, •.., fi|. 
would be to find for the group in canonical form the functions 

which define the parameter groups. 

Without attempting to penorm the calculations necessary to 
find these functions, we can see the terms of the first degree in 
the expansions of v^, ..., v^ respectively, in powers of A^, ..., A^, 
f4, ...,/i^ ; for, neglecting all products of these parameters, we 
have 

^iXi + ... ^r\r^r ^-Ti* ... + /«r -^r 

= (l+AiZi + ...+A,Z,)(l+fi4Zi+,..+fi/Z^), 

= i+(Ai+/ii)-a:i+...+(A,+fi,)z^, 

and therefore ^ik = ^ik + M& + *•• > 

where the terms not written down are of higher degree than 
those which are written down. 

It follows that any operation of the group 

can in general be written in the form 

To j^rove this we recollect that the necessan^ and sufficient 
conditions, that r functions of r variables should be capable of 
assuming r assigned values, are that the functions should be 
unconnected. Now we have proved that e^-^ie^-^« ... c^-^*- is 

re vj^ = ^j^ + .,,, (A; = l,...,r); 
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and as t^ ..M^r '^'^ nnconneoted so must v^, ••Mi'r ^ uncon- 
nected: DY a suitable choice of the parameters 4, ... they can 
therefore be made to assume the respective valnes e^, ..., 6^. 

§ 58. Example. Prove that the operators 

^^2; ^y ^x ^z hy ^ ^x 

generate a group. 
We have 

{Y,Z) = -X, (Z,X) = -7, (X,7) = -Z, 

and therefore by the converse of the second fundamental 
theorem these operators generate a group. 

If now we require the equations of this particular group 
in finite form^ we may proceed as follows. 

The most general operation of the group is 

Let al^^^Xy jf^^^y, ffrsz^^Zy 

so that 

Similarly we see that 

/=:ysintj+2^cos^ 
and af^ w. 
We now have 

it^^^x = e^^'x'^ aJ^coeej+Zsint^rr oj", 

e^^6^-5'y = e««^V=y' =y", 

^^'^ih^z = e^^/ = «'cose2-a'sinej= /'. 
And finally we get 

af"^ aTeos <3— 2^' sin ^3, 

2^"= of' sin ^, + y" cos <3. 

From which equations we could express a"', y"', «"' in terms 
of x, y, 0, and the parameters t^^ t^^ t^. 
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§ 64. If m of the operators of a given group Z^, ..., Z^ are 
such that the alternant of any two of them is dependent on 
the m operators, then these m operators will themselves form 
a group, which will of course be a sub-group of Z^, .••, X^. 

Exa/mjUs. Find the projective transformations which do 
not alter the equation 

05^ + ^ + 2? = 1. 

The most general operator of the projective group is 
(ao+a,a+ajy+a8«+«j(«i«+«2y+^8«))^ 

we must therefore have 

for all values of the variables such that 

This gives o^ = &| = c, = 0, 

02+61 = a^'¥c^ = 63 + C2 = ao+ei = 6^+^ = ^0+^ = ^» 

80 that there are six operators admitted by the given equa- 
tion, viz. 

We find that 

(X,, Xj) = Fj, (X3, X^ = Fj, (Zj, Zj) = Fg, 

(F„F3)=-F„ (Xj,F,) = 0, 
(r„FJ=-F„ (Fi,FJ = -F„ (X„Y^=-X„ 

iX^,7^ = X^, (Z„F^ = 0, 
(Z,.FJ = Z,. (Z,.FO=-X„ (Z,.F^ = -Z„ 

(Z„F,) = X,. (Z,.F,) = 0; 
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these BIX operators will therefore venerate a group, and of 
thhgroup 1 1, F,, F3 will form a sub-group. 

"We could of course have foreseen tmkt such operators must 
generate a group, &om the general principle that if 7\ and T^ 
are any two operators admitted by an equation, then T^ T^ is 
aJso admitted ; and therefore the alternant T^ T^—T^ 7\, which 
is a linear operator, is also admitted ; and must therefore be 
connected with the operators which belong to the group 
admitted by the equation. 

Also in this example the group must be a finite one ; for, if 
it is a group at all, it is a sub-group of the general projective 
group. 

§ 55. If X., •••) ^ c^e the operators of a simply transitive 
group, and F^, ..., FJthe operators of a second such group, 
and if the alternant 01 {X^ , ly) is zero for all values of i and j^ 
then it is clear, from tiie canonical forms of the groups, that 
any operation of the one group is permutable with any opera- 
tion of the other group ; such groups are said to be reciprocal. 

In the group we have just considered, taking aa oar set of 
SIX independent operators 

Fi=Zi-iFi, Trj,= X,-iF„ FsHZj-tFj, 

where i is a sqaare root of neeative unity, the group has, 
with reepeet to these operators, tiae structure 

iW„W^ = 2iW^, (F„Fi) = 2iF„ (Fi,F^ = 2iF„ 

It is easily proved that each of the sub-groups Z^^Z^^ Z^ 
and TFi, TTs, W^ is simply transitive ; they are therefore reci- 
procal sub-groups. 

§ 56. Eaxmiplea. 

(1) J£UfV,WBxe three quadratic functions of x, prove that 

h h h 

U-r-i V-r-9 tt;;-- 
oX ex dX 

generate a group. 

(2) Prove that ^ and a? ^- 

dX cX 

cannot be operators of a finite continuous group. 



57] EXAMPLES 68 

(3) Find the relations between the constants a, 6, o, d 
in oraer that 

(aa; + &y)^+(ca;+dy)— and x^ 

may be operators of a group of order three. 

(4) Prove that 

are the operators of a group of order two; find the finite 
equations of the group, and hence verify that the group is 
an Abelian one. 

(6) Prove that 

are two operators of a group ; and find the other operators of 
the group of lowest order containing these two. 



§ 57. Example. Prove that a finite group containing 

d ^ ^ ^ 

^5^^ ""w y^i' yw 

cannot contain an operator of the form u^— + v r— where u 

^ ex oy 

and V are homogeneous integral functions of x and y, of degree 
hi^er than unity. 

The principle which enables us to prove this theorem is 
that a groupwhioh contains two operators must contain their 
alternant. The aJtemant of two operators which are both 
homogeneous is then itself a homogeneous operator of the 
group ; and if the degrees of the two operators are r and 8 
the degree of the alternant is (r + a^l). If then the group 
is to be finite, there must be a limit to the degree in which 
X and y can be involved in an operator ; we may therefore 
suppose that there is no operator of degree higher than that 
of the operator 

— A 

^x ^y 

Now suppose that u^ + v r~ is of degree r, and can exist 
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in a group which contains 

h h i i 

*a5' *5^' y^ y^' 

As we cannot haye u and v both identically zero, we may 
suppose that u is not identically zero. 

Form the alternant of ur— + v^— with a^— > and we have 
an operator t^^ + Vj^— also of degree r ; in t^, however, y is 
of lower degree than it is in u. 

By forming the alternant of ^jp+^^r- with a:^> and 

proceeding similarly with the resultant operator, we see that 
the group must contain the operator 

^x hy 

when V is some homogeneous function of x and y of d^pree r. 
Denote this operator by F, and Xt— by Z, and let 

7^=^7X^X7, 7^^7,X--X7^,... 

then r^+i = (r-ir^af^, since af+i^ = 0. 

Now r > 1 : so that the group, if it exists, must contain the 
operator of ^. 

Forming the alternant of of ^~andi/r— > we see that the 
° ^x ^ ^x 

group will contain yof"^ r- » and therefore 

that is, y***"-* — • 

But, since r > 1 , this operator is of degree higher than r, and 
therefore we may conclude that tiie proposed group cannot 
exist. 
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§ 58. We proved in § 44 that -4^, ...,-4r» '^^ operators of 
the first parameter group, were unconnected; and that 
-Tj, ..., Xy being the operators of the group of which A^, ...,-4^ 
is the parameter group 

each annihilated any function of a^, ••m^h' when expressed 
in terms of o:^, ••.,^ and Oj, ...,af.. 
It follows that the alternant 

(X't + At, X'j + Aj) 

annihilates such a function ; and therefore so also does 

(X'i + Af, X'j + Aj) - 2 o^fc {X'j, + A,). 
Expanding the alternant and noting that 

(ZJ, Xj) - 2 Cijk ^k 

vanishes identically, we conclude that 

t=sr 

annihilates any function of fl^^ , . . . , o;^ , when expressed in terms 

Now this operator does not contain a4)***»^» &nd there- 
fore, &om what we proved in § 42, it cannot annihilate the 
functions which express a?2,...,a;^, respectively, in terms of 
o^,...,^! ^n-*M^r' unless it vanishes identically; we must 
therefore conclude that 

lr = r 

that is, the first parameter group has the same strvxiture con* 
starUs as the group X^, ...,Zy. 

§ 59. The theorem of § 41, known as the first fundamental 
theorem, tells us that if 

(1) x/=fi{Xi,...,Xn, ai,...,ay), (i= l,...,7i) 
are the equations of a group, and 

the operators derived from (1), by the method explained in 
§ 40, then 

CAnmu. Y 
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(2) ^Zjt = XjfciZi + ...+Xjfe,Z^, (ft=l,...,r), 
where A^, ... are functions of o^, ..., a^, and 

are the operators obtained from 

by substitntinff therein, for o^, ...,a^, the parameters of the 
iaentical transformation. 

The converse of this theorem can now be proved. 

Let (1) denote a system of equations known to involve the 
identical transformation ; we can form the operators 

from the equations (1) without presupposing any group pro- 
perty of those equations; the converse tiieorem then is, * if the 
equations (2) are satisfied, then the equations (1) will define 
a finite continuous group.' 

On referring back to § 44, it will be seen that the two facts, 
firstly that (1) involveid the identical transformation, and 
secondly that its operators were connected by the equations (2), 
involved as a consequence that 

If therefore we can prove that the alternants obtained from 
Xjy...,X^ are dependent on X^, ...,X^, then the converse of 
the second fundamental theorem will show us that the equa- 
tions (1) are the eNqnations of a group. 

Now the equations of § 40, viz. 

are independent of any group property in the equations (1) ; 
and (3) and (2) were the only equations used in § 47 to deduce 
(2) of that article. We conclude therefore that the facts, that 

involves the identical transformation, and that its operators 
are connected by the equations (2), are sufficient to ensure 
that the equations (1) are the equations of a group. 
This is converse of the first fundamental theorem. 



CHAPTER V 

THE STRUCTURE CONSTANTS OF A GROUP 

§ 60. If JTj, JTj, X, are any three linear operators whatever 
we have from the de&iition of an alternant 

(1) (Xi,Xj) + (X„X^ = 0. 
Also from the same definition 

(X„ (X„ X3)) = X^X,, X^-(X„ x^x, 

and therefore 

(2) (Z„(Z„Z3)) + (Z„(X3,ZO) + (X3,(Zi,Z2)) = 0. 

This equation will be referred to as Jacobi's identity. 
If Zj, ...^Z^ are r independent operators the second funda- 
mental theorem has shown us that 

k = r 
(3) (Z^,Zy)=:2^</*-^Jk. 

if, and only if, these operators generate a group. 
From (1) we then have 

and therefore, since the operators are independent, 
Again by (3) (Zy, (Z^, Zj^)) is equal to 

(Xj, 2 <^ikh -^^) = 2 ^ihh i^p ^h) = 2i <^ikh <^J?m -^m* 

SO that, applying Jacobi's identity, we have 

2 i^ikh ^Jhm + ^kjh ^ihm + ^Jih ^khm) ^m = ^• 

F 2 
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Since the operators are independent we mnBt therefore have 

The constants then which occur in the identities 

are such that they satisfy the system of equations 
(4) .*- 

where t, X;, j, m mi^liaye any integralvalues from 1 to r. 

These constants are the structure constants of the group 
corresponding to the operators X^, ..., X^. 

The third fundamental theorem in the theory of finite 
continuous groups is that the structure constants of any 
group must satisfy these conditions ; and the converse pro- 
position is that any set of constants, satisfying these conditions, 
will be structure constants of some finite continuous eroup. 

A set of constants satisfying the conditions (4) is called a set 
of structure constants of order r ; what we are now about to 
show is, how, when we are given any such set of structure 
constants, r unconnected operators X^ ..., X^, in r variables, 
can be found such that 

(Z^, Xj) = 2 Cijh ^h ; 

that is, we shall find r operators generating a simply transitive 
group, with the given constants as its structure constants. 

Groups of order r with the given set of structure constants 
mav exist in a number of variables greater or less than r ; 
and the method of obtaining types of such groups will be 
investigated in Chapter XI ; in this chapter, however, as we 
are only concerned to prove the converse of the ilnid funda- 
mental theorem, it will be sufficient to prove the existence of 
a simply transitive group with the required structure. 

§61. If a<=2«ik»«]k> (i=l,...,r) 
is any linear transformation scheme, whose determinant 

^l> • • • ^r 
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does not vanish, and ^ = ]S ^jd ^h 

is the inverse scheme, then, c^j^^^, ... being any other set of r^ 
vaiiables, and o^;^^, ... another set connected with the first set 
by the equation system 

we see that, since the above determinant does not vanish, 
(1) must ffive cjj^^, ... in terms of c^j^;^, .... 
From the fact that in the notation of § 38 

we easily verify that 

hssr pssqsr 

2 ^h» ^ihh = 2 ^ip ^kq ^pg$ > 

and therefore c^^j^, ... are given in terms of c^j^^, .... 

It will now be proved that if one set c^hJ^9 ... satisfy the 
system of equations (4) of § 60, so will the other c^^j^j^y .... 

To prove this, multiply (1) by a^^c^, and sum for all 
values of h, a, m, p^ q, when we shall have 

2 ^hs ^tm ^'ihh ^$mj = ^ ^ip ^kq ^tm ^pq$ ^mj ' 

Since by (1) the left hand member of this equation may be 

written 2«m/4*4<« 

we see that 

is the sum of a number of terms which vanish by the con- 
ditions (4) of § 60. 

We therefore conclude, since the determinant does not 
vanish, that 

2 (<^ikh ^«m + ^kth <^him + <^iih <^hkm) = ^ 

for all values of i, k, m, t 

To prove that c«t+4<< = ^» 
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interchaDge {, ky in (1) ; we then get 

hsar patqatr 

2 ^h8 ^kih = 2^ ^iq ^hp ^pqi' 

Adding this equation to (1), from the conditions (4) of § 60 
we must nave -/ , v — n 

Suppose now that we have a group with the structure con- 
stants CiJ^J^y ..., the corresponding operators bei^ X^, ..., Z^. 
If we take as a new set of operators I^, ..., I^ where 

(2) ri=2««^i. 

then it can be at once verified that cf^j^j^^ ... are the structure 
constants of the ^oup corresponding to F|, ..., F^. The con- 
clusion we draw is that when we can find a group with the 
structure constants c^*;^;^, ... this group has also the structure 
constants c^j^;^, ... corresponding U> another set of independent 
operators. 

We often take advantage of the fact that the structure 
constants of a group vary, with the choice of what we may 
call the fundamental set of operators, in order to simplify 
the structure constants of the group. Thus in § 65 we simpli- 
fied the structure of the group of projective transformations 
admitted by a? + t/* + 0* = 1. 

If two groups are such that the structure constants of the 
first, corresponding to some one fundamental set of operators, 
are the same as the structure constants of the second, corre- 
roonding to some one fundamental set of its operators, then 
we two groups are said to be of the aa/me structure. 

It is, however, a matter of considerable labour when we are 
given two groups, with their respective fundamental sets of 
operators not given in such a form as to have the same 
structure constants, to determine whether or no the groups 
have the same structure with respect to some two sets of 
fundamental operators. 

§ 62. Suppose that we are given a set of structure constants 
Hkhi"' such that aU (r— a+l)-rowed determinants, but not 
(r— a)-rowed detenninants, vanish in the matrix 
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(in any row all pofiitiye integral values of y and k are to be 
taken from 1 to r). 

We now choose constants a^.*, ... such that 

<^hl^Jlk + • • • + ^Ar 9rik = ^» 

and complete the determination of these constants by taking 
a^jg arbitrarily if m > a ; these arbitrary constants, however, 
must be subject to the limitation that the determinant of the 
r* constants i ^ ^ 



a 



rv 



a 



rr 



gfcO. 



If a group of the required structure exists, and X^^ .•.,X^ 
are its operators, then 

will be 8 independent operators of the group permutable with 
every other operator of the group ; that is, a Aoelian operators 
forming therefore an Abelian sub-group. 

We now take the operators given by (2) of § 61, and thus 
we get a new set of structure constants c^j^;^, ... with the 
following properties: 

where i, k, h may have any values from (8+1) to r, and 
d^j^j^ are a set of structure constants of the n^ order, n being 
written for (r— «) ; 

O) the constant c^^^j^ = 0, 

if either i or A; is less than 8+ 1, A having any value from 
1 to r inclusive ; 

(y) the constants (^ihm^ *-* 

where i and k both exceed 8, and m does not exceed 8, are 
such that Cij^ + 4^^ = 0, 

We may therefore say (with the slight change of notation 
which consists in writing 

^ikh = ^r-i, r-k, r-A' ^^ ^ikm = ^r-rf, r-k, r-m) 
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that the problem of finding a group with the required 
structure is now reduced to that of finding a group with 
the structure constants c2^j^;^, ... defined by the following 
properties : 

if none of the suffixes ^, k, h exceeds n^ where the constants 
^ikh ^^ loiown structure constants of the n^^ order, such that 
not all ti-rowed determinants vanish in the matrix 



^/Uk! 






where (1) 



(P) the constant d'^j^j^ = 0, 
if either i or A; exceeds ti, h haying any value from 1 to r ; 

(y) ^ihm = ^«m» 

if neither i nor k exceeds n^ and m does exceed n. 

The constants cJ^ll, ... may be called nomud structure 
cov^nta, and the problem of findine a eroup with a given 
set of stiucture constants is now reduced to that of finding 
a ^up with a given set of normal structure constants. 

If Ij, ..., Y^ are the operators of a group with normal 
structure constants, Yn+p •••> ^ a^ the Abelian operators of 
the group, if any such exist ; and there is no Abelian operator 
in the group i7uie2)ende7U of I^+i, ..., I^. 

Eaca/mple. 

=^ "> ^322 ^ — ^^2 J ^321 ^ "~^^> ^123 ^^ ^^» ^122^^ ^2» 

= (W3, Cgg2 ^ 0, Cggj = 0, C 



'213 
'228 



'283 



133 ~- ~"^^3> ^132 ^ "~^^2> 



C221 ^ 0, Ci9i ^= <?^, ^222^^ ^> ^^3^^ — ^^J 

^281 ^ <^> ^181 ^ ^^> ^232 ^ ^^2» ^^ '^ ^» 

are a set of structure constants, forming the matrix 



-c«3, be^y 661, 0, 



0, — o^, — o^i, 



ce 



3» 



0, -C6j, 
c^, 0, 



a«83 



0, 



0, -6«3, —6^2, o^i, — 6^1, 



0, "-"C62, W3 

0, —063 



C6 
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We see that every determinant of the third order vanishes ; 
and that, unless a = b = c, or e^ = 62 = 63 = 0, it cannot 
happen that every determinant of the second degree vanishes. 
It then a group X^y X^, X^ exists with these given constants 
as structure constants, 

aXi + 6X2 + cXg 

will be permutable with every operator of the group, that is, 
will be an Abelian operator ; and we take then 

Fi = aZi + 6X2 + cZg, F2 = Z2, F3 = Z3 

to be the operators of the group. 
We have now a group of which the structure is 

(F2, F3) = eiFi + (a«2-^) F2 + (a63-cei) F3 
(Fi, F3) = 0, (Fi, F2) = 0. 

If ae^^be^y and ae^—ce^ are both zero, we see that Z-^ = eF^, 
Z^ = F2, Z3 = F3 will be three independent operators of the 
group with the structure 

{Z,,Z^^O, (Z,,Z,) = 0, (Z,,Z,) = Z^. 

If ae2—bei and de^—ce^ are not both zero, suppose that 
o^— 6^ is not zero, and take 

Z2 = ei Fi + (a^-6ei) Y^ + (ae^-ee^) F3, Z^ = (ae2-6ei)-^F8, 

when we shall have 

(Z^,Z,) = Z^, (Zi,Z2) = 0, (Z,,Z^ = 0. 

§ 63. We have proved in § 58 that the first parameter 
group has the same structure constants as the group which 
generates it, and that it is a simply transitive group. Now it 
may be at once verified that, if 

-3^<=29«^i^' (i=l,...,7i), 

then the operators X, , . . . , Z^, if independent, will form a linear 
group with the structure constants c.-^-;^,.... The first para- 
meter group of this linear group will be simply transitive and 
have these constants as its structure constants. 

Now the operators Zj, ..., X^ are independent, since by hy- 
pothesis not all n-rowed determinants vanish in the ma^ix 



^Jrk^ 



74 EXAMPLE [63 

and we thus see that, given the Btructure constants, the group 
can be at once obtained if it does not contain any Abelian 
operators. 

Example, Find a simply transitive group with the structure 

^121 ^^ ^> ^122 ^^ ^» ^2U ^^ — ^> ^212 ^ ^» ^111 ^ ^» 
Cj22 ^^ "j ^221 ^ ^» ^222 ^ ^* 

Writing down the matrix we see that 

is a group of the required structure, but it is not simply 
transitive. 

The finite equations of this group in canonical form are (if 
we take 6, Z^ + ^2 ^2 ^ ^^ general operator of the group) 



aj'= e^*x+^ (e^*— 1) y, y'= y. 
^2 

If we change to a new set of parameters given by 



H 



the finite equations of the group are no longer given in 
canonical form, but yet they take the simple form 

afz=za^x-¥a^y, y'= y. 

The first parameter group is now 

af^a^x, /=aiy+a2» 
since the equations which generate it are 

The parameter group is therefore a group of the required 
type, since it is simply transitive, and it may be verified that 
it has the required structure, for its operators are 

— — 1. 

'bx ^y* ^y 

§ 64. We now proceed with the theory of the construction 
of a group when the assigned structure constants are such 
that the group, if it exists, must contain Abelian operators. 
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Let Z^, ...,^91 ^ ^® simply transitive group, which we 
have shown how to construct with the structure constants 

Assuming for the moment that the simultaneous equation 
system 

k=xn 

{i = !,...,»; * = 1,..M»; m = ri+l, ...,r) 

can be solved, let i^^, ...,u^wi ^® *^y 8®* ^^ integrals. Wecan 
then at once verify that the r linear operators 

-^<+^<.n+i5i; — + — ''■^♦v^' (i=l,...,7l), 



generate a simply transitive group of order r with the structure 
constants d^^^^, .... 

Example. Find a group with the structure 

(Z„ZJ = 0, (Zx,Z^ = -Z2+Z3, (Zi,ZJ = 0, 
(Z„Z3) = 0, (Z3,ZJ=0, (Zi,ZJ = 0. 

The constants of the proposed group are such that the group 
must have two Abelian operators ; and the constants are in 
normal form, for Z3 and X^ are clearly these Abelian operators. 

Using the results of the last example, we take 

Z =aj — + — , Z = — , 
and the operators of the required group will be F^, Fj, F3, F4, 

where 7, = X, + (,^^ + (,^^, ^* = '^''+''8g^ +''«j^/ 

We see then, by the condition of the problem, that ^3, f^, 
Vzi ^4 ^^ functions not involving x^ or x^, and that 

-^1 »?8"''-^2 f 8 = ^ ""^SJ -^1 '?4""-^2 ^4 = ^' 
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As we can take any integrals of these equations, we choose 
t;^ = ^4 = £3 = ; and we must then determine T73 so that 

We therefore take T73 = 1, and we see that 

^ ^ ^ ^ ^ A 

will be four independent operators forming a group of the 
required structure. 

§ 65. We now proceed to show how the equation system (1) 
of § 64 may be solved. 

Since ^, ..., JT^ is a known set of unconnected operators, 

^— > •••> ^^ — can be expressed thus: — 

oXi oXf^ 

— = Xi^Zi+...+X„^Z„, (ir= l,...,7l), 
where A^j^,... is a known set of functions of the variables 
From the fact that 

^ar^ ^Xj^ "" ^Xj^ ^x^ 

and that Z^, ...,Z^ form a group, we see that X^j^, ... are func- 
tions satisfying the equation system 

It will now be verified that 

(2) 2 ^«/3»» (^ ^> ^^* ■*" 5^ ^* ^^* ■*" ^ ^* ^^^) ~ ^ 

for all values of ^, y, X;. 
We have 

^X.*A^, = X.|.— \^, + X^,— X.I:, 

^^ X.i A/,> = X.i ^^ X^^ + X^> ^ X.i. 
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Since d.^ « + d!^.^ = 0, 

we see Uiat what we have to prove is that 



+ 2Vd.^«|(^A.l:-^A.^) = 0. 



Writing the second and third of these sums in the re- 
spectively equivalent forms, 

and substituting from (1), we see that the coefficient of 
^o^AYir^ in the identity is 

and this is zero by (1) of § 62, so that the identical relation 
(2) is now proved. 

In order to prove that the simultaneous equation system (1) 
of § 64 can be satisfied, multiply the equation there given by 
^ip ^kq9 ^^^ ^^™ ^^^ ^^ values of t, ^ ; then, if the new set of 
equations — there will be one for each pair of values of p, q — 
can be satisfied, so can the old. 

To see this we notice that for the equation, with a given 
pair of values of i, A, the multiplier is X^^ ^kq^^kp ^iq » ^^^ ^'^^ 
determinant of these maltipliers cannot vanish, for the deter- 
minant of X„^ does not vanish (Forsyth, Differential Equa- 
tions, § 212).^* 

If we now take 

'^im = \»^im+ ••• +^nt ^nm> (^ = 1> •••» ^)» 

the simultaneous equation system takes the simple form 

l^'^^qm-^-'^pm-^dikm^ipHq = ^pqm^ 

where c^-j^, ... are functions such that 
since d<jfem + ^«m = ^J 
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and from (2) -we know that 

i a i 

J^'V*«+ ^''him+ j^«'««= 0- 

§ 66. To solve these equations consider the following lemma : 
if we have -znin^l) functions <r^j^, ... of the variables 
ajj, ..., a?,| such that o-^j^ + <rj^^ = 0, 

^ ^ ^ A 

(i = l,...,7i; J = 1, ...,7i; k= l,...,7i), 
then n functions t^, ..., u„ can be found such that 

To prove that this is true for the case n = 3, let 

here we can take U] arbitrarily, and obtain u^ and tt^ by 
integration. 

Smce <ri2 + <r2i = 0, and o-jg + o-ji = 0, 

Now 4*'"'^4*'""^4*'""^' 

therefore ^.„ + ^-^(«,-t^) = 0. 
and therefore ^ 



(Too = 



(t^-'M^)+/(«2.«3)- 



It is dear that we can write /(x^^ (x^) in the equivalent form 

where W2 and te;3 are functions of o^, o^ only; and if W2 is 
taken to be some arbitrary function, then w^ can be obtained 
by integration ; therefore 
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Since ti;^ and w^ do not involve Xi, we see that u^, 1^2 + ^2) 
and u^+ti's '^'^ three functions in terms of which a^, 0-3^, and 
o'^can be expressed in the required form. 

The extension to n variables is now easy. Assuming that 
the theorem has been proved for the case of (''^^l) variables, 

where as before t^ is arbitrary. 

va 
and therefore aj,^ = ^^-^ («*-«») + Pj* , 

K n 

where pj^^ is a function of x^^ •••j^n only. 
We have P;k* + PAik = 0, 

(is: 2, ...,n; A= 2, ...,n; fe = 2, ...,7i); 
and therefore, since we now have only ('Wr— 1) variables, 

where w^y ..., te^n do not involve x^. 
It follows as before that 

will be a set of functions in terms of which we can express 
<r^jL, ... in the required manner. 
li we now write, as we can, 

where the functions T^, ... can be obtained by quadrature, 
the integrals of the equation system. 



^X^ ^^ Ix^ ^'* P^' 

willbe V = -5^V 
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§ 67. We have thus proved that, given any set of structure 
constants, we can in all cases find a simply transitive group 
of that structure. 

Of the three fundamental theorems in the theory of finite 
continuous groups, the first asserts that in a group with 
r parameters there are exactly r operators which are inde- 
pendent; and this property, together with the existence of 
the identical ti*ansformation, is sufficient to ensure that the 
equations 

^i^^ Jivhi •••i*^ny %>•••> ^r)» (^^lj...,tl) 

will define a group. 

The second fundamental theorem asserts that these operators 
Xj, ,..,X^ are such that 

and that from any set of linear operators satisfying these 
identities a group may be generated. The theory of the 
canonical form of a group shows us that the group is entirely 
given, when we know the linear operators ; and therefore, to 
find all possible groups, we have to find all possible sets of 
independent operators, such that the alternants of any set are 
dependent on the operators of that set. 

The third fundamental theorem asserts that this set of 
structure constants satisfies the conditions 

and that, corresponding to every set of constants satisfying 
these conditions, a simj^y transitive group can be found whose 
operatoi*s satisfy the conditions 

Later on we shall see how all types of groups with a given 
set of constants as structure constants can be found, for so far 
the third fundamental theorem has merely shown us that one 
simply transitive group of the required structure may be 
found. 



CHAPTER VI 

COMPLETE SYSTEMS OF DIFFERENTIAL 

EQUATIONS 

§ 68. If 9 linear operators Z^, ...yZ^ are such that no 
identity of the form 

connects them, the operators are said to be uncoriTiected. 
Any operator which can be expressed in the form 

is said to be connected with X^, ..., X^ ; and all operators so 
connected are said to belong to the system X^, ..., X^. 

There cannot be more than n unconnected operators, though 
there may be an infinity of independent operators ; uncon- 
nected operators are of course independent, but independent 
operators may be connected (§ 15). 

If <^i (Xi, ..., x^) and <f>2 {x^ ..., x^) are two functions of the 
variables x^, ..., a;„, such that there is no functional relation 
between them of the form 

they are generally said to be independent ; it will be perhaps 
more convenient if we say they are uriconnectedj and reserve 
the word indepeTident for functions not connected by a relation 

of the form h<l>i'^K<l>2= ^^ 

where A^ and Aj are constants, and not both zero. 

Similarly any number of functions <^i, ..., <^f will be said to 
be unconnected if there is no identical relation between them 
of the form V^(<^i, ...,*,) = 0; 

and they will be said to be independent if there is no relation 
between them of the form 

where Aj, ..., A^ are constants. 

CAMrBBtX Q 
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If we have q unconnected operators, such that the alternant 
of any pair is connected with the q operators ; that is, if 

the operators are said to form a complete sydem of order q. 

If we take any system of unconnected operators Xj, ..., X^, 
and form their alternants (X^ Xj^), . . ., then, unless each alternant 
is connected with X], ..., X^, the system made up of X^, ...,X^ 
and their alternants (X^, X^), ... will contain a greater number 
of unconnected operators than the original system Xj, ..., X^. 

Suppose it contains (q + a) unconnected operators ; we can 
add to this system as we added to the original system, and we 
shall thus obtain a new system containing still more uncon- 
nected operators; proceeding in this way we must at last 
arrive at a complete system, since there can never be more 
unconnected operators than there are variables. 

If a function of o^, ...,a;^ is unaltered by the infinitesimal 
transformation 

^i = ^< + ^^<(^ ^fi)> (i= !»•••> ^)> 

it is said to admit the infinitesimal transformation, or to be 
an invariant of that transformation. 

If /(a^j, ...,a;J is a function admitting this transformation 
we must have 

'"* If 

it follows that the necessary and sufficient condition that the 
function may admit the infinitesimal transformation is that it 
should be annihilated by the linear operator 



The set of q infinitesimal transformations 

are said to be unconnected if no identities of the form 
connect them, where <^i, ..m<^^ are functions of the variables 



1> 



69] 



NORMAL FORM OF SYSTEM 



88 



§ 69. The problem of finding whether there is any function 
/((Ci, ...jO^^) admitting a given set of q unconnected infini- 
tesimal transformations, is the same as that of finding whether 
there is any function annihilated by each of the q given 
operators ^ ^ 

Since, if / is annihilated bv X^ and Xy, it is also annihilated 
by the alternant (Z^, X-), this problem may be replaced by 
that of finding whether there is any function annihilated by 
the operators of a complete system. 

If the complete system is of order ti, i. e. if the number of 
unconnected operators is equal to the number of variables, 
then the only mnction which can be so annihilated is a mere 
constant. 

If, however, the order is less than ti, it will now be proved 
that there are (n— g) functions which are so annihilated; in 
other words, mere are iyi—q) vmconnected invariants of a 
complete system of order q. 

Let K, ..., F^ be a new set of operators connected with 
Xj, ...,Xq by the identities 

where pij^^... are any system of functions such that the 
determinant 



Piv 



Pqv 



Plq 



Pqq 



is not identically zero. 

The operators Fj, ..., F^ also form a complete system of 
order q, and any invariant of one system is an invariant 
of the other. 

In order to simplify the forms of Fj, ..., F^ we now so 
choose P{j^, ... as to have, in the notation of § 38, 



»=« 



Since X|, .,.,X^ are unconnected, these values of Pij^f* 
cannot make the above determinant vanish ; we now have 



is^n—q 



F^ = 






a % 
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The operators F^, ..., F^ are now said to be in riomial 

fomii and the problem before us is to find the unconnected 
invariants of a complete system given in normal form. 

The operators in normal form are all permutable; for 
suppose that 

(F^, Fjt) = fAi Fi + ... + fij Fj 

where /ai, ..., fi^ are functions of o^, ..., x^. 

From the forms of F^, ..., F^ we see that the coefficient of 

^ in the alternant of (F^, Tj^) is zero ; and, since on the 

right hand of the above identity this coefficient is /ui^, we con- 
clude that fii, ..., Mg ^^ oftch zero. 

We now know that F^, ..., F^ generate an Abelian group, 
all of whose operators are unconnected. (It is not of course 
true that the operators X^ , . . . , X^ necessarily generate a group ; 

such a conclusion could only be drawn if X^, ...jX^ were 
dependerU on F], ..., F^; here all we know is that they are 
connected with F^, ,.., F^.) 

The problem of finding the integrals of a complete system 
of linear partial differential equations is the same as that of 
finding the invariants of the corresponding operators; and 
this problem is now reduced to tnat of determining the 
invariants of a known Abelian group, all of whose operators 
are un/xmnected. 

It will be noticed that in this reduction of the problem only 
the direct processes of algebra have so fieu: been employed. 

§ 70. We shall now show how the form of such an Abelian 
group may be simplified by the introduction of new variables. 

Let X = fi^--+... + f, 



be any operator, and let /i(«i, ..., x^), ...,/n-i(«i» •••» ^n) ^® 
any (ti— 1) unconnected invariants of this operator, and 
fn (^» •••> ^n) ®^y other function unconn^ted with/j, ...,/^_i. 
Take as a new set of variables 

Vi ~/i> •••> Vn ==/» • 
then the operator X, when expressed in terms of these new 

variables, must be of the form tf r — i where 17 is some function 

of ^1) •••» 2^111 which is known, when we know X and its in- 
variants. 
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We can now find by quadratures a function ^(j^d*.., ^J 
such that ^ . 

This function <l>, which we shall now denote by j^f niust con- 
tain y^, and must therefore be unconnected witii y^, ..., y^_^ ; 
if then we take as variables yi, ..Myn-i* l/w ^^ operator X 

will be of the form ^ 

c 

In order to bring F^ into the form j-y-i it is only necessary 

to be able to find the invariants of a linear operator in 
(n— g + 1) variables ; for, since the coefficients of 



vanish in F^, the variables fl^n-g+D •••>^n-i ^'^^ ^^Y enter that 
operator in the form of parameters. 
(It is not to be supposed that in every operator of any 

Abelian group the coefficients of r > •••> < must vanish ; 

but in the particular Abelian group we are dealing with the 
operator F^ has this property.) 

§ 71. We shall now prove by induction that every Abelian 
group, with q unconnected operators, can be reduced, by a 
transformation of the variables, to the form 



, .••, 



Let Xj, ...jX^ be the given operators of the group; then 

Zj, ,..,X^_i will form a sub-group of (j— 1) unconnected 
Abeliaii operators. Assume that these can be reduced to the 
forms ^ I 

and that ^^^n-g+l'""^^!' 

^ ^ I . ^ 

The operators were unconnected and permutable in the first 
set of variables, and must therefore retain these properties in 
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the new variables ; it then follows that none of the coefficients 
€v •••» ^n can contain aj„.g+i, .•., «„.!. 
By a transformation oithe form 

we can, without altering the forms of X^, ..., X^_^, reduce 
X^ to the form 

where f„-j+i, ..., fn-i ^^ functions of y^, ..., y^^^, y^ only. 

We may therefore suppose that X^, ,,.y X^ have been thrown 
into the forms 

jr -—1— X - ^ 



»a=,.,„ "«-^ aa!„_, 



«rhere fn-j+v •••» ^«i-l ^^ ^^* contain a^n-g+i* •••» ^n-i 5 ^^^ * 
amplify the form oi tnese operators further we take 



We now have 



> •••> 



and therefore X^, ••., X^ take the respective forms 

I ^ ^ 

As we have already proved that any single operator can be 
reduced to the form ^- — > we have now given an inductive 

proof that any q unconnected Abelian operators can, by a 
proper choice of variables, be reduced to the forms 



^^n ^«ii-l ^^n-g+l 
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§ 72. When an Abelian grovip is reduced to this form 
^i •••)^n-9 ^^ (^'~?) unconnected invariants of the group; 
and therefore we have proved that any complete system has 
exactly (n—q) unconnected invariants. 

It is important to prove that these invariants can be 
obtained by direct algebraic processes and integrations of 
equations in {n—q + 1) variables at the most. 

To prove this we reduce the system to its normal form, 
which can be done by processes which are merely algebraic. 
K Xj, ..., X^ are now the operators we reduce JT^ to the form 

r — ; this we have proved can be done by quadratures, and 

the integration of an equation in (ti— g+ 1) variables at the 
most. 

Xi, ..., -X'j-i will now be (g— 1) unconnected Abelian opera- 
tors; let ' 

where, since X^^ is permutable with ^— , fj^j, .,., f^^ only 
involve ^i , . . . , a;„.i. ^» 

Our object being to obtain the invariants of r — and 

Z|,..., X^.i, it is only necessary to find those functions 
of ^1,..., ^n-i which are annihilated by the (?— 1) linear 
operators 

These (?— t) operators are Abelian operators, and uncon- 
nected, so that we have to find the invariants of an Abelian 
group in (ti^I) variables with (q—l) unconnected operators. 

Assuming then the theorem for the case oi{n^l) variables 
with (9— 1) operators, we see that it will also be true for the 
case of n variables with q operators; and since we have 
proved its truth when ^ = 1, we conclude that the process of 
obtaining the common integrals of a complete system of Ungear 
partial differential equaiions, in n variables, involves the 
integration of linear equalions in (n— g+1) variables at 
the most, 

§ 78. Suppose now that we are given the equation 
how far are we aided in finding its integrals by our knowledge 
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of (9— 1) other operators X,, ..., X^ forming with X^ a com- 
plete system ? 

We first find the {n-^q) unconnected functions which are 
common integrals of 

by the method just explained ; we then take these functions 
to form part of a new set of variables; and in these new 
variables may assume the integrals to be 

We now have to find the remaining (q—l) integrals of 

where fiy., fg &ro functions of a^, ..., x^^ a^+ii***) CL^i ^^ 
subsidiary equations of (1) are then 



dxi dx^ 



dx 



2 



It is known (Forsyth, Differential Equations^ §§ 178, 174) 
that the solution of these subsidiary equations, and therefore 
of ^e corresponding linear partial differential equation (1), 
depends on tiie solution of an ordinary differential equation 
of order (g— 1) in one dependent, and one independent variable. 

Thus the solution of £^— + 1? ^— = 0, where f and rj are func- 

6x ^y 

tions of X and y^ depends on the solution of an ordinary 
equation of the first order; (— + ^ jT- + Ct~= ^ depends 

on the solution of an ordinary differential equation of the 
second order. 

If we define an irUegraiian operation of order m as the 
operation of obtaining tiie solution of an ordinary equation of 
order m, we may sav that: if we are given an equation 
X^(f) =s J arid if lue know (q-- 1) other operators forming with 
Xj a complete eystem of order q ; tJie solution of the equation 
can be made to depend on algebraic processes, on quadratures, 
and on integration operations of order (n—q) and (q—l). 

Example. Prove Uiat, if X^, ..., X^ is a complete system 
with the unconnected invariants u^, ...,u^_^, then every 
operator which annihilates each of these invariants is con- 
nected with Xi, ..., Xg, 

By a change of the variables we may take the invariants 
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to be x^f.yX^^^; then the operators are in the variables 
^n-q+iy •••> ^u ^^J ' ^^^ ^ ^^Y ^^^^ unconnected 

are each connected with X., ..., Xg. 

Any operator which annihilates a:^, ••M^n-g must be of the 
form 



and most therefore be connected with X^, ..., X^. 



CHAPTER VII 

DIFFERENTIAL EQUATIONS ADMITTING KNOWN 

TRANSFORMATION GROUPS 

& 74. In this chapter we shall show how the fact, that 
a linear partial differential equation admits one or more 
infinitesimal transformations, which may be known by 
observation of the form of the equation or otherwise, enables 
us to reduce the order of the operations requisite for the 
solution of the ffiven equation. 

Let Y be the linear operator 

where t;,, ...jIJh are functions of x^y ...,^fi> ^^^ ^ ^^ operator 
obtained from Y by replacing a?^ by o^. 

(1) If a^ = «^a;^, (t = l,...,7i), 

where Z = 6^ + ... + f,^-. 

we must obtain an expression for Y* in terms of a;., ..., a^^, and 
this will enable us to determine at once if toe equation 
Y(f) = admits the transformation (1). 

From (1) we deduce (§ 44) x^^e^^sd^ and therefore 

Tx^ = Te'^a!^. Since Te'^ af^ is a function of a^, ..., < 
we therefore have 

(2) Tx^^i^Ye-^x^. 

Expanding tf^Ye^^ in powers of ty we see that the 
coefficient of t*" is 

XTY X^'^YX X^'^YX^ X^-^YX^ 
r\ (r-l)I ■*■ (r-2)I 21 (r-3)I 3! ■*■••" 

We shall prove that this expression is equal to (—1)*' — p 

where F^) = YX-^XY, FW = F(')Z-ZF(i), ..., 

F(n=F<''-i)Z-ZF(''-i), 
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F'**) having now the meaning which was attached to y^ in. 
§48. 
Assume that 

y ' (r-l)I~(r-l)! (r-2)! ll'*' (r-3)l 2! "• 
(r-l)l 

(r-l)!ll"'' (r-2)I2l "' 

^r^ X^-^7X X'-*YX' 

— T -, ... .. + r 



••• 9 



(r— 1)1 (r-l)I II (r-2)I 21 

and therefore 

FC) _ XT X'-^FX Z''-«FZ» 
( ^ rl " rl (r-l)l ll"*" (r-2)I 21 

so that the required theorem is proved by induction ; and 
e^F6-^=F-<FW+|jFW-.~FW + .... 

£1 o I 

It follows that ef^Te"^ is a linear operator, and as such 
it may* be written in the form 

and by (2) this may be written 

2F>,)A==r, 

80 that F= Y^j^ FW+ j^ FW- ^ F(») + ... . 

§ 75. We may apply this formula to obtain the conditions 
that a eiven sub-group may be self-conjugate. 

If Xjj...^ X^ are the infinitesimal operators of a group, of 
which X^^ii •••>X^ form a sub-group, we defined a self-con- 
jugate suD-group as one such that 

is always an operation of the sub-group, whatever be the 
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valaes of 61, ..., «^, the parameters of the group, or A^^^, ..., A,, 
the parameters or the sub-group. 

If we denote by X the operator CiXj-l- .,. +e^Xy, this con- 
dition may be expressed by saying that the group generated 
by ^j+i, ...,-3rj,, where 

is identical with the group X^.i,...,Z^; that is, that each 
operator X'^^^.^.^X'^ is dependent on iiie operators of the 

Now the formula we have just proved gives 
so that 

must be dependent on X^^.i, ..., X^, 

By the second fundamental theorem (§ 47) we have 

and therefore, if we take ^i, ..., 6^ so small that their squares 
may be n^lected, we see that a necessary condition for 
-^g+i> •••> -3^^ being dependent on X^+i, .,., X^ is 

Since this must be true whatever the values of the small 
quantities e|, ...,6,. we must have 

The sub-group X^^j,...,X^ cannot then be self-conjugate 
unless these conditions are satisfied. 

These necessary relations between the structure-constants 
are also sufficient; for if they are satisfied X^^^j will be 
dependent on Xg^i,...,X^; and therefore, since this is true 
for all values of jf from 1 to r— j, X^^j^ X^\j, ... will all be 
dependent on A'^+j, ...jX^, and therefore X'^+j will be so 
dependent. 
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If we take q = r— 1, we get in particular as the oonditionB 
that X^ may be a Belf-conj agate operator 

If X^ is to be an Abelian operator the further conditions 

^Wr = ^> (i = l,.,.,r) 
are necessary. 

§ 76. We now seek the conditions that the complete system 
of equations r,(/) = O.....F,(/) = 

may admit the group of order one 

ajj = 6^0?^, (i = 1, ...,7i). 

Clearly the conditions are that F[,..., 7^ should each be 
connected with F^, ..., F^ ; that is, we must have 

where pj^^, ... are functions of o:^, •••i^n* 

Since n=Fi-«yjf) + f,IT— •. 

we see, by taking t very small, that necessary conditions are 

3^^ = ni y"l+ .-. + ^]fcg 5^gi (* = 1> .•.,?), 

where o-;^^, ... are some functions of o^, ..., a;„. 
These necessary conditions are also sufficient ; for 

and therefore, since Y]^,...,Y^ are each connected with 
I^i> •••> 5^gj "^^6 8©© ^i^^ yjP is aJso connected with Fi, ..., F^. 

Similarly we see that Fjjf, Fj^^\ ... are each so connected ; 
and therefore Fj, ..., F^ are connected with F^, ..., F^ ; and 
We conclude that the necessary arid sufficievi conditions that 
a complete system of linear partial differential equatums of 
the first order should admit me group 

ajj = e^x^y {i = 1, ...,71) 

are thai the alternants (Fj, Z), ..., (F^, X) shovM each be 
connected with Fi,...,Fg. 
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§ n* If /(a?], ..., x^ = constant is any integral of the com- 
plete system, that is, if /(osi, ...,a;J is any invariant of the 
complete system of operators Y^^ ..., F^, then /(a4> --m^) is 
an invariant of F(, ...,F^, Now by hypothesis the complete 
system admits ^^ ^ ^ ^^^ 

and therefore by what we have just proved 

The determinant of the functions p^j^, ... cannot be zero ; 
for if it were zero F^, ..., F^ would be connected, and there- 
J^ij-mI^j (being operators of the same form, but in the 
variables a^^, ...,a;„ instead of o^, ...,a:^) would be connected, 
and this is contrary to hypothesis : since then the determinant 
is not zero, every invariant of FJ, ..., F^ is an invariant of 
Fi, ..., F^; and we conclude that if /(«i, ..., x^ is an invariant 
of Fi,..., Fj so alsoi8/(a4,... ,a4)- 

In other words, any invariant of the complete system of 
opera;tors is transformed by 

af^:=^x^^ (i=l,...,7i) 

into some other invariant fun^tion^ if the complete system 
achnits this transformaiion. 

We may prove conversely that if 

af^ = ^x^^ (i = 1, ...,7i) 

transforms every invariant of the complete system into some 
other invariant, then the complete system admits this trans- 
formation. 

For suppose that /(a^> ••., a?J is an invariant: then by the 
hypothesis so is /(o^, ...) oO^ ^^ ^ 

e f(Xii ...,fl?||) 

is an invariant. If we now take t very small, we may con- 
clude that Xf(x^y •••9^n) ^B ^^ invariant, and therefore must 
be annihilated by Fj, ..., F^. 

Since /(^n ••m^h) '^'^ ^^ invariant, it is annihilated by 
^19 •••» ^9 <^<1 therefore also by the operators of the seccmd 
degree XFj, ... ZF^; and therefore finally /(«,, ...,a;J is 
annihilated by each of the alternants (F^, X), ..., (F^, JT). 

It follows then from the example on page 89 that each 
of these alternants is connected with F^, ..., F^, and therefore 
that the complete system admits 

rcj = 6^0:^, (i = l,,..,7i). 
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We thus see that the conditions that a complete system may 
admit the above group may be expressed by either of two 
equivalent conditions ; firstly, by the condition that the alter- 
nants of each of the operators of the complete system with X 
should be couTiected with the operators of this system ; 
or, secondly, by the condition that every invariant of the 
system should be transformed into another invariant by the 
operator X, 

§ 78. The condition that a given function /(^i» ••.» ^n) ^^7 
admit 

(1) a^< = «i + <f<(aJi,..., «n)» (i = l,...,7i) 
is that it should be annihilated by the operator X, 

where Z = £,2- +... + f„_i^. 

It must therefore, if it admits (1), also admit 

(2) (xfi-Xi'¥tp^i{x^,...,x^, (i=l,...,7i) 

whatever function of the variables x^^,..^x^ the multiplier 
p may be. 

K on the other hand a given differential equation F(/) = 
admits (1), it will not in general admit (2). 

K F,(/) = 0,..., T^{f) = is a given complete system 
of differential equations the system will obviously admit the 
infinitesimal transformation. 

(3) «i = «< + ^(PiFi + ...+p^r5)a:< 

whatever the functions Pi,...,Pg mav be; for the alternants 

of Fj,..., r^ with Pil^ + .-.+PaJa *"^ connected with 
Y Y 

A transformation of the form (3) is said to be trivial. 
If the equation system admits 

we say that it admits the operator X ; and we now see that if 
it admits X it will also admit 

X + /[?iFi + ...+pjFj; 

but with respect to the given equation system we should not 

reckon aj = ff^x^ 

and af^ = e^-^+z^^i + ^+Pa^to;^ 

as distinct transformations. 
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We can, however, make use of the fact that p^, ••mP^ &i^ 
undetermined to obtain the simplest forms of the operators 
admitted by the given equation system. 

Suppose that me complete system admits the non-trivial 
transformation / ^ % *t i^ ^\ 

under what conditions will it admit 

a^ = a;^ + ^pf^(ari,.,.,ajJ1 

The conditions are tiiatthe alternants (F^ypZ), .•.,(F^,pZ) 
should each be connected with Fi,..., 7^; and therefore, 
since /9(Fi,Z), .•.,/}(F^,Z) are each so connected, 

(F,p)Z,...,(FjP)X 

must each be connected with F^, ..., F^. 

Now by hypothesis X is not connected with F^ , . . . , F^ ; and 
therefore we must have 

F,p = 0,..., Fjp = 0; 

that is p is either a constant, or an invariant of the complete 
system. 

' § 79. If the complete system is reduced to normal form, 
that is if 

the further discussion of the problem with which we are now 
concerned is made more simple. This problem is the in- 
vestigation of the reduction of the order of the integration 
operations, necessary for the solution of the given equation 
system, due to the fact that the system admito known non- 
teivial transformations. 

Since the reduction of the system to normal form only 
involves algebraic processes, we may suppose the system to be 
given in normal form. 

If X is a non-trivial operator admitted by the system, then 

is also admitted, and is non-trivial; and, by properly choosing 
the functions p^, ...,p^, we can replace X by a linear operator 

of the form ^ ^ ^ ^ 



which is necessarily non-trivial. 
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We shall cftll such an operator a reohiced operator; and 
when we are given any non-trivial operator admitted by the 
system, we repmce it — and this can be done by mere algebra — 
by the corresponding rediiced operator. 

If then we are given a complete system, in normal form, 
admitting m known unconnected reduced operators X^ , . . ., X^ 
we must liave 

(X^, Tjg) = (riYi + .^. + a^Tq. 

Now in (Xj, Fjl) the coefficients of r > •••> r — are all 

zero, and therefore we must have o-j = 0, ..., o-^ = 0; each 
of tile operators Xi,...,X^ is therefore permutable with 
each of the operators F^, ..., Fg. Also there cannot be more 
than (n—q) reduced nnconnected operators Xi,,..,X^y for 
these operators are in the (n-^q) vanables Xi, •..y^^.g only, 
^n-^-*-!' •••9^n entering them merely as parameters. 
We also see as in § 78 that 

can only be admitted if Pi9...,Pni are invariants of the 
operators Fj,...,Fg. 
From the Jacobian identity 

we see that, since (Fl,Z^) and (F^, Xj) vanish identically, so 
also must (Fj^, (X^, A^)) ; that is, tne equation system admits 
the alternant of any two reduced operators ; and this alternant 
is itself a reduced operator since it is of the form 

It therefore follows that, if an equation system admits any 
non-trivial operators at all, it must admit a complete system 
of operators; we shall suppose then that Zj,...,X^ is a 
complete system of operators in the variables a^, ...,^n-gf ^^ 
other variable ^n.^+i, ..., ^n entering these operators only as 
parameters; and we know that m>7i— ^. 

§ 80. We now have 

and, since the system admits (X^, Xj\ the functions p^2^^ ... 
are either constiuits, or integrals of the given equation system. 

H 
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The first thinff which we must now do is to reduce the case 
where the functions are integrals to the case where they are 
mere constants. 

Suppose that of the functions p^yj^, ... exactly s are uncon- 
nectea ; we now know 8 invariants of the complete system, 
and we therefore transform to a new set of variables, so chosen 

that aj^-g,iCn-g+i>'*'>^n-g-«+i *^ these known invariants of 
the complete system. 

This transformation of the variables has only involved 
algebraic proceeaeB; and we now again bring the Bystem to 
normal form, when we have 

We suppose Xj, ....X^, the operators which the equation 
system aomits, again redhicedy so that 

^h = 2fw^ * (ft = 1, ...,m). 

From the fact that (F^, Xj^) = 0, and that none of the terms 
I •••> T occur in Fj, ••,, F^, we see that 



It therefore follows that fj^j^, ... are integrals of the system: 
they may either be new integrate or they may be connected 
with the known set x^^^, ••n^n-q-i+v 

If they are new integrals we simplify F^, ..., F^ still further 
by again introducing the new int^prals as variables; and 
continue to do this till we can obtain no further integrals 
by this method. 

We may therefore now assume that 

(khy •••> (* = ii'-g-« + 1, ..., w— ?) 

are merely functions of a,|.g, ..., a5n-g-,+i> that is, of the 
integrals already known. 

§ 81. It must be noticed that we cannot advance further in 
obtaining integrals of the complete system, through our 
knowledge that the system admits X^^.^.^X^^ urUees in so 
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far 06 toe know how to deduce from X^,,..,X^ operators 
of the form «-,_j_. 

To prove this, sappose that the system admits X which 
is of the form <_-_»_. 

We now have the complete system of equations 

^(/) = O.F,(/) = 0,....F,(/) = 0, 

and it is in normal form ; bnt, since we have increased the 
number of the variables as well as of the equations, the order 
of the integration operations, necessary to find a common 
int^;ral, is now no lower than it was to find a common 

integral of y^f)^ O^...^Y^{f) = 0. 

We take 

where Pw>*" *^ functions of flJn-g, •••>«n-g-«+i ^^y> ^^^ 
are therefore invariants of F^, ...^iq. ^i, •••y^m will now be 
reduced operators admitted by the given equation system. 

We must so choose p^^, .•• as to obtain as many as possible 
of the operators in the K>rm 

c ^ c ^ 

and these alone can be effective for our purpose. 

§ 82. The problem before us is now simplified and may be 
thus restated : we are given q operators Fj, ..., F^ where 

and, in order to obtain new intoffrals of the system, we are to 
make the most use of our knomedge that the system admits 
jSl 2, .••, '^fn wnere 

H a 
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As before we haye 

(Z^, Xj) ==p<yiZi + ...+Pi^„iX^, 

and the functions p^*L, ••• being inyariants, we should have 
new integrals unless tney are merely functions of the known 
int^rals a?^.^, ..., «n-g-«+i- 

Since we nave assumed that we cannot obtain any more 
integrals by this method we must take these quantities 

Pijkf' ^ "^ merely functions of «n-g> •••> ^n-5-«+i5 «^d, 
smce these variables only enter F^, ..., F^, X^, ..., X^ as 
parameters, we may now assume p^jj^, ... to be mere 
constants. 

The operators X^, ..., X^ then satisfy the identities 

that is, they generate a ^roup. 

We thus see how lie s theory of finite continuous groups 
had its origin in the question which he proposed, viz. what 
advance can be made towards the solution of linear partial 
differential equations of the first order, by the knowledge of 
the infinitesimal transformations which the equation admits ? 

§ 83. We know that (m +g) is not greater than n ; suppose 
that it is less than n. We then find me common integrals of 
the complete system 

^lif) = 0, ...,X^(/) = 0, Y,{f) = 0, ..., Fj(/) = 0, 

of which all the operators are unconnected, and of which the 
structure of the operators — for these operators generate a 
group of order (m + q) — is given by 

and by the fact that the operators F|, ..., F^ are Abelian 
operators within the group of order m + 9. 

There are (ii— m— g) common integrals of this system which 
can be found by an integration operation of order (n—m— 9). 
Having determined these integrals we so change the variables 
that the corresponding invariant functions become 

and the problem of finding the remaining integrals of 

ri(/) = o....,r,(/) = o 
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w ** 

is now reduced to that of finding the inyariantB 'of ^ complete 
system of order g, in (m + 9) vanables a;^, ..., x^^^, the-Byst^m 
admitting m known reduced unconnected operators/ lu8b-.m 
the same yariables oji, ..., x^^.^. "'/: 

As (m + g) is either less than n or equal to it, we can now' 
restate the problem in the form to whicn we have reduced it. 

CUven a complete system ofequatwae 

in (r + g) variables aJi , . . ., a^r+g* 'i^Aoac invariants are required^ 
we are to take advantage ^ the fact that the system, admits 
r known operators Jfj, .,., X^ in these variables. 

The r operators are unconnected^ and reduced^ and genera;te 
a group which is finite and continAwus; and the variables 
^n> •••>^n-r-g+i <^^^<^^ ^^ -^i>»«M-^ri ^i> •••> ^ai mcrdy as 
parameters; Fj, ..., 7^ are operat(yrs permutable wUh each 
other and with X^ ..., X^. 

§ 84. In order to find the invariants of F|, •••, Yq we should 
have required integration operations of order r, had it not 
been that we know that the equation system admits the 
operators Zj, ...,Z^. We therefore fijid the maximum sub- 
group of X^, ..., X^ ; that is, the sub-^up with the greatest 
number of independent operators, which Wng a sub-group 
must not include all the operators of the given group 
Xj, ...jZ^; and we find the int^prals of the system 

YAf) = 0, ...,r^(/) = 0, x,{f) = 0, ..., z^(/) = 0, 

where ^i, •••, X^ is this maximum sub-group. 

To obtain these integrals, integration operations of order 
(r— m) are required, and (r—m) integrals are thus obtained ; 
the reason why we choose m as large as possible is to reduce 
the order of the necessary operations ; and the reason why we 
choose a sub-group is to ensure that (r-^m) shall not vanish. 

We shall now show how, by merely algebraic processes, we 
may obtain other integrals from these (r-^m) integrals. 

§ 85. The principle which enables us to fijid these additional 
integrals is that explained in § 77. Since the given system 
admits X^, ..., Z^, we know that if ^(^,...,^11) Ib 9J3lj 
invariant of Fi,..., F^, then X^^, ...,X^^ will abo be in- 
variants. All of the invariants we have already found can 
be annihilated by X^, ..., X^ ; but they cannot all be annihi- 
lated by X^+ii nor by any of the opers^rs X^+g^ •••> ^r ; we 
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mAj 'theT^tbire by this method be enabled to obtain new 



,. *.'.3y*W change of the yariables, that is, by an algebraic 
''•^h)ces8, we may take the invariants already known to be 

Let Xj, ..., X| be that maximum sub-group of X^ ..., Z^^ 
which is self-conjugate within X^, ..., A^,; if Z^, ..., X^ is 
itself self-conjugate within X, , ..., X^, we may take X^, ..., X^ 
to be the sub-group Xj, ..., X,,^ itself. 

The proposition which we are now going to establish is 
this — by opemting with X^, ••., X^ on the known invariants 
a?,.+g, ..., aJg+m+i ^^ obtain the common integrals of 

Yi(f) = 0, ..., 7^{f) = 0, Xi(/) = 0, ...,Xj(/) = 0; 
that is^ we obtain exactly (m— Q additional integrals. 

Since all of the variables ^r+g* •*-'^otm-i-i ^® invariants 
of Fi, ..., Fg, Xj, ..., X^ they must also be invariants of 
^v •••! Fg, Xj, ..., X|; by a chaiige of variables we may take 
^q+mi •••> ^o-i-l-i-i ^ ^ ^® remaining invariants of 

we are iiow about to prove tiiat by performing known opera- 
tions on ^|.4.g, ..., ^m+a+i ^^ must obtain £ese additional 
invariants. 

Since X^, ..., X{ is a self-conjugate sub-group of X^, ... X^, 
the equations 

Xi(/) = 0,...,X,(/) = 0, Fi(/) = 0,...,F^(/) = 

admit the operators Xj, ...,^rj ^^'^ therefore the functions 
obtained by operating with Xj, ...,Xy on «r+g> "M^m+j+i 
must all be invariants of X^...,X|, F^,..., F^. 

Now Xj, ...,X|, Fi, ..., F^ are unconnected, and have as 
invariants the (r— Z) variables fiP^+i+i, ...,^r+fl; every other 
invariant must therefore be a function of these variables only ; 
and therefore we know that the invariants obtained by 
operating with Xx,...,X,. are functions of ^q+i+ii*»>,x^+q 

onlv. 

n (r — Z) of these invariants are unconnected, then 

can be expressed in terms of these invariants ; but if fewer 
than (r— Q of the invariants are unconnected, tiiey cannot be 
so expressed ; and we therefore know that there must be some 
operator of the form 
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which annihilates each of the functions ^ij^q^m+jf where j' 
may have any yalue from 1 to (r-^m), and i any vfdne from 
1 to r, and where (q+i^n ••Mfg+m <ure not all zero. 
Since Xq^^+i^ •••i^r+g fti^ invariants of 

and these operators are unconnected, we see that 



9 ••• 9 



must be connected with Fj, ..., F^, Z^, ..., X^; we can 
therefore replace 

by an operator of the form 

where p^, •••» Pg* <''i> •••] <''m' '^^ functions of the yariables. 

Now each oi the operators F^, ••., F^, Z^, ..., X^ annihilates 
each of the yariables x^^^^^j ..., x^^^^ and (1) annihilates any 
function X^x^^^^j ; we conclude then that 

annihilates each of the variables Xq^^^i, ..., x^^^. 

From the known relations between the alternants of the 
operators F^, ..., F^, JTj, .•., X^ we see that 

jmv^ kmr 

^(TjCj^j^Xj^, (i= l,...,r) 

annihilates each of these variables; and must therefore be 
connected with the operators of which ^g+m-i-i) •••>^r+g cure 
the invariants; that is, with F^, ..., Fg, Jlj, .•.,X^. 

It follows that, these operators being all uTiconriectedy we 
must have 

'/c,.« = 0, (;t = m + l,...,r)' 
Now because X^, ..., Z^ is a self-conjugate sub-group 

<'i« = 0, C=J"-[; k = l+l,...,r); 
and therefore 
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Xi, ..., X^ is a self-conjugate sub-group, and 2 = m. If m >Z, 
these constants cannot all yanish (for then the greatest 
sub-group would be of order > I) ; and we can take one of 
the mnctions (r^.j^^ •••i^m ^ ^ dependent on the others; it 
foUowB that without altering the structure of X^, ..., Zj, or 
without transforming the sub-group X^, ..., X^ into any other 
sub-group, we may choose instead of X^^^, ..., X^ certain 
(m— Q independent operators which will be dependent on 
Xf. 1, ..., X^, and for this new set we may take <r^ to be zero. 
u we now consider the corresponding new structure con- 
stants, we shall as before obtain the identities of the form 

and can similarly choose v^^i to be zero, and, proceeding thus, 
finally cause all the functions (Ti^^, ...} <''m ^ disappear. 
It would then follow that 

c ^ t ^ 



could be replaced by an operator of the form 

(2) Piri+...+pjFj + (riXi+...+<r,X,; 

but this is impossible since (2) annihilates a;^+i4.ii ••.>^g.».m* 
we must therefore draw the condusion that a^g+j+i, ...,^«+m 
can be expressed in terms of the invariants obtained by 
q^erating on the known invariants ajg+m+i, ...,«r+g ^^ 

§ 86. It therefore follows from what we have proved that 
we can by an integration operation of order {^^nC) obtain 
(r— ?) invariants of Fj, ••., Y^\ and we may take these to be 
^r-f 9» •*•> ^g-fl+D ^y A transformation to new variables. 

The variables x^^^^..,^ ^9 1^-**^ ^^^ appear only as parameters 
in Fi, ..., F^ ; we can theretore, by processes which ai-e merely 
algebraic, select from the r operators X^, ...,X^ which the 
equation sjrstem admits I operators, in which also 

will only appear as parameters. These will form a group of 
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order I in (Z + 9) Tariables, and will be unconnected with one 
another, or with F|, ..., F^. The equation system 

r,(/) = o....,F,(/) = o 

will admit these operators, and the problem which is now 
before us is exactly the same as it was before, but we have 
only (l + q) variables to deal with, whereas before we had 

§ 87. There is one case of special interest in this general 
theory, viz. when the greatest sub-group of X^, ...,X^ is self- 
conjugate. 

Since Xj, ...^X^ is self-conjugate, the alternant of any of 
these operators with X^^^ 19 dependent on X^, ...yX^ ; and 
therefore X^, .•nX^+i is itself a sub-group; but X^, ...yX^ 
is by hypotiiesis the maximum sul^group, and therefore 
Xj, ..., X^^i must be the group X^ ..., X- itselfl 

When the greatest sub-group of Xj, ...yX,. is self-conjugate 
its order must therefore be (r — 1). 

There is only one invariant of F^, ,.., F^, X^, ..., X^^j ; sup- 
pose it to be f(scjj ..., Xf,^A then, since X^ (/) must also be an 
invariant, 

where F is some functional symbol 
This function F(J{Xi^ ..., x^^^) cannot be zero ; for 

being unconnected have no common invariant ; there must 
therefore be some function of /(a?^, ..., ^^^A sudi that, when 
operated on by X^, the result will be umty. 
Let u be this required function, then 

Fj (u) = 0, ..., Fj (u) = 0, Xj (u) = 0, ..., X^.^(u) = 0, 

X^(u)= 1. 
Since these are (r + q) unconnected equations in (r + 9) variables 

every derivative of u is known; that is, r— > •••> r are each 

known, and u can therefore be obtained by mere quadrature. 
By transforming to a new set of variables we may take this 
function to be x^^^,; since x^^^ will then occur merely as 
a parameter in Fj, ..., F^, X^, ...,X^.j we shall then be given 
an equation system 

i"i(/) = o,....y,(/) = o. 
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in (r + 9— 1) yariableB'vdiioh will admit the group X^, ..., X^.i; 
and X^, ...jX^.^, F^, ..., I^g ^iU cdl be unconnected operators. 
If the greatest sub-group of X^, ...,X^.j, is self-conjugate, 
we may take this sub-group to be X^, ..., A^.^, and thus by 
quadratures obtain another integral of 

F,(/) = 0,...,F,(/) = 0; 

and hence proceeding find all the integrals by quadratures, 
provided that each successive maximum sub-group is self- 
conjugate within the previous one. 

§ 88. Suppose we are given the linear differential equation 

how far does the method explained help us in obtaining some 
or all of its integrals t 
We know that by a suitable choice of variables the equation 

may be reduced to the form r-^ s= ; and therefore it will 

admit any operator whose form in the new variables is 



^2vr" +•••+'?« 



where 1739 •••» ^n ftre functions of o^, ..., x^^ only. Every equa- 
tion must therefore admit (n— 1) i^uced unconnected 
operators; but, since the reduction of a given equation to 

the form ^ = would require integration operations of 

order (n— 1), we do not know any general method of obtain- 
ing the infinitesimal operators admitted by the given equation. 

Lie's method does not therefore apply to any arbitrarily 
chosen differential equation, but merely to those equations 
which admit known operators. These operators may be known 
from the form of the differential equmon, or from its geo- 
metrical genesis. 

When we do know, by anv method, the integrals of a given 
equation, it would be a simple matter to construct infinitesimal 
tiansformations which the equation will admit; and then, 
knowing these infinitesimal transformations, we could solve 
the equation by Lie's method. Such examples would how- 
ever merely serve as exercises in applying the method, and 
could not show its real interest What is remarkable is that 
those particular types of differential equations whose solutions 
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have long been known, and were discoyered by various arti- 
fioes, are equations which do admit obvious infinitesimal 
tiansfonnations, i.e. transformations which would be antici- 
pated without any knowledge of the solution of the equation 
and merely from its form, or from the geometrical meaning 
of the equation. 

§ 89. Before illustrating the method by a few simple 
examples it will be necessary to consider how it applies to 
ordinary equations in two variables. 

Consider the equation 

where y^ is written for -j-- • 

Since ^^^^^g^..,^ dy, 

we see that the eolation of (1) will be obtained only when 
we have obtained all the invariantB of 

^9 ^9 ^i> •••9 Vn being r^arded as unconnected variables. 
If tiie equation (1) admits 

af=x + t({x, yl y'^y + tfi (x, y), 

then we have shown how to extend this point transformation 
to any required order; and therefore corresponding to any 
known inmiitesimal transformation admitted oy 

we shall have a known infinitesimal transformation admitted 
by ^u Su j»^y^ ^ 

hx ^^ ^y '' ^y^ 

and we can therefore reduce the order of the integration 
operations necessary for the solution of (1). 

§ 90. We shall now give one or two simple examples of 
the application of Lie's method. 

Exa/mple. Consider the linear equation 
where y^ is written for -^ • 
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Let any int^ral of this equation he y ss (^ where f is a 
function of x, and let y = (^ be any integral otyi+yf{x) = 0, 
then y = f +of^ where c is an arbitrary constiuit, is also an 
mtegnJ; we express this in Lie's notation by saying that the 
given equation admits the infinitesimal transformation 

The partial differential equation 

||+(*(»)-!(^(«))g = « 
therefore admits the operator f ® r— ; and, if u is any inyariant 

of r- +(^(«)— y/(a?))c-» then fo jT" ^^ ^^ ^ ^^ invariant, 

and will therefore be a function of u. 
We can then find some invariant t;, such that 

and such therefore that e- cuid r— are known in terms of 

dx cy 

X and y. We can therefore find v by mere quadratures, and 

thus deduce the complete primitive from our knowlec^ of 

two particular integrals, viz. one of the equation 

^+y/(«') = *(*). 

and one of the equation 

Example. The equation 

obviously admits the transformation 

0/= oaj, y'= ay, 
where a is a variable parameter, and therefore 
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admits x^r-' + y^r-^ 

dx ^ cy 

80 that the homogeneouB equation of the first order can be 
solyed by quadrature. 

Example* Curves whose equations are ^ven in the form 
of a relation between r and p^ where r is the distance of 
a point on the curve from the origin, and p the perpendicular 
from the origin to the tangent at the point, can always be 
solved ; that is, we can obtain the Cartesian equation of these 
curves. These equations are of the form 



and, from their geometrical meaning, must be unaltered by 
rotation of the axes of coordinates ; that is, they admit the 

operator y^ a; — and can therefore be solved by quad- 
ratures. ^ y 

§ 91. Euler has shown how to integrate the equation 

y^ a+cx + dy-i-ha^'^kxy* 

we shall show how this would be solved by Lie's method. 
Writing down the equation 

{a + cx+dy'hha^ + lcxy)y''^{b'hex+gy+hxy+ky^)— =0, 

we are to find some infinitesimal transformation which it 
will admit 

It is obvious that any projective transformation must trans- 
form this equation into another of the same form, though not 
necessarily with the same constant coefficients a, 6, c, (2, 6,/, 
Qj h, ki we therefore seek that particular projective trans- 
formation (if such exists) which the equation may admit. 

It is now necessary to state a general theorem (the proof 
will be given later) which will help us in finding the terms 
of the infinitesimal transformations which a given complete 
equation system may admit. 

Suppose that Yi (/) = 0, ..., F^ (/) = is a complete equa* 
tion system of order q and that 



^^-r...T./|«^^^. 



110 



POINTS OF SPECIAL POSITION 



[91 



then not all g-rowed determinantfl of the matrix 



• • < 




• • 


• • 



can vanish identicaUy. 

A point 0^, ••M^n Buoh that, when we substitate its co- 
ordinates in the matrix, not aU g-rowed determinants of the 
matrix vanish, is said to be a point of general position ; 
a point such that all (A+ l)-rowea determinants, but not all 
Crowed determinants vanisn, is said to be a point of special 
position of order h ; h may have any value m>m 1 to g, but 
if A is equal to q the special point becomes a general point 
The theorem, assumed tor the present, is that by any trans^ 
formation, which the given equation system can admit, a point 
of general position must be transformed into a point of general 
position ; and a point of special position into a point of 
special position of the same order. 

In the example we are considering the points of special 
position are those points which satisfy the two equations 

We see that in general there are three points not at infinity, 
and one point at infinity, common to these two conies ; by 
a linear transformation of coordinates we may take these 
points to be the points whose coordinates are respectively 

(0,0), (0,1), (1,0), 

and in this system of coordinates the equation whose solution 
is required is 

(1) (ch(a?--a:^-a,ajy)^+(aj(y-j/«)--aiajj/)^ = 0. 

Since we are now seeking a projective transformation which 
the equation will admit, it must be one which will not alter 

*^'P^^*^ (0.0). (0.1), (1.0). 

and it will therefore be of the form 

where oj, o^ are undetermined constants. 
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We now easily see that the equation (1) admits 

These two operators are not reduced unconnected operators, 
but the knowledge of either is sufficient to reduce the solution 
of ^1) to quadratures. 

As our object is to illustrate the uniformity of lie's method 
as contrasted with the earlier and more special methods, and 
not actually to obtain the integrals of dmerential equations, 
we shall not carry out the operations necessary to obtain the 
explicit solution of the equation. It may often be found 
that the special methods with which we are familiar will 
obtain the solution of kndwn equations more rapidly than 
we can obtain them by the more general method of Lie. 

§ 92. As an example of Lie's method of depressing equations, 
take the known result that a differential equation can be 
depressed when one of the variables is absent. Since, if x 

does not appear in it, the equation must admit r- > and if y 

does not appear it must admit r~ 9 we see that the integration 

operations necessary for the solution are lowered by nmtj. 
^ if neither x nor y occur explicitly the order may be 

depressed by two, for the equation will now admit r- and r- • 
Again, any homogeneous equation can be depressed since it 

admits aJc- -fy^- +^^r- + -««» 

ex ^ cy dz 

Thus, if we take 
(1) (aia; + 6i2/ + Ci«)^ + (a8a: + 6jy+c,0)~ 

+ Ka^+Oay + Ca^)^ = 0, 

^ ^ ^ ^ , , 

since it admits x c- +2/t- +^^-9 we must find the common 

ex ^ ^y cz 

integral of (1) and 

du ^u ^u ^ 
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eliminating y this common integral must satisfy the equation 
«(aia! + 6,y + c, «) ^ + « (oja! + 6jy + Cj«) j- 

In this equation « oectits onlj as a parameter, and therefore 
taking af = axt, ^ =■ yz, the equations become 

(oisj^+ftiy'+cj,)^ + (a,aJ'+6,y'+Cj)g^ 

= (a,»'+6,y'+c,)(«'^+/^). 

We have proved that the integral of this can be obtained 
by a quadrature ; and therefore u must be of the form 

where jP is a known function and ^ (z) an unknown function* 

Since u is annihilated by a;r- +t/r— +0-7- the unknown 

•^ ^aj ^^y Iz 

function 4> (^) c<ui also be obtained by quadrature. 

Havinff thus obtained the common integral of the equations, 

we introduce it as a new variable ; it then enters the equation 

(1) merely as a parameter, in wluch form it also enters the 

operator x^ '^V'T' '^^T' ' ^^^^ ^^ latter is expressed in 

the new variables. 

We thus have an equation in two variables admitting an 
operator, and can therefore find by a mere quadrature the other 
integral. 



CHAPTER Vm 
myARIANT THEORY OF GROUPS 



§ 98. We have already defined transitiYe groups (§ 44), but 
it is now convenient to give a second definition of such 
groups, and to show that the two definitions are consistent. 

The group 

is said to be transitive if amongst its operations one can be 
found which transforms any arbitrarily assigned point into 
some other point, also arbitrarily assigned. 

The group will therefore be transitive if, and only if, the 
equations (1) can be thrown into such a form, that some n of 
thB parameters a],...,a^ can be expressed in terms of o^,. ..,0^,1, 
a^,...,^ cuid the remaining parameters. The sproup cannot 
then be transitive unless r'^n. The group will be transitive 
unless all n-rowed determinants vanish identically in the 



daj 



da. 



daC 



n 



^xL 



da^ 



da. 



If we recall the rule for forming the infinitesimal operaton 
we shall see that the group is transitive unless everv n of 
those operators are connected ; and we thus see that the two 
definitions are consistent. 

The group is transitive therefore if, and only if, it contains 
n unconnected operators. If r = n the group, if transitive at 
all, is simply trarmtive ; and in this case there are only a 
discrete number of operations which transform an arbitrarily 
assi^ed point into another arbitrarily assigned point. 

The mere tayct thatr^ti is not enough to secure the 
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transitivity of the group ; thus we saw that r was equal to n 
for the group of rotations about the origin, viz. 

d d d d d d 

^ cz ^y ^x cz cy ^ ex 

but the group is not transitive, for these operators are 
connected. 

An intransitive group cannot therefore have n unconnected 
operators. Let eum a group have q unconnected operators ; 
we shall now prove that these form a complete system. 

Let X^, ..., Xq be any q unconnected operators of the group, 
and let me other operators be ^^^.i, ..., X^ then 

where 4^q+j^ &» *" ^^^ known functions of a?|y •••yX^, 
We have 

where i and k may have any values from 1 to g, and therefore 
I, ..., X^ form a complete svstem. 
If a function is annihilatea by these q operators X^, ... , X^, 



X|, ..., X^ form a complete svstem. 

If a function is annihilatea by these q operators ^j, ... , jl^,, 
it must also be annihilated by X^^^, ... X^; and therefore on 



considering the canonical form oi the group we see that such 
a function is unaltered by any transformation of the group. 
We have proved that there are (n—q) functions annihilated 
by X|, ...,X^, and we therefore conclude that an intransitive 
group has (n^q) unconnected invariants. 

§ 94. To express this result fi;eometrically we look on 
OTj, ...,a:„ as the coordinates of a point in 7i-way space, then 

will be a 9- way locus in this space, and the coordinates of this 

locus are the constants 04, ..., o^n-q* ^® ^^P ^® ^^^^^ ^^ ^^^ 
functions /|, ...,/,,^ fixed, but vary the constants, and thus 
have these ^-way loci (or g-folds) passing through every point 
of space. If we take /j, ...,/n-(; ^ ^ ^^^ invariants of the 
intransitive groups, then by the operations of the group 
a point lying on one of these loci is moved to some other 
point on that locus ; we say therefore that this decomposition 
of space, into oo*^'^ o-folds, is invariant under all the opera- 
tions of the group. Thus for the group of rotations about the 
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origin, space jb ddoomposed into a simpld infinity of spheres, 
whose centre is the origin, and a point lying on any one of 
these spheres can only be transformed to some other point on 
the same sphere. 

§ 95. Only intransitive groups can strictly be said to have 
invariants, and the problem of finding these invariants is 
equivalent to that of finding the integrals of the complete 
equation system formed by &eir unconnected operators ; yet 
we shall see that in several ways the idea of invariants can 
be extended to transitive croups also. Two points of space, 
Xj, ...,^fi and ^1, ...,2^||» ^nieh are transformed to two other 
points by the same touisformation ooheme, are said to be 
transformed cogrecUenUy ; thus if 

we should say that ^, ...,a;^ and y^ .^^yn "were transformed 
cogrediently. 

No function of the coordinates of a point is invariant for 
the operations of a transitive group, yet there may be functions 
of the coordinates of a pair of points, which are invariant 
when the points are transformed cogrediently by the opera^ 
iions of a transitive group ; thus the transitive group 

— 1. Jl 

^x ^y ^z 

has the three invariants ^j— ojg, yi— ^2* ^i~^2> where x,^ y^^ z^ 
and iz;2, y2> ^2 ^^^ ^^^ points cogrediently transformed by this 
translation group. 

We could say in this case that we have extended the point 

8«>^P ^ 7^ ^ 

^x ^y ^z 

into the point-pair group 

^ A ^ J- -1 J.- 

^ ^' Wi Wi *^^i ^^2' 

and this extended group is intransitive, and has the three 

unconnected invariants «!— «2> yi~y2> ^i'^^2« 

Similarly the group of movements of a rigid body, viz. 

^a^ a ^ ^ 1. A. — 

^x^ ^2/' 'bz^ ^bz^ by^ bx bz^ by^^bx* 

I 2 
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GROUPS IN COQREDIENT 



[96 



is transitive and has no invariant; yet when extended so as 
to give the point-pair group 






'•••»yisr-^5rr+y2 5:r-«i 



^^1 ^^1 



^z, 



'2 



2 



^y. 



2 



this group is intransitive, and has the invariant 

This expression is therefore an invariant of the coordinates 
of a point-pair, when oogrediently transformed by the opera- 
tions of the tnuisitive ffroup of movements of a rigid body. 

The reason why this extended croup of six operators in 
six variables has an invariant is that the operators are con- 
nected^ as we prove by considering the determinant 



1, 


0, 


0, 


1, 


0, 





0, 


1. 


0, 


0, 


1. 





0, 


0, 


1. 


0, 


0, 


1 


0, 


-«I. 


Vu 


0, 


-«2. 


y% 


«1. 


0, 


-«1. 


««. 


0, 


-x^ 


Vu 


«1. 


0, 


-yj. 


«!!. 






and subtracting the first column from the fourth, the second 
from the fifth, and the third from the sixth, when it is seen to 
be zero. 

Since five of the operators are unconnected there is no 
other unconnected invariant of a point-pair for the operations 
of the group of movements. 

If we were to extend this group so as to apply to triplets 
of points we should not get anv really new invariants ; it is 
only when the operators are taken so as to apply to point- 
pairs that the six operators are connected; in the case of 
point-triplets we should have six unconnected operators in 
nine variables ; and therefore only three invariants, viz. the 
expressions for the mutual distances of these points. 

§ 96. The operators of the linear group of the plane, viz. 



are 



X 



^x 









and as two of these are unconnected the group has no 
invariant. 
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If, however, a^ofi -^poi^'^y + ••• 

is any binary quantic, the quantic becomes, on applying the 
transformations of the group, 

and we often speak of those functions of the coefficients 
^o> ^> -••> ^luich are such that 

as invariants of the linear group. 

These functions are however invariants, not of the linear 
group 

but of the group 

of which the linear operators are il^, A^^ A^^ A^^ where 

If we denote the operators aJr— by X,, ajr- by X«, yr— 
N ^a? oy oil/ 

by X3, and y r— by X4, we see that 

Xj — -4j, Xg — -^2, X3 — -4-3, X4— -^4 

are four operators, each of which annihilates the quantic 

and that there is no operator of the form 

d d d 
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(where oq, o^, ... are fundions of the coefficients Oq, a^ ... 
only) which will annihilate this quantic. 

We must now express the invariant theory of binary 
quantics in such a form as to suggest the extension to general 
group theory. 

First we verify the group property of X^, X^, X3, X^ by 
noticing that 

(Xj, Xg) = Xg, (Xj, X3) = — X3, (Xj, X4) = 0, 
(Xg, Xj) = Xj— X4, (Xg, X^) = Xg, (X3, XJ = — X3. 

Next we see that the operator 

_» /t = 1, ..., 4\ 

annihilates the quantic, since each operator 

X^— -4j, Xg— -4-2, X3— -4-3, X^^A^ 

annihilates it. 

Since X^,.*., X4 are each commutative with Ai,,..,A^ 
(being operators in different sets of variables), and since by 
the group property 

we conclude that 

must annihilate the quantic. 

Now this is a linear operator, not containing xor y; it can 
therefore only annihilate the quantic if the coefficients of 

- — , ...i - — in it are identically zero : we conclude that 

that is, the operators ^A^, ^A2, ^-^39 —^4 generate a 
group, and this group has the same structure constants as 
the group X,, X,, Xg, X^. 

§ 97. We shall now take X to denote the linear operator 

61 Xj + ^2 X2 + «5 X3 + «4 X4, 
and A to denote the linear operator 

Ci Aj + 62 A^ + ^ ^3 + 64 A^f 
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where e^, e^, e,, e^ are parameters unoonneotod with the 
coefficients or variables in the binary qoantic. 
Since X-^A annihilates the quantic we have 

= 6— ^ e^(ao a^ +paia;'-*y + ...), 

any operator X^ being commutative with any operator Aj, 
The linear transformation 

(1) a/= e^x, y'ss e^y 

gives e^(a^x9'^p(i^x^-^y+...) = a^x^P'k'paiaf^-'^/+ ...; 
and therefore, since 

we conclude that 

Equating coefficients of like powers of the variables on each 
side, we see that 

(2) aj = 6-^a^, 

and so generally 4>iKi ^i •••) = ^'"'^^(^dj ^> •••)• 
It now follows from (1) and (2) that if 

is any function whatever of x, y, Oq, a^, ... 

f{^, 2^, <, ai, ..., ap = e^-V(^» y> «o» «i> •••> V- 

§ 98. Covariants and Invariants, as defined in the Algebra 
of Quantics, are therefore merely the functions annihilate by 

four operators which are unconnected, and which generate 
a finite continuous group. 

If we are given a group X^, ..., X^ and want to find the 
invariant theory whidi will b^iar the same relation to this 
group as the invariant theory of the Algebra of Quantics 
bears to the linear group, we must find some function 

where o^, .,., o,^ are constants, such that for any transforma- 
tion of the group we may have the fundamental identity 
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<4» •••9 ^ being eoxmtants, which are funetions of c^i ..., c^ and 
thepaiameters c^, ..., a^ of the given group. 

Following the analogy of ihe pnx^ure in the theory of 
binary quantios we should only take such a function as 
satisfied no equation of the form 

where y^, ..., y^ are functions of c^, ..., c^ only. 

If the function found did satisfy sudi an equation we could 
(since in it the parameters would not occur effectiYely) replace 
it by a function containing fewer parameters. 

Suppose now that we have found a function, with m effective 
parameters, satisfying the fundamental identity 

Applying the identical transformation 

^ = «^ (i= 1, ...j'n), 
we have for it 

and therefore, since o^, ..., x^ are unconnected, 

We next apply the infinitesimal transformation 

and we must have, since (^ is a function of c^, ...iC^ and 
differs infinitesimally from Oj^, 

where yj^^, •«. are functions of c^, ••.»<'m* 
If then we denote by Cj^ the operator 

we see that 

will each annihilate ^(o^, ...ya;^, ^i«**>0* 



1^ 
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Proceeding as in the theory of binary quanticB the operator 

hwar 

is seen to annihilate this function. Since no operator in 
Cj, ...» c^ only can do this, and since X^^ ••., X^ are commata- 
tive with (7^, ..., C^^ we condude that 

and therefore C^, ..., C^ generate a group with the same struc- 
ture constants as the group JT^, ...Jx^. 

We do not, however, know that the operators C^ ...^C^ will 
be independent ; and therefore the group which they generate 
may be of an order less than r. 

-Aj + C/i, ..., JT^ + C/^ 

generate a group, all of whose operators annihilate 

this group must be intransitive. 

§99. When we are given the group X^, ...,X^ we can 
construct many functions of x^ ...yX^ and a set of parameters 
^} •••» <^m> "which will have the fundamental property of pos- 
sessing an invariant theory ; it will be sufficient to show how 
one such function may be obtained. 

Let ilj, ..., Af,y operators in the variables o^, ..., a^, be the 
parameter group of ^j, ..., X^ ; and let J8., .,., B^ be the same 
parameter group, but written in the variables &i, ..., &,. instead 
of Oi, ..., a^; then 

(1) Zj+ili + JBi, ..., X^^A^^B^ 

is a group with r unconnected opNBrators. This group must 
ther^ore have (n + r) unconnected invariants, for it is a group 
of order r in (n + 2r) variables. 

If some one of these invariants does not involve Xi, ...^ x^ 
it must be an invariant of the operators 

and as there are r invariants of this group, we see that there 
must be n invariants of (1) which wul be uTicormected func- 
tions of a^f ..., ^11, but may also involve the parameters 
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a^, •..}<if> ^19 •••! ^f ui addition to the variables Xi, ..., x^ ; 
and some one at least of these invariants must do so ; else 
would Xj, ..., X^ annihilate each of the variables a^, ..., x^ 
which is of course impossible. 

We thus see that for any group there must always be a 
function with the fundamental property 

(2) 9(*n>*">^> ^j •••» ^W ^^ ^ v*^!' •••» ^»» ^19 '••i^m/' 

and therefore an invariant theory for each group. 
The reason why we take the operators 

rather than the operators 

is that for the latter set of operators there can be no invariant 
theory ; since, A^^ ...yA^. being a transitive group, there are no 
functions of o^, ..., a^ annihilated by these operators. 
We now take X and C to denote the respective operators 

6iXi+...+6yXy and CiOi+.-. + e^Cy; 

and, as in the corresponding theory for binary quantics, we 
have, since X + C7 annihilates ^(^^ ..., fl^n) <^i>-*mO» 

^e 6^^ 9 (^» *«*' ^n' ^i> •••> ^W > 

and therefore 

9(*n» •••» •Si» ^» •••» ^/ ^ ^ 9(^» •••> ^> ^> •••» ^m/' 

Since the parameters c^, ..., o^ enter the fundamental 
function ^ effectively, we now have 

cj = e^c^, (i=r 1, ..., m); 

and more generally, if /(o^j, ..., a;^, c^, ..., o^ is any function 
whatever, we must have 

/ (^> •••> •'^J ^> •••» ^/ ** ^ J yphii •••> "^w ^i» •••» ^tn/' 

The covariants are therefore those functions of x^^.^.^x^^ 
Cj, ..., 0^ which are annihilated by 

Jlj + C/j, .•«, -Ay + C/y; 

and the invariants are those functions of c^, ..., c^^ which are 
annihilated by C C * 

and therefore for every group we have a corresponding 
invariant theory. 
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§100. For a given group Xj, ...,Xy we may be able to 
obtain a fundamental function without having to go through 
the process of finding (7|, . . ., ^r > ^^^ ^^^ finding the invariants 
of Jl J + C/|, . • ., ^f + Cf. 

Thus if we take the group of order ten X^, ..., Xj^^ where 

X =z—-x—, X =x — - —, 
* hx iz' • Jy *da;' 

a group which transforms minimum curves into minimum 
curves, we see that by any operation of this group the 
jfunction 

^ ' aa(iB* + y*+2^) + 2jf8a; + 2/2y+2Aja+d2 

is transformed into a function of like form, but with a different 
set of constants. 

The function (1) being fundamental, the group in the para- 
vneters is C^, ..., C^^ where 

n ^ o ^ ^ o ^ 
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It may be verified that this group has the same stmoture as 

This group, though of the tenth order and in ten variables, 
is intra^tive, and has the absolute invariant 

(2fl^i fl^2 + 2/1/2 + 2 A, A,-(i,aj-.a4(ii)* 



07i'+/i"+V-«irfi)G7a'+/a* + V-a2^ 

Since the group X^ ..m^io transforms spheres into spheres, 
and surfaces mtersecting at any angle into surfaces intersecting 
at the same angle, we could have foreseen that the group must 
have this invariant, for it is a function of the angk at which 
the two spheres, 

intersect. 

§ 101. We know that only intransitive groups can properly 
be said to have invariant functions, but groups, whether 
transitive or intransitive, may have vrivariaTd equations. 

Before we consider the theory of the invariant equations 
admitting a given group, we must prove the theorem quoted 
in § 91 as to the transformations which a complete equation 
system can admit. 

Let Fi, ..., F^ be the operators of a complete system where 
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and let I^, ..., 7L be ihe corresponding operators obtained by 
replacing a;^ by a^ in F|, ..., F^, where 

is any transformation scheme. 

We know that the equation system admits this transforma- 
tion if, and only if, 

where pj^^, ... are functions of o^, ...,0;^ such that the deter- 
minant 

Pu» • • • Piq 



Pqv 



Pqq 



does not vanish. 

Let rj^fg denote the result of substituting o^, . • ., ^ for a;^ , . . . , «^ 
respectively in i/^j^ ; and let the operator 

be denoted by Fj^. 

If ^ = *<(«i,...,0» (i- l,-..»^), 

we shall denote by T^ the operator 



^lj^+-..+^'Xn^- 



Su 
not 



uppose now that aS^ ••., (c^ is a point of order h, so that 
all A-rowed determinants vanish in the matrix 



rilv 



4u 






n% 



then exactly h of the operators Ff, ..., F^ are unconnected, 
viz. Ff , ..., FJ^ ; what we have to prove is in effect that h of the 
operators T^^ ..., F^ will be unconnected. 
We have 

where the functions o%+j,jf, •.. are functions of a^ a^ snoh 
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that DODd of them are infinite ; we abo sup^se that in the 
neighbourhood of this point all the funetions Vnt ... are 
regular ; that is, we assume that 17^1. = i^Jik + ^ series of powers 
and products of (^—^1)9 .••,(a;^^a^, and that in this neigh- 
bourhood the fimctions pj^^, ... are regular and their deter- 
minant does not vanish; and finally we assume that the 
transformation ^^ ^ ^^^^^ ^ ^j 

is r^ular in this neighbourhood, so that i^^j^i ••• are also 

regular in the neighbourhood of ^, •«•» 0^. 
We now have 



J* = r? + f*i^ + ...+f*n5^ 



(i= 1, ...,?), 



+ fiki5rr + — + fik»^» 



where the functions fu, . . . vanish for x^ s x^^ ; and therefore 

IXi 

where the functions Cj^, ... vanish for x^ =: x^. 

We can therefore, if we take anv (h+l) of these operators 
^u"'jYq9 say FJ,..., F^+i, find functions ^,...,^+1 of 
^9 ..., ^ such that 

^1 5^1 + ••• +^+1 Fi+i = fi^ + ••• + 61 ^ * 
where f^, ..., f^ vanish for x^=:a^; and therefore 

is a function of ^,..., ^4' ^^--m^ which vanishes when 
x^=:a^; and therefore, since x^ = a;J, if x^ = ^2> ^^ vanishes 

for af^ = i5« 

We have thus proved that any (A + 1) of the operators 

Ff, ..., zf, are connected, for we have proved that all 
(A+l)-rowed determinants vanish in the matrix 



M?l: 



'0 



^li 



fqn 



Suppose now that only (A—s) of the operators I7, ..., F^ are 
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uneonnected ; tihenjiisfc as, from the fact that exaotly h of the 
operators Ff, •••) ^ were imcoxmected, we proved that any 

(A+1) of the operators Ff, ..., T^ were connected, so we 

could now prove that (A— «+ 1) of the operators T^^ ..., F^ are 
connected, and therefore 8 cannot exceed zero, so that exactly 

h of the operators I7» •••» ^q ^^^ connected. 

We have thus proved the theorem that, by amy transforma- 
tion which a complete system admits, a point of any assign^ 
order is transformed to a point of the same order, provided 
that the transformation is regvlar in the neighbourhood of 
the point, 

§ 102. We now take Xj, ..., Z^ to be the operators of a 
group where 



d^ 



'bx. 



and we say, as in the theory of complete systems, that a point 

is of order h^ if when we substitute its coordinates in the 

matrix ^ ^ 

Cii> • • • wn 



fri* • • • fm 

all (A+l)-rowed determinants, but not aU A-rowed deter- 
minants of this matrix, vanish. 
We shall prove later that for any transformation of the 

P^^V a!^ =/^ (iCj, ..., ar„, a^, ,.., a^, {i = 1, ..., n) 
we shall have 

^j ^ «/i-3ri + ... + e^yXy, {j = 1,..., r), 

where Cjj^, ... are constants whose determinant does not vanish. 

If then ^, ..., ^ is a point of order h all the functions 
iij^i ><>. are regular in its neighbourhood; and, since now no 
exceptional case can arise through a want of regularity in 
any of the coefficients, we see, as in the case of the complete 
system, that by any transformation of the group a point of 
order h is transformed to a point of order A. 

A point of general position is a point of order q ; there 
are oo" of such points, for all (g+ l)-rowed determinants of 
the matrix vanish identically, where q is the number of uncon- 
nected operators ; if the group is transitive q-= n. As there 
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may be no yalues of ^, •••» x^ whioh make all ^-rowed deter- 
minants vanish, there may be no speeial points in connexion 
with an assigned group ; if there are saoh points, there may 
be a discrete number of them or there may be an infinity of 
them ; if only a discrete number these points must clearly be 
fixed points, unaltered by any operation of the given group. 

Suppose that oo" points will make all (^+ l)-row^ deter* 
minants of the matrix vanish, but not all Crowed determinants 
vanish ; and let 

(1) ^•+m = *f+m(^» •••»«?,)» (m = 1, ..., ri-«) 

be the equations which define these points ; the theorem 
which we have proved asserts that points satisfying these 
equations will be transformed to other points satisfymff the 
same equations ; in other words the equations (1) cuohnit the 
operations of the group X^, ..., X^; that is, these equations 
are invariarU eqvMtions. 

§ 108. Let 

0) ^«+m = *f+m(^» •••>««)» (m= 1, ...,7l-«) 

be any equation system admitting a group X^,..., X,.; we 
shall now define a set of operators closely connected with the 
system. 
T£J(Xiy ..., ajj is any function of x^, ..., a:„, we shall denote 

by / the function /(a5p ..., a?^, ^,+i, ..., ^J of the variables 

iCj, ..., x^ ; and by X^, ..., X^ the r operators 

^^^ix. "*■•'•"*■ ^*«^F' ^*" i.-M^); 

we call Xj, ..., X7^© contrcucted operators of Xj, •.., X^ with 
respect to the equation system (1). 
From the definiticm of the bar 






;/=(^)-2(5£;)(^)' (-• .); 



and therefore 



jrj./=(Xfcag(^) + ... 



'^X^ 



man— « 
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but we also know that 



(X,f) = (X,x^(^) + .., 



^Xi 



man— « 



80 that 

(2) (xj) = zi;./+2 (^»(*,+i.-<^.+j) (j|^)- 

Now the equations (1) admit the group, and therefore in 
particular admit the infinitesimal transformations, so that we 

must have 

(^*(».+m-*f+m)) = 0; 

and therefore from (2) 



(X,fc/)=Xjfc./, (fc= 1, ...,r); 

that is, the result of first operating with Xj^ on an^ function of 
the variables, and then deducing the correspondmg function 
with the bar, is the same as that of first obtaming the function 

/, and then operating with the contracted operator Xj^. 

§ 104. We can now prove that X^, ..., X^ generaie a group^ 
From the second fundmiental theorem 

ktmr 

(x^, Xj) =2 %k -^i» 

and therefore X^ (jn,-^j dm = 2 Cijh ffcm 5 
consequently we must have 

and therefore from what we have just proved 



kmr 



kr^r 



^i • (jm^^j -6111—2 ^ijk f*m> 



kmr 



that is, (Z|, Xj) = 2 <^ijh ^h' 

It is not, however, necessarily true that the r contracted 
operators will be independent. 

CAMraSLL K 
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If the equations 

are taken to be the equations which define points of order h 
with respect to the group, X^..., X^, we know that these 
equations will be invariant under the operations of the group; 

we shall now prove that h of the operators 7j, ...,X^ are 
unconnected. 

From the definition of a special point of order A, exactly h 
of the operators 

are unconnected ; and therefore not more than k of the operators 

Xj, ..., X^ can be unconnected. 

Also since the equations (1) admit the group X^, ...,X^ 



sn;=(^)S+(^)S+...+(^)5. 

(fc=l,...,r), 

and from these equations it follows that not less than h of the 

operators X^, ..., X^ can be unconnected ; we therefore con- 
clude that exacUy h of these operators are unconnected. 

§ 105. We are now in a position to determine all the equa- 
tion systems admitting a given group. 
If the system of equations 

is to admit all the transformations, it must in particular admit 
all the infinitesimal transformations of the group, and there- 
fore we must have 

j = l,...,r 



Conversely, if the system admits ail the infinitesimal trans- 
formations, it will admit all the finite transformations of the 
group; for let /(«i, ,.., a;J be any function of the variables, 

then we have proved that ^, ..., X,. being the contracted 
operators of X^, ..., X^ with respect to the equations (1) 
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and therefore 



and («jZi + ...+6yZy)*/= (^-yi+-..+«r-^r)*7> andeoon; 
if then/ is any function saoh that 



Zi/=0,...,Z^/r=0, 

that is, an equation admitting the injBnitesimal transformations 
will admit all the finite transformations of the group. 

Suppose now that we are seeking an equation system 
admittmg a given group, the points, whose coordinates satisfy 
these equations, must either be points of general position witn 
regard to the group or i)oints of special position. Suppose 
that they are points of order ^, and that q is the numte: of 
unconnected operators in the group X^,..., X^; if A is less 
than q the points are ones of special position ; if A is equal to 
q they are points of general position, and h cannot be greater 
than q (§ 91). We say that tne equation system is of order h. 

We now ikke 

to be the kfriovm equations giving the loci of points of order h\ 

and X^, ..., X^ to be the known contracted operators of the- 

group with respect to these equations; and we take X^, •••i^h 
to be the h unconnected operators of the contracted group. 

Any equation system of order h must therefore by means of 
the equations (1) be reducible to an ea nation system in the 
variables x^^ ..., ^«) c^d in order to nnd such a system it 
is only necessary to find the equation systems aamitting 

X^, ..., X^. This equation system being of order h cannot 
allow the points satisfying it to be special points with regard 

to the group Xj, ...,Xy ; for were they so, they would be of 
order less than A, which is contrary to our supposition. 

The problem is therefore reduced to this ; we are given h 

unconnected operators X^, ..., X;^ forming a complete system ; 
and we have to find all the equation systems which admit 
these operators, and are yet such that the points satisfying 
these equations are not of special position with respect to 

Xj, ..., X;^. 

K % 
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6 106. By a dumge of the variables we can take JT^, ..., Xj^ 
to DO respeetiydy 

where ^-^9 ••• are functions of a?^..., o?;^, and (a— A) other 
variables which occur as parameters; and the equation system 
we are seeking must not make the determinant 



fn, 



fM> 



(ih 



(kk 



zero. 



Suppose that/(a^, ..., rv^ = is one equation of the syst^n 
admitted, then 






+ - + ^*»^=°' 



and therefore, since the determinant is not zero, we must have 

The required equation system can then be only a system of 
equations in the variables Xj^^^, ••., ^« ; that is, the system of 
equations can only connect the common integrals of 

^i(/) = ^(/)=o. 

Example. Consider the group of the fourth order, 

^ ^ A- — ^ ^ ^ ^ ^ 

^x ^z 

This group is transitive, and its matrix is 

0, -z, y 
z, 0, -X 

«, y^ z 



hz ^y' ^x ^z* ^y ^ ^x* ^x ^y ^z 



106] ADMrmNG A GROUP 188 

The only values of a?, y, z whioh cause the determinants of 
the seoond or lower orders to vanish are a; = y = 21 = ; and 
obviously there cannot be contracted operators to correspond 
to a discrete number of special points. 

Forming the determinants 01 the third order, we see that 
the equation o^-k-^^-^-T? = causes all of these determinants 
to vanish ; this equation is therefore admitted by the group, 
and defines points of order two. The contracted operators 
with respect to this equation will therefore form a group in 
two variables, and will have two unconnected operators, and 
cannot therefore have any common invariants, so that the 
only equation admitted by the group is the equation 

Exa/mple. Consider the simply transitive group 

The matrix is seen to be (a:' + j/* +2;')', and when we equate 
this to zero we see that all determinants of the second order 
vanish, so that the equation 

(where the symbol { denotes V—l) defines the locus of 
points of order one. This is the only invariant surface witii 
respect to the group; to obtain the invariant curves with 
respect to the group we must find the integrals of 

since the contracted operator is 

The invariant curves are therefore 

yz:zax^ a^+y*+2* = 0, 
where a is a variable parameter. 
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It must not be supposed that an invariant of the contracted 
operators is an invariant of the group itself; in transitive 

groups they never could be such: in this example - is an 

invariant of the contracted operator, but for the given group 
it is only invariant on the sumoe 0:^+^+^ = 0. 

If we take the group of order ten which transforms Tninimum 
curves into minimum curves, we see that since it contains 

^— » ^-» ^-^ one of the determinants of its matrix is unity, 
^x dy dz "^ 

and therefore there are no special points with respect to this 
ffroup ; and because it is traxisitive, and without special points, 
it cannot have any invariant equation. 
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PRIMmVE AND STATIONARY GROUPS 

§ 107. We have seen that for the group which transforms 
minimum curves into minimum curves there is no invariant 
surface, but, since it transforms the sphere 

into some other sphere, it has an invariant family of surfaces, 
viz. the spheres in three-dimensional space. 

The theory explained in § 99 would show us that for any 

group whatever we could find invariant families of surfaces, 
ne case of this general theory is of particular interest, viz. 
when the number of parameters in the surface is less than 
the number of variables. Following the usual phraseology, 
we shall call the parameters involved in the equation of any 
surface the coordinates of the surface. 

When the number of the coordinates of a surface is less 
than the number of variables we may express its equations 
in the form 

^i> •••> ^n-a '^^ ^^^^ ^ ^® coordinates of the surface ; and, 
since a point on it has q degrees of freedom in its motion, we 
say that the surface is a g-way locus in ii-dimensional space, 
or briefly a g-fold. 

We suppose the forms of the functions 4>i9 •••> 0n>9 ^ ^ 
fixed; if for all values of the coordinates c^,.,., c^^g of the 
o-fold, the g-fold admits the transformations of the group 
A I, .,., X^ the group must be intransitive. Since the f-folds 
can onlj each individually admit the group when ^, ..., ^n.^ 
are invariants of the group, we see that the group cannot 
have more than q unconnected operators. 

Suppose now that the group is intransitive, and that 
^q-i-u •••» ^fi ^6 ^^ invariants; we then have 

^k = hi i^y —» ^») ^ + ••• + hq (^» •••' ^») 5^ * (*= 1> — > ^)- 
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The equations ajg+i= a^+ii ..., x^ = a^Bxe inTariant for the 
group; suppose that 0^1, ...,0?^, ag+i, ....a^is Anoint otgenenl 

position, the contracted operators with respect to these 
equations are X^, •••, ^r' '^^^^ 

We know that these contracted operators will generate 
a group, and that ^ of its operators will be unconnected, so 
that this group, being in q variables, will be transitive. 

If we say that the transformation 

in the group X^, ••., X^ corresponds to the transformation 

af^zsze^^i+"'+^^rx^, (i = l,*..,7i) 
in the group X^, •••, X^ ; then any point on the ^-fold 

is transformed to the same point on that g-fold by either of 
these corresponding transformations. 

Now the group JT^, ..., X,. is transitive, and therefore any 
arbitrarily selected point on this g-fold can by the operations 
of this group be transformed to any other arbitrarily selected 
point on the o-fold : it follows that bv the operations of the 
group Xij ..., X^ any point on this g-fold can be transformed 
to any other pomt on the same g-fold. 

§ 108. Without, however, assuming that any one of the 

f-folds . . _ A. f \ — 

9iV^> ..., x^ — Cj, ..., ^||.g [Xi, ..., ajjj — Cn^q 

is transformed into itself by the operations of the group, we 
shall suppose that the totality of them is invariant ; that is, 
tiie g-fold with the coordinates c^, ..., c^^q is transformed to 
the g-fold with the coordinates ^, ..., c^.g, the forms of the 
functions 0^, ..., ^^.^ which define the g-folds being of course 
fixed. 

If 0^, ..., a;^ is a point on 

*l y^V •••> ^n) ^ ^v •••» H^n-Q (^> •••> ^n) ^^ ^n^a> 
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and if this point is transformed into o^, «.., o^ then we most 

but unless the group is intransitiye, and ^x> *"> ^n-a ^^^ ^^ 
invariants, we cannot have 

^i(iBi,..., ajj = ^i(ai> ...» ^>«-«> 

If, however, the totality of g-folds is invariant we have, 
whether the group is intransitive or not, an invariant decom- 
position of space into oo'*~0 g-folds. 

A group under which some decomposition of space is 
invariant is said to be vmprimitive; a group under whose 
operations no such decomposition is possible is said to be 
pri/mitive; thus intransitive groups are a particular class of 
imprimitive ^ups, and primitive groups are a particular 
claiss of transitive groups. 

§ 109. Let 

(1) a5j=/<(iBi, ...,«!,, Oj, ..., a^), (i=: 1, ..., n) 
be the equations of the given group, and let 

be an invariant decomposition of space ; when we Apply to 
this g-fold the transformation (1) we get 

and we must therefore have an equation system of the form 

^ = V^<(^»*->^«-g> Oii-M^r)* (^ = If-j'W. — gr). 

It follows therefore from our first notions of a group that 
the functions V^i, ••., ^n-q '^^ define a group containing the 
identical transformation and r infinitesimal transformations, 
though these are not necessarily independent. 

The variables in this group are the coordinates of the g-folds 
in space o^, ..., x^, and we may say that we have passed to 
a new space in (n—q) dimensions ; to any assigned point in 
this new space there will correspond a definite g-fold in the 
space ^9 ...) 0?^; and to any transformation 
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in tho original space there will oorrespond a transformation 
^ = V^< (Ci, ..., c^_g, Oj, ..., a^), (i s= 1, ..., n— g) 

in the new space. 

By a change of the variables we may take 

to be the equations of any g-fold, whose family is unaltered 
by the operations of the imprimitiye group X^, ..,,X^. 

In this system of coorainates the fimte equations of the 
imprimitive group must be of the form 

for any ^-fold of the system must by the operations of this 
group be transformed into some other. 
The infinitesimal operators of the group are now 

where fj^, g+/> ••• ^^ ^^* involve o^, .,., x^. 
It therefore follows from the identity 

that the r operators J?^* •••! ^r* ^^^^ 

form a group, such that 



A«r 



this group, however, is not necessarily of order r since the 
operators may not be iTidependcTU. 

§ 110. The complete system of equations 

is invariant under all the operations of the imprimitive group 
Xj, ..., X^, This is at once seen to follow from the fact that 
£k,q+ji •••do not involve aJi, ..., Xg, 
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Conversely, if any complete system is inyariant under the 
operations of a group, that group must be imprimitive. For 
by a change of cooroinates we can take tiie complete system 
to be 



^ = ^ = 0. 



and then, if 



d^ 



^X, 






is an operator of the group which the system admits, we see 
that €]c,q+j9 '•• CftzuDiot involve a^, ..., Xg\ and therefore the 
equations ^ _ ^ x — c 

can only be transformed to equations of the form 



X 



"" ^+l> •••> ^ii — ^ 



g+l — ^q-i-l 



IP 



that is, the group is imprimitive. 

§ 111. We have now seen that groups may be divided into 
transitive and intransitive classes of groups; and also into 

Srimitive and imprimitive classes; there is yet a third 
ivision into stationary and novr^ationary groups. To ex- 
plain this last division, let JT^, ,.., Z^ be the r operators of the 
group where 

(fc=l,,..,r), 

and suppose that exactiy q of these operators are unconnected, 
say Xj, ...,X^ ; and let 

*=« 

Let a:^, ..., o;^ be a point of general position, that is, a point 
such that not all g-rowed determinants in the matrix 

Cii> • • • •tin 



fgl> 



. £ 



qn 



vanish, when the coordinates of this point are substituted in 
it. First we see that any infinitesimal transformation of the 
form 

t«J = a;<+e(6iZi+...+6jZj)flj^, (i=l, ...,ti) 
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will transform the point 2^, •••, a^ to some neighbouring point; 
for if the point remained fixed we should have 

«iff<+...+«gf^= 0, (i= l,...,n), 

and therefore all g-rowed determinants of tiie matrix would 
▼anish. 

The necessary and sufficient conditions that 

should not alter tiie point a^, ..., a^ are 

«i6<+...+«r^ = 0, (i= l,...,n); 
and these equations may by (1) be written in the form 

2(^jk + 2Vi*«+i.i)a< = 0, (i = l,...,Ti). 

Since then the point a^, ...» o^ is one of general position, we 
must have 

Jmr^q 

and the general form of an operator of the group which does 
not alter this point must be 

jar--} ksq 

It follows, since the transformations which leave a given 
point at rest must obviously have the group property, that 
the (^—9) independent operators 

^g+i-2*«+i,jk-3rjfe, (i = h ....r^q) 

generate a sub-group. 

We call this sulv^group the group of the point o^, .«.,a£. 
Unless all the operators of a group are unconnected, to each 
point of general position there wul correspond one of these 
sub-groups. 

§ 112. Let now ^9 ...,2/n ^ ^^7 other point of general 
position, we now wish to see whether all those infinitesimal 
transformations of the group which leave ^1, ..., ^n ^^ ^^^^ 
have the property of also leaving t/J, .•.,^ &t rest; that is, 
whether the groups of the two points are the same. 
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If the groups of the two points are the same then for all 
values of the parameters e^^.^, ...,e^ 

jr^r^q kmq 

where c^^^, ..., e^ is some other set of parameters not involving 

Since the operators X^, ...^X^ are independent, this can 
only be true if ^ — ^ * — * 

and if further 

Now 6^^ J, ... 6^ are independent, so that we must have 

as the necessary and sufficient conditions that the groups of 
the points o^, ..., a^ and y$, ..., 2/^ may coincide. 

§113. The sub-group which leaves o^, ...,0^ at rest will 
therefore leave at rest all points on the manifola 

^ib=l,..., g>'* 

Of the functions 4>q+j^kf* ^^^ more than n can be un- 
connected ; if n are unconnected onlv a discrete number of 
points will lie on this manifold ; and we then say that the 
group Xj, . . ., X^ is novr-etationary. If, however, fewer than n 
of the functions are unconnected, say a, then the equations (1) 
define an (n— 8)-way locus; and the group of the point 
0^, ..., a^ leaves invariant the continuous (n— a)-way locus 
which passes through the point ; in this case we say that the 
group Xj, ..., X. is stationary. The croups of all points on 
this locus are the same ; we shall caSl this locus the group 
locus of any point on it. 

If a4=/^(«i,...,a:^, ai,...,ay), (i=l,...,7i) 

is any transformation of the group X^, •«., X^, and X^, ,«., X^ 
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are ihe operatora obtained by repladng x^hj af^ia X^, ..., X^, 
we know from the discussion in § 76 that Z^, ..., a^ are an 
independent set of operators of the group X^, . . . X,. . Suppose 
that by this transformation the point fli, ..., ^ becomes the 

point ^,...,0;^; then, 

being an operator which leaves o^, ..., x^ at rest, 

will be an operator leaving o^, ..., x^ at rest; and the group 
of the point o^, ...,a^ is therefore transformed into the group 

of the point ^, ..., o^. If then the group is stationary, the 
(n— 6)-way group locus through o^, ...,^ is transformed to 

the (n— 6)-way group locus through a;J, ..., o^. It follows 
therefore that a stationary group is imprimitive, since the 
group loci are transformed inter ae. 

It should be noticed that not all imprimitive ^ups, nor 
even all intransitive groups, are stationarjr ; primitive groups 
however, having no invariant decomposition of space, must be 
nouHstationary. 

§ 114. We shall now give an analytical proof of the theorem 
that the equations 

(1) *g+i.*(^i»->«i*)=Vy.*' (i-i'""'^"D 

define an invariant decomposition of space into oo* (n— 6)-way 
loci, where e is the number of the functions <l>q+j\k9 *•* ^bich 
are unconnected. 
From the fundamental group property 



i:^r 



and from the identity 
we deduce that 

2 ^pkm i>q+J, h^m + 2^ i^p ^q+J, fc) -^Jk = 2 ^ q+j, i ^i' 

If we apply to this the identity (2) so as to eliminate the 
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operators X^^^, ..., X^, we can equate the coefficients of 
Jlj, ..., Xq on each side of this identity, for X^, ..., X^ are by 
hypothesis unconnected ; we thus obtain 

i = r— ^ ksaq 

■*2 ^i),*,3+i ^3+y, jfc ^jHw 
It therefore follows that by the infinitesimal transformation 
ojj = x^-^-tXpX^, (i = 1, ...,7i) 

all the points which lie on any one of the (n— 6)-way group 
loci (1) are so transformed as to be points lying on some one 
other of these loci 

We may perhaps see this more clearly if we throw (as we 
may by a change of coordinates) the equations 

into the forms 

(3) x^ =^ Ci, ,,»^Xg ^ Cg, 

What we have then proved is that by any infinitesimal 
operation of the group, and therefore by any miite operation 
of the group, the coordinates o^, ...a;, are transformed into 
functions of o^^, ...,:&, ; and therefore the (n— 6)-way locus (3) 
into the (n— 6)*way focus 

^ — yi> ••••^# == y« 

where yi) ...,>% are functions of c^, ...,c^ and the parameters 
of the group A^^,..^X^, 

§ 116. The functions <l>jft, (o^, ..., x^) have only been defined 
for the case ^'>9, /x^?*9 ^^ ^^ convenient to complete the 
definition by saying that when these inequalities are not 
satisfied ^>|yi(^, ..., a;J is to be taken as identically zero. 

We now define a set of functions n^^-j^, ... as follows: 

ifi>3, 



F-f 
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ifi>g, 

And if y > q and 1; > 9, 
Since c^+Cj^ = for all valueB of hj^k we have 

Since -^5+<=2*«H»-^k» 

*=« 

and therefore 

\m = 1, ,.., qf 

these are identitieB, satisfied by the fiinctioiiB <l>q+i^ &!•••• 
Again, since 

we see that^ Xj, .•., X^ being the unconnected operators of the 
group, 

we therefore call the functions IT^^-j^, when none of the integers 
t, j', k exceed 9, the drv^ture functioris of the complete system 

The functions ^^4.^,]^) ... we shall call the stationary func- 
tianSf since they determine whether the group to which they 
refer is stationary or not. 

116. Suppose that 8 of these stationaiy functions are uncon* 
nected ; we can by a suitable choice of new variables bring 
them to such a form that they will be functions of the 
variables o^^,..., a;^ only; and we can also express the 
variables a:,, ..., o;^ in terms of the stationary functions. 

The equations 

(1) «! = Ci, ...,«, = c, 

now give a decomposition of space which is invariant under 
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the operations of the group X^, ..., X^ ; only if 6 is less than 
n can we say that the group is stationary ; and only if 6 is 
less than n can we say that the equations give a decompo- 
sition of space at all. 
The operators of the group are X^, ..., X^ where X^ is 

and (ki9'>»i(jc$ are functions of a^y...^x^ only; for the 
(n— s)-way locus (1) must by any operation of the eroup be 
transformed to some other (n— 6)-way locus of i£e same 
family. If therefore 

^h ~ f*i ^ + — + ^Jfei a^ ' (* = 1> — • ^). 
Z^y ...» ^i. will generate a group, such that 

kmr ^ 

where the structure of the group Xj, ••., X^ is given by 

kmr 

The group Z^, ..., Z^ is not, however, necessarily of order r, 
for its operators may not be indqpenderU. 

We can construct this group Z^, .../Z^ merdyfrcym a know^ 
ledge of the structure conetanta cmd the eftationary fv/M!tion8 
of the group X^, ..., X^. 

For if the stationary functions are known it merely requires 
an algebraic process to bring them to such a form that they 
are functions of a^, ..., o^. only. We can then say that 
a^y...jXg are known functions of the stationary functions; 
and, since -^i^g+i.jfc = n<,g+i,jk, and U^^q+j^k ^ ^o^ in 
terms of the stationary functions, we see that X^ ^q^j^k ^^ ^^ 
known in terms of tiiem. It follows that X^x^^ ..., X^x^ are 

all known functions, that is, the coefficients of r — > •••> r — 

' ' ^QOj ^x^ 

in X^, ..., X^ are all known; that is, the operators Zj, ..., Z^ 
are known when the structure constants and the stationary 
functions are known. 

§ 117. We have seen that the operators of an intransitive 
group can be simplified when we know its invariants ; what 
we are now about to show is how by a suitable choice of 
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new variables to simplify these operators, and at the same 
time to simplify the stationary functions <l>q+j^ u i^, •••) ^n)} ••• • 

We so choose the variables that the stationary functions are 
functions of the variables fl?j, ..., o;^ only. 

Of the invariants of X^, ..., X^, the unconnected operators 

of the group, some may be functions of x^, ..., x^ only ; if we 
suppose that there are m such invariants, we may so choose 
the variables that these are o^, ..., x^; and m is not greater 
than the lesser of the two integers n^q and 8. 

Since the stationary functions are now functions of rr^, . . ., x^, 
and x^, ..., x^ are invariants of X^, ..., X^, we have 

where fj^^w+v •••' ^h,$ *"^ functions of a?^, ...,«, only. 

Any function of ^, ..., o;^ is an invariant of X^, ..., X^, but 

there are (n—q—m) other invariants, unconnected with these. 
Let /(o^, ..., a;J be one of these other invariants; since by 
hypothesis fl?j,..., a?^ are the only unconnected invariants 
which are mere fanctions of x^, ..., a;^,/ cannot be connected 
with Xj,.,,,x^; we may therefore again so choose the variables 
that/ will be x^. 

In this system of variables the stationary functions are 
still mere functions of o^, ..., x^, and o^^, ..., x^g^, x^ are invari- 
ants of the group. 

There now remain (n—q^ra—l) invariants, unconnected 
with fl^j, ..., x^ and a^; let /(a^, ..., xj be one of these, we 
next prove that it cannot be connected with o^i, ..., x^^ x^. 

Suppose, if possible, that it is a mere function of o^^' - • •' ^« > ^»» 
then, since it is annihilated by X^, ..., X^, we must have 

for (^ = 0, because x^ is by hypothesis an invariant. 

Now (hm+ii ••'* (hi ^^ ^^^ contain x^; and therefore, if a- 
is any arbitrary parameter,/ (o^, ..., o;^, aj will be annihilated 
by Jlj, ..., X^. As we have proved that no function of 

S, ...,0;^ can oe so annihilated, unless it is a mere function 
^9***9^m9 '^^ conclude that /{x^, •••> ^«> ^n) ^^ a func- 
tion of a^y •••»^m ^^^ ^n onij; that is, it is not one of the 
(n— g— m— 1) other invarianta We can therefore by a fresh 
choice of the variables take the function/ to be a^^.j ; and in 
these new variables the stationary functions will still be 
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mere functions of x, x„ and x, x^, x,, x,_, wiU be 

inyanants. 

Proceeding thus, we see that we may finally take the 
stationary functions to be functions of the yariables o^, ..., ^« 
only, and may take the (n—q) unconnected inyariants of the 

group to be a^, •.., x^, «g+m+ii •••> ^m- 
In proying this we haye implicitly proyed the inequality 

When a group is brought to this form we say it is in 
staTuUvrd form. 

§ 118. The aboye is the general method of bringing a group 
into standard form when it is intransitiye, stationary, and 
when some one at least of the inyariants of the group is 
a function of the stationary functions ; the modification when 
any one of these conditions is not satisfied is simple, and the 
labour of bringing the group to standard form is lessened. 

Thus, if the group is transitiye, q = n^ and m = ; to bring 
the group to standard form inyolyes only the algebraic pro- 
cesses of selecting the stationary functions in terms of which 
the others can be expressed, and taking them as a new set of 
yariables x^, ..., x^. 

If m = then 9^8, and the inyariants may be taken to 
^ ^q-i-v •••' ^fi» while the structure functions will inyolye 
a5i, ..., oj, only. 

If the group is non-stationary a = n and m = (^—9)9 ftnd 
the inyanants are a^, ..., a?n-o» while the structure functions 
inyolye all the yariables os^, ..., x^. 

We saw in § 45 that in order to bring the eq^uations of 
a group, giyen by its operators Xj, ..., Z^, to finite form it 
was necessary to find the inyariants of 

This problem is simplified for stationary groups ; for, when 
we know the operators, we know the stationary functions, 
and can by algebraic processes bring the aboye operator 
to the form 



2«*fy(^>— >««)5r-+ 2«ikf*.f+<(«i>—fa?J 



There are (a— 1) unconnected inyariants of this operator 
which are functions of o^^, ..., o;^; and these may be found by 
integration operations of order (0— 1): haying found these, 
the remaining {n—s) inyariants may be found by integration 
operations of order (n— a). 

L % 



CHAPTER X 

CONDITION THAT TWO GROUPS MAY BE 
SIMILAR RECIPROCAL GROUPS 

§ 119. The fanetions <l>q+j,hi ••• which detennine whether 
a giyen group is stationanr' or non-stationary are of much 
importance in other parts of group theory ; we shall now con- 
sider their application to the problem of determining whether 
two assignea groups are or are not similar ; that is, whether 
or not the one group can be transformed into the other, by 
a mere change of the variables. 

Taking J^ ..., X^ to be the operators of a group of order r 
and X^, •••, Jl ^ to be the unconnected operators oi the group, 
we have 

kmq 

If we change to a new set of variables given by 

the r operators Xj, ..., Xj. will be transformed into r inde- 
pendent operators F|, ..., Yf.^ where 

ril^i ... being functions of the variables y^, ..., ^^. 

At the same time the functions <l>q+j^k (^} •••) ^n)) ••• ^^ ^ 
transformed into functions 

such that 
We must have 



ktzr 



since (Z^, Xj) =2 Cijig^h* •^^ ^i = ^i- 
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If then we have two groups, viz. X, , . . ., X^ in the vaiiablee 
o^p..., a;., and F^,..., F^ in Uie variables yi,...,y»» each group 
bein^ of the r^ order, we see that these groups cannot be 
simiutr unless we can find a set of independent operators 
Z^, ..., Z^, dependent on the operators F^, ..., F^., and such 
that the structure constants of Z^^ ..«, Z^ are the same as those 
of the group Xy...^X^; and also such that Z^^...^Z^ are 
v/nconnededy and Z^^^y .•., Z^ connected with Z^y ..., Z^. 

These conditions are necessary; suppose that they are 
fulfilled; we may then assume that the group F^, ..., ^r <^^^ 
be presented in such a form that the s&ucture constants of 
F|, ..., F^ are the same as those of X,, ..., X^y that F^, ..., F^ 
are unconnected, and that F^^^, ..., F|. are given by 

Yq^j ^^"kq^j^hiVv ••••yJF^fc, (j = 1, ....r-ff). 
If the groups are to be similar we must further have 

If from these equations we could deduce an equation 
between o^i, ..., ^n ftlone or between y^y ..., ^,. alone, it is clear 
that the groups could not be similar ; it will now be proved 
that if no sucn relation can be deduced the groups are similar. 

§ 120. Suppose that of these q{T—q) functions 

exactly e are unconnected, we know that 8>n ; between any 
(8+ 1) of these functions there must be a functional equation ; 
and ilierefore, since there is no equation connecting J^d .•.) ^n) 
there must be the same functional equation between the 
corresponding functions of yi, ..., y^. 

It must TO possible to find at least one transformation 
scheme 

yi=/<(yi»-»y«), (i= 1,...,^) 

which will transform any e of the functions 

^3+i,fc(yi»*->yn)> — 
into the respective forms 

and therefore, since the same functional equation which con- 
nects any (8+1) of the functions i^q+j^k^ *** '^"^ connect the 
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ling^a+l) fbnetioiis ^^^j-^jk'-*' ^^ "^ ^^^^ ^^^ 
scheme will transform esch of the fonctions 
^q'¥j,hiyi9 '•'^yJi •••> ^^ ^® eorreeponding function 

The theorem which is to be proTed is therefore reduced to 
the following : X^^ ...^X^ and Fj, ..., Y^. are two groups, each 
of order r, in the Tariables osj, ...,a:-and 2^19 •••,yn icspectiyely; 
the operators in the first group X^, ...,X^ are unconnected, 
and 

in the second group Fj, ..., F^ are unconnected, and 
these groups will be similar if 

kzxr 
kzxr 

If by the transformation scheme 

the stationary functions of X^, ...,X^ are brought to such 
a form that they are functions of o^, ...,0;^ only, then the 

scheme j/i-fiiVwnVjf (i=l,...,n) 

will make the stationary functions of F^, ..., F^ functions of 
»i....,y«only. 

From what we have proved in § 115 as to the form of the 

coefiBdents ijai'^'^iju ^ ^i9***»^r> ^® ^^ ^^^ these co- 
efficients will DC the same functions of o^, ...^x^ that f7j^i»-**9^^ 
are of yi, ...,y.; w^d therefore, if any function /(«i, ..., x^) is 
an invariant 01 X^, ,,.yX^,f{y^, •••9^«) '^^ be an invariant of 

If therefore we reduce each group to its standard form we 
may take a^,...,a;^, aJg+w+u-'j^n 

to be the invariants of X^, ..., X^, and its stationary functions 
to be functions of o^, ..., x^ only ; and we may take 
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to be the invariants of F^, ..., F^, and its stationary functions 
to be the same functions of y^, ..., y^^ that the stationary func- 
tions of the first group are of o^, ..., x^. 

§ 121. Let us now say that the 9-fold in x space 

(1) a^^ = 04, ..., a?,,! = a^, ^^Jm+g+i = a^+5+i, ...,^« = ^» 
corresponds to the 9-fold in y space 

(2) yi = Oj, ..., y^ = am, y^+q^i =/m+5+n •••> yn ^fn* 

where /m+j^.1, ...,/n are any (n— m— 5) fixed functions of their 

arguments Oj a^, am+^+u •••>«n» s^®''^ ^'^^^ ^m+g+u —i «« 

can be expressed in terms of Oj, ...,af,^and ym+g+u ••Myn- 

We have now established such a correspondence between 
the two 9- way loci, that when one is known the other is 
known. 

Under the operations of the group X^,..., X^. all of these 
9-folds in X space are invariant ; and if on one of these we 
select any point P by an operation of the group X^, ..., X^ 
P can be transformed to any other point on the same g-foldl 
Similarly the g-folds in y space are each separately invariant 
under the operations of the group F^, . . ., F^ ; and by a suitable 
operation of this group any point on one of these a-folds can 
be transformed to any other point on the same 9-fold. 

We now wish to establish a correspondence between the 
points in two corresponding 9-folds, one in the a; space and 
one in the y space. 

We take as the 'initial' point on (1) the point P whose 
coordinates ^^^i, •••^^m+g ^^ all zero ; and we take as the 
' initial ' point on (2), which is to correspond to P, the point 
Q whose coordinates are 

^m+l = ^> •••>y« = 0, y,+i =/^^j, ...,ym+g ^/m+g 

(we proved in § 117 that m + 9<«), where /,+i, ..M/m+g *re 
any fixed functions of their arguments, 

We have now established a correspondence between the 
' initial ' points on any two corresponding 9-folds ; we get the 
correspondence between the two spaces by the convention 
that the points obtained by operating on the coordinates of P 

with e«i-^i + ..-+«r-^r 
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shall respeotdvely correspond to the points obtained by opera- 
ting on the coordinates of Q with 

There are * initial ' points P lying on each of the o-folds in 
X space; to take P, a point on any one particular 9- fold, would 
merely establish a correspondence between the points of that 
g-fold and the corresponding g-fold in y space ; by taking 
initial points on each j-fold we have Uie complete corre- 
spondence between the two spaces. 

It must now be proved that we have established a point-to- 
point correspondence between the two spaces ; i. e. tne doubt 
must be removed as to whether the operators 

applied to the point P might give the same point in z space, 
whereas the operators 

applied to the point Q might give two different points in y 
space. 

applied to P give the same point, then the operator 

will not alter the coordinates of P at all; that is, this operator 
will belong to the group of P. 

By the second fundamental theorem (§ 50) 

where X^, ..., X^ are constants, which are functions of 

and the structure constants of the group X^,..,,X^; and 
therefore, as these structure constants are the same for the 
group Fj, ..., F,., 

The doubt which we have suggested as to the unique corre- 
spondence will be removed when we prove that if 
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is an operator of the group of the point P with respect to 
Xj, ..., Xy., then 

will be an operator of the group of the point Q with respect 

Since ky^Ay^-^- ...-^-K^X^is an operator of the group of P, 
we have by § 111, 

Xjt + 2 Vi*^-^i'*(^' ...,0 = 0, (* = 1, ..., j), 

where a$, ...,^ ^^ro the coordinates of P. 

Now by hypothesis the functions <>5+^,jk, ... only involve 
the coordinates ^, ...,0;^; and if the coordinates of Q are 
y?, ..., 2/i, we have 2/? = a§, ...,2/2 = aj, so that 

and therefore A^ F^ . . . + A^ F^ is an operator of the group of 
Q with respect to Fj, ..,, F^. 

§ 122. We have therefore established a point-to-point 
correspondence between the two spaces ; it may be noticed 

that, having proved that the coefficients of ^^ — >***'x— ' ^ 
Xj, ..., JTy are the same functions of rCj, '..>^« that the corre- 
sponding coefficients of -r — > '•'9rr — inFi,...,Fyareofyi, ...,y„ 

it will now follow that, if y^, ...,^9 is the point in y space 
which corresponds to or^, ..., a;,| in a? space, we must have 

"Lei S denote the transformation scheme which transforms 
any point o^, ...,^n to the corresponding point j^j, ...,^n ^^ ^^ 
other space, then Sf{a^^..,^x^ will be equal to /(y^, .•., yj 
where/ is any function of its arguments. 

We take jT to be the 'initial' point on any g-fold in x 
space; by varying the coordinates of this j-fold, and the 
parameters ^, ...,6^ in the operator 

this operator applied to the coordinates of an initial point P 
will transform it to any point in space x. 
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We may say then that 

will be a general expression for any point in the x space. 
The point in the y space which corresponds to this will be 

and therefore 

or, ^-•iyi-...-«r^rS^-ri+...+«^jr^p_ Q 

We now take another independent set of parameters 
^19 •••9^f> then 

Since ^-^i + — +'r-^rP is any point in the x space, we must 
then have the identity 

and by the second ftindamental theorem we therefore have 

where X^, ••., X^ are constants which are arbitrary, for they are 
functions of the structure constants, and the arbitrary con- 
stants ^2, ..., e^ and e^, ..., €^. 
Since we have now proved that 

we see that the groups are similar ; and that they are trans- 
formed into one anotner by the trausformation scheme S ; and 
that the operators X^, ..., X^ are respectively transformed to 
Y Y 

§ 123. A very important theorem may almost immediately 
be deduced from the proof of the foregoing theorem on the 
similarity of groups ; to obtain it, however, it is necessary to 
consider closely the form of the transformation scheme S, 
which has converted the points of the x space into the points 
of the y space. 

This theorem is the answer to the question which now 
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arises, viz. what are the transformations which will transform 
each of the operators of a given group into itself ? 

We might put this question thus, what are the transforma« 
tions which will transform 

0) -^* = f*i5^+- + f*»a^' (i=l,...,r) 
into 

where X^, ..., X. are the operators of a group, and i/j^ is the 
same function of i^, ..., j^ that (j^ is of o^, ..., x^l 

Suppose that Jl^, ...,a^ is in standard form; we take to 
correspond to the j-fold in x space given by 

(3) ^ = ^}*«M ^fli = ^m> ^m+2+l— ^m+2+l»«"» ^n^^m 

the g-fold in y space given by 

where IL .,, «**> ^n ^^^ small constants which will not vary 
from j-fola to g-iold in space y. 

To the ' initial ' point P on (3) we take as correspondent on 
(4) a point Q, whose coordinates are 

If we now establish the correspondence between the two 
spaces we notice that the coordinates of Q differ infinitesimally 
from the coordinates of P. Therefore, since Xj^ is obtained 
by replacing the variables y^, ..., y^ by a^, .•., a;„ respectively 
in Fj^, if Pis the point obtained by operating on P with any 
finite operator of the group X^,..., X^., and Q^ the con*e- 
sponding point obtained by operati^ on Q witii the corre- 
sponding finite operator of the group x^, ..., F^, the coordinates 
of P^ wul also differ infinitesimally from those of Q^. 

We now have in this correspondence 

and also, since ^m+^+D •••» ^n <^^ invariants, 

ym+g+i == ^m+g+i + ^m+3+iJ •••» ^ii ^ ^fi + ^n» 

and finally 



t sM+^f-t 



y«+i = ««+i + 2^«+iCH«+i' (^ = 1, ...,m + gr-«), 
where ^^^ ^^y, ••• are some functions of the variables o^, •••» a;,|. 
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Theee equations give (n— a) infinitesimal transformations 
transforming (1) into (2) ; the corresponding linear operators 
are ^,+ii ..., ^n, where 

(i = 1, ..., 71— m— g), 
We shall now prove that the determinant 



C»+i, «+n • • & 



+l,m+g 



does not vanish identically, and therefore conclude that these 
operators are unconnected. 

When we take oj^+j = 0, ..., a>m+q = ^> ^^^ ^ when we take 

S, .,., x^ to be the point P, y^, ..., y„ will be the coordinates 
the point Q, and therefore y,+i = e,+i, •.., y^+j = e^+g-, it 

follows that Ca+i g+4 will then reduce to €^,*, where, as usual, €^f 
IS unity if t = ^, and zero if ^ ^fc^. 

The determinant cannot then vanish identically, since it is 
equal to unity when we take oj^+j = 0, ..., x^^^ = 0. 

Since any infinitesimal transformation which transforms (1) 
into (2) must transform y^ into o^, ..., y, into x^^ we see that 
there cannot be more than (n—a) unconnected infinitesimal 
transformations which have the required property. 

§ 124. We have now found (n-^e) unconnected operators 
^f+i» •••>^n which have the property of leaving each of the 
operators X^, ..., X,. unaltered in form, and have proved that 
there is no operator unconnected with ^g-^iy'y^n which can 
have this property. 

Applying the transformation 

afi = x^-^-tZj^x^, (i = 1, ...,7i), 
we see that 

X'j = Xj+tiZ^,Xj), (;=l,....r), 

and therefore the alternant (Z^, Xj) must vanish for Xj = Xj, 
The operators Z^^,^^ ..., Z^ form a complete system of which 
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the invariants are the stationary functions of Xj,..., X^; 
suppose now that 

{^$+i^ ^$+j) =2 P«+<, $+J* $+h^$+k^ 

where pg+t, g+j, s+k^ *** ^^^ functions of x^^^^n' 

Since X^ is permutable with Z^^^ ana with Z^^j, it follows 

from Jacobi's identity that it is permutable With the alternant 
(2,+^, Zg+j) ; we therefore have 

2 i^m Pt+i,a+J»$+k) ^a+k = ^ 5 

and therefore, since Z^^^, ..., Z^ are unconnected, each of the 
functions Pa+i,$+h$+k9 ••• is an invariant of the group 

Suppose now that X^, ..., X^ is non-stationary; we see 
that there are no operators leaving the forms of the operators 
Xj, ...,Xy unaltered; there are therefore no operators per- 
mutable with each of these operators. 

If on the other hand X^, ..., X^ is stationary there are 
(ns) such operators, viz. Z^^^) •••> ^^n' these will form a 
complete system 

of which the etiructure furictione Pg+i,a+j,$+k» •** ^^^ invariants 
of Xj, ..., X^; if then X^, ..., X^ is a transitive group, these 
structure functions must be mere constants, and ^«+i, --m ^n 
will generate a group which will be finite and continuous, 
and luive all of its operators unconnected. 

§ 125. Suppose now that the ctoud X^, ..., X^ is simply 
transitive ; it is then stationary, for the stationary functions 
vanish identically ; and in it 8 = and r = n; it will now be 
proved that the simply transitive group Zj, ..., Z„ has the 
same structure as the group X^, ..., X„. 

We may take as the n independent operators of X^, ..., X^ 

(1) -^*= ^ +2^*m»'^m5^ +•••> (*= !>•••» ^)> 

where the terms not written down are of the second or 
higher order in powers and products of o^, ..., o;^* 
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We may similarly choose as the operators of Z^, •••yZ^ 

(2) ^Jk = -^ + 2^*MKaJ^^ + -.., (i=l,...,7i), 
where Ajb^,, ..., Iky^vi ••• ^^'^ ^^ of constants. 

Since (z,.^,) = o. (i;;;::;;:). 

we must have 

2(^«r+^*r)5— +... = 0, 

where the terms omitted are of higher degree than those 
written down. 

This identity gives 

(3) «H,+A,t, = 0, (* = J ^: v=l -»). 

We also see that 

and therefore the structure constants of X^, ..., X^ are given 
Similarly the structure constants of the group Z^, ...^ Z^ are 

^ ^ Cikn = likv — hipi 

and therefore by (3) we see that the two groups X^, ••., X^ 
and iTj, ••., Z^ have the same structure constants when we 
take the independent operators in the respective forms (1) 
and (2). 

The two groups X^, ..., X^ and Z^^ ..., Z^ are said to be 
reciprocal to one another. 




CHAPTER XI 

ISOMORPHISM 

§ 126. We have proved in § 58 that the structure oonstants 
of a group are the same as those of its parameter group ; 
we shall now give a second and more direct proof of this 
theorem. 

are the canonical equations of a group, then we know that 

where c^,..., c^ are functions of ci|,..,, a^, &2'**M^r» ^^^ ^^® 
structure functions of the group. 

Let cjfc = Fj^ (oj, ..,, a^, 6^, ,.., 6^), {h = 1, ..., r), 

then 24 = Fj, (y^, ..., y^, o^, ..., a^), (k = 1, ..., r) 

are the equations of the first parameter group in canonical 
form ; and the equations of the second parameter group are 

The forms of the functions F-^^..,^F^ are fixed by the 
identity (1), and can be determined in powers and products 
of ttj, ,.., a^, ^> •••» ^ when we merely know the structure 
constants of Z^, .,., A^ ; the method of obtaining these func- 
tions is partly explained in Chapter IV, and more completely 
in a paper in the Proceedvngs of the London McAhematical 
Society y Vol. XXIX, 1 897, pp, 1 4-32. As, however, we now only 
require the expansion up to and including powers of the 
Becond degree, we ehalf obtain thia exponaxon from fiist 
principles. 

Neglecting, then, all powers above the second, we have 

c^'e^i's (l +aZ+ y Z») (1 + 6F+ ^ F*), 
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and therefore, since 
(aX + 6F)» ^a^X^+ah (ZF+ TX) + 6« F«, 

This is tme whatever the linear operators X and F may be; 
and therefore the identity (1) gives 

l+CiZi + ,.. + CyZy + i(ciZi + .,.+CyZy)* 

= l + (ai + 6i)Zi+... + (a^ + 6^)X^ 

Jmimr 

To the first approximation we therefore have 

^* = ^Jk + ^fc* (*= ^> — >^)- 

In order to obtain the next approximation we substitute in 
the terms of the second degree cbj^-^bj^ for Cj^, and, by aid of 

the identity (X^, Xj) =2^<i* ^h* 

we thus obtain 

From this we see that the first parameter group is 

The identical transformation is obtained by taking 

Oj = 0, .,.,(111 = ; 

and then ^^ = cy + iS^k^^ 

where cj^^ has its usual meaning. 

§ 127. The infinitesimal operators of the first parameter 
group in canonical form are therefore 

where the terms not written down are of higher degree in 
^if •••! Vr than those written down. 
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Since F^, ..., F^ are the operators of a group we can, with- 
out any further calculation, find the structure constants of 
this group ; for suppose that 



kmr 



(F<, Tj)-^dijj,7j,, 
we verify at once that c^^^ = dy^^. 

If we were to obtain the complete expansions for F^, ..», F^ 
we could yerify the group prop^j ; and thus prove directly 
the third fundamental theorem, viz. that a simply transitive 
group can always be found to correspond to any assigned set 
of structure constants. All that we nave attempted to prove, 
however, is that, F|, ..., F^ being known to generate a group, 
that group has the structure of the group X,, .,., X^. 

Similarly we may see that the operators of the second para- 
meter group in canonical form are 

We know that these groups are simply transitive ; and any 
operation of either is permutable witn any operation of the 
other : they are therefore reciprocal groups, and we may easily 
verify that the structure constants <h 

Fj, ••., F|. and — ^j, •••! — Z^ 
are the same. 
When we were given the finite equations of a group 

we found (§ 40) definite operators corresponding to the para- 
meters Oj, ..., a^9 and we aenoted these by 

Any operator, however, dependent on these is equally an 
operator of the group ; and when we are given any r inde- 

?endent operators A^, ...,X^ we can pass to another set 
^1, ••., Fy, where 

and take these as the fundamental operators of the group, 
provided that the determinant 

Au» • • • ^ 



does not vanish. 



V> 



"IT 
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When therefore we speak of the canonical form of a group, 
we mean the canonical form corresponding to some one given 
set of operators Xj, ...,Xy. If we pass to a new set of 
operators we change the canonical form of the group ; and 
therefore change Uie corresponding canonical forms of the 
parameter groups, by thus introducing a different set of 
structure constats. 

§ 128. If we have two groups 

and if we denote by Sa^ •>., ar ^^&^ operation of the first 
which has the parameters a2,...,a^, and by 2ai, ...,ar the 
operation of the second with the same parameters, we say 
that San •••» or ^^^ ^an ••M^r correspond. 

It does not follow that, if Son •-., or ^^^ ^^ii •••) dr ^^^ ^^^ 
operations of the first group, and 2^1, •••, ar» ^bn'^ibf the 
corresponding operations of the second, the operation 8ci, . • •» ^r 
will correspond to Ty^, ••'^yry where 

and -^Yii •••i yr ^^ -'■(tii •••ydr -^ii>««»>Jr' 

This is only true if yi = Cj, ... , y^ = c^ ; that is, if the two 
groups have the same parameter group. 

Tivo groups are therefore then, ana only then, simply iso- 
morphic when they have the same parameter group. 

Two groups, of which the fundamental set of operators of 
the first is X^* •••> ^f ^^^ of the second is F^, ..., x^ may not 
have, with respect to these operators, the same parameter 
group ; and yet Uiey may be tnrown into such a form that 
they will have the same parameter group. 

u we can find r iridepeTident operators, dependent on 
Fj, ..., F^, and such that they have the same structure con- 
stants as ^19 ••• f^n then, with respect to these new operators, 
the group Jr^, ..., F^ will have the same parameter group as 

Two groups of the same order 

are therefore then, and only then, simply isomorphic when 
the two sets of operators X^, ...^X^ and F^, ..., 7\, have the 
same structure constants. 

§ 129. Having explained what is meant when we say that 
two groups are simply isomorphic, we shall now consider the 
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analogous relation as to isomorphism of two groups whose 
orders are not the same. 

Let (1) ajj = caiJ^i+.-.+^r-arra;^ 

be a group of order r, and 

(2) ^ S3 ^^i+ — +«*l^«y^ 

a gj^pup of order 8, where 8 < r. 

These croups may or may not be groups in the same 
number of yariables ; we establish a correspondence between 
the operations of the groups thus ; we take 

where A^^, ... are a set of constants such that not all 8-rowed 
determinants vanish in the matrix 



"'sV • • • "'8r 



and we then say that the operation Ta^, .••, a« in the second 
corresponds to the operation ^^i} •••> ar ^ the first. 

The first group is now said to be mvltiply isorruyrphic with 
the second, if tne constants hj^j, .«• can be so chosen that, 
whatever the values of the parameters o^, ..., a,., &j, ..., 6^, 
the operation Tai, ..., a« Tp^^ ..., ^^ corresponds to the opera- 
tion /Sf^i, ••., Or Sb^i"'fbr9 where p^^ is the same function of 
&2» •••) ^r that aj^ is of Oj, ...,a|.. 

We know that £4 = 0, ..., a^ = are the parameters of the 
identical transformation in (2); suppose that o^,..., a^, bj, ...,&,. 
are two sets of values of parameters satisfying the equations 

(3) = A;fciyi + ...+Afc^y^, (A =1, ...,«). 

Since the identical transformation in (2) corresponds to 
Sai9 '"9 Of ftz^d also to Sb^ ..., drt ^ the groups are isomorphic 
the identical transformation will also correspond to 8ci, ...f Cr9 
where 80^ ..., Cr = ^ais •••> ctr ^h* ***> ^r> ^^^ therefore 

= Aj^iCi + ... + A^yC,., (i = 1, ••., 8). 

It follows that all the operations Sa^ •••, or where o^, ••., a^ 
are parameters satisfying the equation (3) form a sub-group 
of (1). 

We shall next prove that this sub-group is self-conjugate. 

M a 
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Since (1) is in canonical form, the inverse operation to 
San »'»i Or^ S-an ...j -Or 5 ^^^^ ^i 

Let 8bit ..., br ^ <^y operation of (1), and Tp^^ ..., ^^ the 
corresponding operation of (2) ; then to S^^bi^ ...,br there will 
correspond T-^p^ •••> )9r ^ i^)- Therefore if c^, ..., a^ are 
the parameters of the sub-group the correspcmding operation 
to 8biy ..., br Sai9 •••, or S'^bn •••» ir i^^^t be the identical one ; 
and therefore ^Jj, ..., J^ 8aii.*.,ar ^%>.--»ir ^^ itself an 
operation of this sub-group, and therefore the sub-group is 
a self-conjugate one. 

§ ISO. We may simplify the further discussion of ihe 
isomorphism of the two groups by taking X^^i, ..., X^ to be 
the operators of this self-conjugate sub-group. Ilie equations 
(3) 01 § 129 must then be sat^fied by y, = 0, ..., y^ = 0, and 
Va+iy "'iVr i^^y ^ taken arbitrarily : it lollows tiiat we must 
now have Ay = ifj > «. 

The equations which establish the correspondence between 
the operators of the two groups are now 

aj^ = Ajti^"^"'+^A»^«> (A; = 1, ...,«) ; 

and it is easily seen that by taking a new set of operators, 
dependeTU on the first set A., ••., A^, we may still further 
simplify these equations, and throw them into the form 

Since the first group is multiply isomorphic with the second, 

must correspond ; and therefore, by considering the form of 
the functions c^, ..., c^ given in § 126, we can see that the 
structure constants of x i, ..., F, are given by 

that is, the structure constants of F,, ..., F^ are the same as 
those of Xj,.,.,Xg if we only regard the coefficients of 
Xj, ..., X^ and not those of X^+i, ..., X^ in the alternants 

Unless^ then, a group has a self-conjugate sub-group it cannot 
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be made multiply isomorphic with any group of lower order, 
except the group of zero order which consists merely of the 
identical transformation. A group which contains no self- 
conjugate group other than the group itself and the identical 
transformation is called a simple ffi^oup, and therefore a simple 
group cannot be multiply isomorphic except with the identical 
transformation. 

§ 181. When we are given the drv/jture constants of a group, 
we can find the structure constarUs of every group with which 
the first is multiply isomorphic. 

We shall see later on that, given the structure constants 
of a group, all the ^oups of such structure may be found ; 
we now anticipate this result, and assume that, knowing the 
structure constants, we know the operators Xy...,X^ of 
the group. There is no real need of the knowlec^ of these 
operators in the proof of the above theorem on isomorphism ; 
it is, however, more simply expressed by aid of these operators. 

Assuming, then, that we know the operators X^, ..., X^ we 
find a self-conjugate sub-group, and tiuke its operators to be 

We now have 

*=»• ' = 1 

and therefore 

(-^m> (^<> ^j)) = 2^ ^ijk (-^m> ^k) + 2 ^ <J,s+t (^m> ^$+t)* 

Since X^^,, ..., X^ is a self-conjugate sub-group, if we now 
apply Jacobis identitv to any three operators of tiie set 
Xj, ,.., X, we can verify that 

J — 1, ..., o, ^ 

are a set of structure constants of order s. 

If Fj, ..., F^ is a group of order s with these structure 
constants, tiien X^, ..., X^ will be multiply isomorphic with 
F|, ..., Y. ; and in this wajr we obtain all groups with which 
X^.., X^ can be multiply isomorphic. 

We may exhibit in a tabular form the relation of the two 
groups somewhat as in the Theory of Discontinuous Groups 
(Bumside, Theory of Groups, § 29). 

If ga,-ri + ... + a^-r,. jg imy fij^ite operator of the group, of 
which X^^j, ..., X^ generate a self-conjugate sub-group, we 
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form a row containing this operator by allowing a^ ..., a^ to 
vary, and keeping a^+n ••., a^ fixed ; and we form the column 
containing this operator by allowing a^^^, ..., a^ to vary, and 
keeping o^, ..., a^ fixed. 

If we take any row, and write in it a^^^ = 0, ..., a^ = 0, 
and replace X^ by Fj, ..., X, by F„ we have the finite opera- 
tors ot the second group ; ana to any two operators oi the 
first group found in the same column only one operator in 
the second group wiU correspond. 

§ 182. Suppose next that we are given a group Z^, ..., X^ 
of order r sucn that 

and that we are also given r other operators F^, ..., F^ such 

that. (F,.F^)=2c,^iFi; 

and suppose further that only s of these operators are inde- 
pendent, viz. F^, ..., F^, and that 

^«+i = ^»+i,i^i + --+^«+/,«^#» (i= 1, ...,r— «). 
If now instead of X^, . . ., X^ we take any other set of inde- 
pendent operators X^, ..., X^, dependent on the first and such 

that Xj^ = ijfciXj + ... +ijfc|i Xy, ijc = 1, ..,, r) ; 

and instead of Fj, ..., F^ take F^, ..., F^ where 

then if 

(1) (5i,^)=2c<,i^*. 

we must also have 

(a) (T,.F^)=2s«fei^. 

It should be noticed that though from (1) we can infer (2), 
we could not infer (1) from (2). 

We can now simplify the relation between the two sets of 
operators X and i by taking as the independent operators 

of the group X2,...,X|., where X^ = X^, ...jX^ = X^, and 
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and we have 

7^ = Fj, ..., F, = F., F.+< = 0, (« = 1, ..^r-s). 

If c^^-^, ••• are the structure constants with respect to 
Xj, ...,Xy we now see (since F,+2 = 0) that 

y — A, •••9 / , 

and therefore X^+i, ..., -^ generate a self-conjugate group. 
The operators F^, ..., F^ are now independent^ and, since we 

have (x^,A';^)=2c^yjfcF^, (]; _ /•••'J)* 

we see that X^, ..., X^ is multiply isomorphic with F^, ..., FJ, 
the independent operators of the set F^, ..., F^; and that 

X^^i, •••yX^, the self-conjugate sub-group, corresponds to the 
identical transformation in the group of order 8 whose opera- 
tors are Pj, ..., F,. 

§ 133. We had an example of isomorphic groups when we 
proved in § 104 that the contracted operators, witn respect to 

any equation system which admitted the group 2^, •..,^, 
had the same structure constants as the operators X^, ..., X^. 
If the number of independent contracted operators is r, the 
isomorphism is simple ; but if the number is less than r then 
Xj, ...,X^ is multiply isomorphic with the group of its con- 
tracted operators. 

Example. Prove that the group Xj,,.,,Xy is simply or 
multiply isomorphic with J^^, ...,2^ where 

according as X^,..., X^ does not, or does contain Abelian 
operators. 

Example. Prove that if two transitive groups are simply 
isomorphic in such a way, that the sub-group of one, whicm 
leaves a point of general position at rest, corresponds to the 
sub-group in the other, which leaves the corresponding point 
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of general position at rest, then the two groups, if in the 
same number of variables, are similar. 

The equations which define the groups of fli, ...» ^ cmd 
yi>-'->yi ^^ respectively (§ 111) 

and 

and therefore, since 0| = c^, we mnet have 

**+i.fcK <) = ^n+y.k(»!. ....j/s), (4 1 J; ;;;; '■"^) . 

We have proved that 

and therefore, if X% denotes the operator obtained from Xj^ by 
substituting for x^^ ..., x^ the respective quantities o^, ..., os^, 
and <l>n+j,h* ^ti^+j,k ^^^ote respectively the functions <l>n+j,hy 
^i,n-¥j,k ^^ ^> •'••»^» substituted therein for a:^, ...,x^, we 

Now since the two groups are simply isomorphic and 
*n+i,Jk = V'i+y.i* we must have 

and therefore, since 
we must have 

The groups therefore satisfy the sufficient and necessary con- 
ditions for similarity. 



CHAPTER XII 

ON THE CONSTRUCTION OF GROUPS WHOSE 

STRUCTURE CONSTANTS AND STATIONARY 

FUNCTIONS ARE KNOWN 

§ 184. In Chapter X we proved that two groups are similar 
when they have the same structure constants and stationary 
functions. In this chapter we shall show how when these 
constants and functions are known the group may be con- 
structed 

We take the case of transitive groups first ; let X^, ..., X„ 
be unconnected and 

suppose that a of the stationary functions are unconnected, 
and that these are functions of ^, ••., x^ only. 
We saw (§ 115) that 

i^if ^j) =2 %k-^fc> ij Z i' \\"'^) ' 

where IX^jl,... are a known set of functions of x^, .•*, x^ which 
we call the structv^e functions of the complete system 
Xj, ...jXii; and if 

-2^k= ^ki^ ■*'•••'*" ^*«^' (*^ l>—>^)> 

we proved that (j^^^ ••M^jb <^i^ known functions of o^, ...,a;^. 
It follows therefore that A^ ^ijhi ••• ftre all known functions 

OI Xtf •••fXgu 

The problem which lies before us is therefore to determine 
the forms of n unconnected operators in x^^ •••, x^^ such that 

(z<, Xj) = 2 ^ijk ^it> 

where the structure functions n^yj^, ... are known, and also 
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the functions obtained by operatin^f on these functions with 

When we have found Xj, ..., X^ then we shall also know 

-^n+l»--»^r by (1). 

If 8 = n, that is, if the group is non-stationary, since we 
^^^ 6ki> •••> ^h$ ^^ know Xj, .,., X^ at once. 

We now assume that 8 < n so that the group is stationary. 

§ 135. If we have any n unconnected operators we know 

(§68) that (X<,X^)=2p<,kXi; 

fix>m the identities 

(Z^,2r,)+(Z,,Zy) = o. 
(z^. (2r„ Zj))+(x,, (z^, z^))+(Zj. (z^, z^) = 0. 

we therefore deduce the following relations between the 
structure functions p^jj^)... 

(1) Pijk-^Pjik-^y 



t = r 



^j Pikm + -^iPjym + ^k Pjim + 2 (Pikt Pjtm + Pjy < Pttm + PjU Pktm) = ^» 

where i,j, k, m may have any values from 1 to n. 

If the structure functions Pijj^t.*. are mere constants 
Xj, ..., X„ is a simply transitive 0:oup ; and we have shown 
in Chapter Y how from a knowledge of these constants the 
ffroup itself may be constructed. In the case where X^, ..., X^ 
formed a sroup X^pj^j^, ... were all zero ; the j^roblem before 
us now, when pj^j^, ... are known structure functions satisfying 
the conditions (1), and X^p^-^j^, ... are all known, but not 
necessarily zero, is to find the operators X^, ...^X^. 

This problem is therefore a generalization of that considered 
in Chapter Y, and we shall show how the results of Chapter Y 
enable us to solve it. 

Not more than n of the structure functions p^jj^ ... can be 
unconnected ; if n are unconnected we can express x^, ..., a;„ 
in terms of these structure functions ; and therefore, since we 
know X^ p^ji^, ... , we know X^ (ajj), ..., X,^ (x^, and therefore 
know the operators X^, ...,X„. 

We next suppose that only 8 are unconnected where sKn^ 
and we may now assume that the variables have been so 
chosen that the structure functions only involve o^, ..., cr^ ; if 

then XjL = ft, r^ h ••• + £kn ^ — » 
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we see that ikif'^iks ^^ ^ known functions of a^j..,,Xg, 
and what we nave to do is to determine (j^^g+i^ ...9 (jen* 
If we take 

^k^ ^kl^l'^ '""^^kn^m (« = 1, ..., 7l), 

where Aj^j, ... are kruyum functions of a^, ..., o;^ whose deter- 
minant 

A22, . . . Ai„ 



A-j, ... A 



tm 



does not vanish ; then F^, ..., T^ will each be connected with 
Xj, ..., X^ and tiiey will form a complete system, so that 



k>sn 



i^ii ^j) =2 ^ijk ^k' 

The structure functions o-^jj^, ... of this complete system 
must satisfy equations of condition like (1) ; they will be 
functions of 04, ..., o;^ only, as will also be the functions 
^m^ijk***''^ ana finally if we can construct the one set of 
operators we can construct the other set of operators. 

We now make use of this principle to throw X^, ..., X^ 
into the forms 



Xi. = 



^xj, ■*'^*»«+i^ir 






$+1 



^Xs 



^X, 



(Ac — I9 •••> S), 



(y = 1, ...,7l— fi). 



§ 186. In order to find the operators Xj, •.., X„ which 
satisfy 



k:nn 



i s 1, ...,71 



(1) (X^, Xj) ^2^Piju^T,, \j = i,...,n^ 

we have to find the set of functions ^^j^, ••.. 

The only equations involving f^, ..., fi,|, or such of them 
as are unknown, are those obtained by equating the coeffi- 
cients of r — > •••> r — on each side of the identities 
oa^j cx^ 
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We most therefore eliminate ^u, ..., (i„ firom 

and thus reduce the differential equations to be solved to 
a set not containing (^^.f ••*> ^m* 

In the form to which we have reduced Xj, ..., X^ 
we see that p^j^ = O, ..., p^jg = 0; and thus we see that 
iu9 ***) ^m cftiuiot appear in any of the identities, obtained 

by equating the coefficients of =— > "Mrj — in (1), unless k 

or j is unity. 

The only equations obtainable by differentiation and 
elimination from 



flN9t» 



i= 1, ,.,, n 



(2) ^k (ij-^i (kj —^Pkim (mjy vj = 1, ,,., n ^ ' 

which will not involve derivatives of fu, ..., fu, above the 
first, are 

(3) (X„Zi)f^^-Z,Z,^y+X;fcX,f<^ 



man mrrH 



= -^< 2 Pkim (mj — ^k 2 Pilm imj- 

Now 
^i ^1 ikj "" ^k ^1 iij = -^1 i^i hj^^k 6y) 

and 

so that by aid of these equations and (1) we see that (3) takes 
the form 

^Pikm{^miiJ'-^iimj)'-^imj{^iPikm'^^iPkim'^^kPiiml 
(6) 

+ 2 Piikw i^i (mj-^m (ij) + 2 Pilm i^k imj^^m ^kj) = ^• 

We have, in passing to this form of (3), made use of the 
eqnations ^^^^^^^ ^ 0, 
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K we now replace 



p^n 



p^n 



the equation (5) is such that the coefficient of (^j is seen to 
vanish identically by aid of the equations of condition (1) 
of § 135. We tiierefore conclude that the only equations 
of the first de^ee in the derivatives of ^u, ..., (^^ ^^^ ^^® 
equations (2) themselves. Any equation of the form (4) we 
shall denote symbolically by (i, k). What we have now 

S roved is, that the only equations of the first degree in the 
erivatives of f „,..., ^i^ are the equations symbolized by 

(1, 2), ..., (1, 71). 

§ 137. If then we have found any values of (j^^y •••> ^ 
(where k may have any value from 2 to n) to satisfy the 
equations 

the equations for (j^, ..., fj^, viz. (1, 2), .„, (1, n) will be 
consistent'^. 

By aid of these equations (1, 2), ••., (1, n) we can express 
^2 fi/> •••> ^n(ij^ terms of f^, ..., (i^ and known functions ; 
for, assuming tmit we have solved the equations (1), ^j^, ••., (j^ 
are known functions if i > 1. 

Now Xj, ..., X^ are (n— 1) unconnected operators, in which 
r — does not occur; and, since fj^i, ..., ikm where fc>l, are 
known functions, these operators are known. We can therefore 
express ^ — » •••» r — in the forms 

= Aj^2-^2 + «*»+^Jfcli'^«J («5 = 2, •••, 7l), 



where Xj^y, ... are known functions of o^i, ..., x^. 
It follows therefore that, when we have solved the equations 

* See a paper by the author on ' SimoltaneouB Equations' in the Prooeedinffi 
of (he London McUhamaHcal SoeUiyf XXXI, p. 285. 
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(1), we can express the first derivatives of f„, ..,, ^^ with 
respect to X2,.*,y x^ in terms of (^j ..., (^ ana known func- 
tions; and in these expressions for the first derivatives 

fu>"*» (in ^^^ ^^y occur linearly. 

In these equations a^ occurs merely as a parameter; we 
therefore look on a:^ ^ ^ constant, and say that we have 
obtained expressions for all the first derivatives of ^^j, ..., (^^ 
as linear functions of these unknowns, the coefficients being 
known functions of the variables ; that is, the types of equa- 
tions to be solved are 

where ajj^ are known functions of the variables; and of 
these equations integrals may be obtained in the form of 
power series. 

The operators X^^^, ..., X^ form a complete system of order 
(n— 8), and the structure functions of this system only 
involve a^^ •••, x^. Since these variables onlv enter the opera- 
tors Xg^iy ..., X^ as parameters we may look on the structure 
functions as mere constants; and we can therefore by the 
method of Chapter V find these operators X^^^, ..., X.. 

X^, X^^j,..., X^ now form a complete system, and as we 
know X^^,, ..., X^ we may therefore by the method we have 
just described find the coefficients 

and thus find the operator X^. 

Proceeding thus we may nnd all the operators X^, .•.,X^, 
and have thus shown how a transitive group can be con- 
structed when we know its structure constants and stationary 
functions. 

§ 138. We can now construct the types of intransitive 
groups. 

Let Xj, .••, X^ be the unconnected operators of the group 
Xj, ••• , X^ which we suppose in standard form. 

The stationary functions only involve o^, •••, x^, and, since 
•Tj, •••yX^j *^m+q+i* •••' *^n ^® invariants, 

Since the invariants only enter X^, ••.,X^ in the form of 
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parameters we may consider X^, ...,X^ to be the operators 
of a complete system in the q variables ^tn+ifM^m+g' ^^^) 
as we have 

where n^yj^, ... and X^H^j^^ .•. are known functions of the 

parameters Xy^y.^x^ and the variables ^m+i'*'*>^«) ^^ <^c^ 
construct the operators X.y...,X^ as in the previous theory. 
When we have thus found Xj, ..., X^ we can find the other 
operators by means of the identities 



CHAPTER Xm 

CONJUGATE SUB-GROUPS: THE CONSTRUCTION 
OF GROUPS FROM THEIR STRUCTURE 

CONSTANTS 

§ 189. IS Xj, ...jX^ are the operators of a group with the 
stnioture constants c^jj^, ... we have 



Jkar 



2 i^ikh %m + <^hih ^him + <^jih <^hkJ = 0- 

If X^^j, .••, X^ form a sub-group we also have 

and if tliiB sub-group is self-coigugate we have the farther 
conditions 

Since our immediate object is to find the general form of 
a sub-^oup conjugate with a given sub-group, it will be 
convenient to take a set of operators Fj, ...» ^r dependent on 
X^, ..., X^ and defined by 

(1) 7u =Xfc, (ft = l,...,g), 

The identities (2) can be written 



M = « 



and therefore, whatever values the constants ^+e,^i«.* niay 
have, F^,..,, F^ are independent operators. 
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If we suppose that ^^ = o when i > g, or when ii> q, the 
formulae (1) and (2) may be replaced by 

F< = -X^— 2^>^M' (^ = ^» •••1^). 

§ 140. We now introduce a set of functions of these constants 
hq+t,iii ••• defined by 

(1) Hifk = C^ + 2 ^U«+e *'«+<,*+ 2 ^Mit 'i^i* + 2 ^iM* ^M 

+ 2 ^i^pt ^^ V+ 2 ^i^fi,i+thfti '^+<,*+ 2 o,*i,«+« ^iiK+hk 

Since 

+ 2 ^M ^*r (-^i^j ^wh 

\mr kmr Jraq 

and (X^, X,) =2^*^^A-Xk=2^*^rA(F,+2^^^y))» 

we see that the structure constants of Fj, ..., F^ are the set 

It therefore follows that 
^iJk + Sjik^O; 

(2) M-r 

2 i^itti Bf^ +Stjf^ Hf^ig + Hjijn H^) = 0, 

Since X^, .•., X^ are derived from Fj, ..., F^ by the law 

X^= F<+2^M5^*i> (^= !>•••> ^), 

and J^{|*j^9 ••• are the structure constants of Fj, ..., F^., we must 
have , 

(3) C(^ = -fft(^— 2 ^ifU+t ^«+t,*— 2 '^^'^ A/ii — 2 -^M '^i* 

+ 2-^**r*Ai^A/r — 2^M,^.«+<'^M^>^+«,*• 
CAllnBLL H 
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Let 

then we see that 

(5) Hisk=^ nat-2 Vn^» 

and therefore, since Ai^ = if i > g, Hi^ = 11^ if i > g, and 
(5) can be replaced by 

!» = « 

(6) n^ = 5^^4-2 '^^^ -^lO*' 

It will be noticed that though H^j^^ + Hji^ = 0, XI^^j^ + Uj^^ 
is not zero if either i orj exceeds q. 

l[k>q, H^i^ takes the simpler form 

(7) ^B, ^ = 5 ^ara? 

§ 141. It is now necessary to prove the formula 
From (2) of the last article we see that 

t^r tmr 

If we apply the formula (6) of § 140, we see that 

t*:r 

2 (^^.i+i,* ^ptk—^w,q+J,t + n^O:) 

tmr p^q j> = « 

= 2 (-Sii,«+^.« + 2 Kp Bp»q+J,t) (-ffrOr + 2 *'P ^P^) 

tmr pmq p^q 

— 2 i^Pf 9+1 t + ^Kp Bp^ q^j^ t) {H^ik + 2 Kp BputY 

Multiplying this out and applying (2) of § 140, we see that 
it is equal to 

tmr tmr.pmq t=^r,pmq 

2 B^f^i Bt^q+j^k + 2 Kp Bppt Bt^q+j^k-^ 2 Kp Bp^tBt,q+j,k 

tmr,pmp^mq 

+ 2 Kp Kp^ Bffpt Bt,q+j,k» 
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We now repktce St,q+j,k ^^ ^^^ expreesion by 

and we see that, if i > 9, the coefficient of ^i^q^j^u ^ ^® 

expression for c^^,- in terms of h^^^^kf -*• ^^^ ^^ functions 
jy^y;^, ... given in (3) of § 140. 

ISi > q this coefficient is 

and if we notice that hj^ is zero when i > g, we shall see 

that this is also equal to o^^i. We have thus verified the 
formula (1). 

§ 142. We now look on hq^.fVy ... as a set of variable 
parameters; since every term which occurs in IIi^l either 
begins witii^' or ends with A;, we see that, if ^' > q and i > 9, 






hM+t' 



We now introduce a set of r linear operators IIj,..., 11,. 
defined by 

when we have 

tfsq t a r— ^ 

^r n^,«+>,* = — 2^r,ff+^,<Il>ia+2 ^»,«+«,*^/*,ff+>,«+<» 

t^q «-ir-g 

and therefore 

tar <=r 

^P n>i,9+^,*~^Mnr,«+X* = — 2 ^•'.«+^,«^*»«*+2 ^**,«+^.< ^rl* 

t = r 
= 2^r|if IIe,g+^,fc, 

by the identity (1) of § 141. 
It therefore follows that 

N a 
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sothatrTj,...,!!^ generate a group isomorphic with X^, ...,X^. 
If the operators n^, ..., 11^ are independent the groups are 
simply isomorphic, but if they are not all independent 
Xj, ...jXy is multiply isomorphic with IIi, ..., 11^. 

§ 143. Still looking on h^+i^j^y .•• as yariables, we shall now 
prove that the equation system 

0) 5,H,.M=o. (;;J;:::;r%':*=^'-o 

admits these operators. 

If we notice that in ^q+i,q+j,k ®v©ry term either ends in k 
or b^ins with q+i or q+jt we shall see that if /x>g 

pmr 
== 2 (^q+i,lhP ^P,q+Jfk + S^^q-^j^p ^P,q+i.k 

"^ ^q+J,q+hP ^pi^i) 

p^q+1 

Since the expression in the bracket yanishes identically we 
see that XIi^ Hq^i^q^j^i = is an equation couTiected with the 
equation system (1); that is, it is satisfied for all values of the 
variables which satisfy (1). 

Also since 

we conclude that, even when /x > g, the equation 

is connected with the equation system (1); so that we have 
proved that the system admits the operators 11^, ..., 17^. 

It will be noticed that the operators IIj, ...,n^ are defined 
simply from the structure constants c^ji^y ... of the group, as 
are also the equations of the system (1) which admit these 
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operators. The group property of the operators ITi, ..., 11^ 
might have been proved without any reference to the group 
Xj, ..., X^, though the labour of the proof was much lightened 
by that reference. 

§ 144. Suppose now that we have any sub-group of 
Xj, ...,X^ iraose order is (^--^)» and suppose that all its 
operators are independent of X^, ..., X^; we may throw the 
operators of this sub-group into the form F^+j, ..., F^, where 



ILzzq 



and we may then take Fj, ..., F^ to be a set of r independent 
operators of the given group where F^ = X^ if fc >g. 

Since H^jki ••• *re the structure constants of Fj, ..., F^, 
and Fj+i, .,., F^ is a sub-group, 

These are therefore the equations in the variable parameters 
K+t,ky ••• which define sub-groups of order (r— g). 
Fj+i, ..., Fy will be a self-conjugate sub-group if 

that is, the sub-group will then be invariant under any 
operation of the group F^, ..., T^. 

Even when not invariant under all the operations of 
Fj, ..., F^, that is, when not self-conjugate, it may be in- 
variant under some of the operators. 

It will be invariant under the operations of the sub-group 
^q+if •••) F^ in every case; it wiU be invariant under the 
operations 

if, and only if. 

The operations which transform a sub-group into itself 
must from first principles generate a group, which will con- 
tain the given sub-group as a sub-sroup, and therefore the 
operators F^.^,..., x^ must thems^ves be a sub-group of 
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§ 145. SuppoBO now that we are given the structure con- 
stants c^jjgf ... of a group Xj, •••, X^, and we want to find 
the structure constants of aJl possible sub-groups of order 
(r— g); we equate to zero the mnctions ^q+i,q+j,ky ••• of the 
variables hq+t,n9 ••• • 

IS no values of hq+t,iiy ••• can be found to satisfy the system 

then there is no sub-group of order (r— g), all of whose 
operators are independent of Xj, ..., X^; that is, if there is 
a sub-group of oroer (r—q) at all it must have at least one 
of its operators dependent on Xi,...,X^. In this case we 
should take, in order to form the functions S^q+{,q+j\h9 ^^^ 
other set of (r—q) operators out of the set X^, .•., X^ in place 
of X^^.1, ...jX^; for there is no sub-group of order (r— g) 

whicm cannot be expressed in some one of these ways. 

We see this nK)re clearly if we consider the sub-group 
■*Q-^\i •••9 ^ ^ wnere 

lr = r 

^g+<=2««+<.Jk-^&» (^= l,...,r-3), 

%±tth* '" ^^ ^ ^^^ ^^ constants. 

This sub-group could then only fail to be expressible i 

the form 

(^=1,...,^-?), 
when 



in 



^q+t = ^q+f^^^+i^k^ki 



a 



5[+l,g+l> 



a 



5+1, r 



a 



r,g+l> • 



a 



r,r 



= 0; 



and it could only fail to be expressible in some one of the 
required forms if all (r— g)-rowea determinants of the matrix 



a 



3+1,1' • 



• a 



q+l,r 



a. 



r,l>' 



a, 



r^r 



vanished; that is, if the sub-group was of order less than 
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If on ihe other hand we find a set of values of ^+i,«t, ... to 
satisfy the equations 

then Bq-i-i^q+j\q+ti ••• ^^ ^ ^^6 Btruoture constants of the 
sub-group whose operators are 



M = « 



We then denote the operators of this sub-group by 
^q+u •••> ^r *^^ ^® group itself by Fj, ..., Y^. 

The sub-group is of course invariant for the operators 
Yq+ii •••> ^r» i^ '^'^ ^ invariant for 

We therefore, in order to find within what group F^+j, ..., F^ 
is invariant, write down the matrix 

^%,q+i,k* 



where in any row i takes all values from 1 to (f — g), and k 
all values from 1 to g. 

Suppose that the values of ^^.e,^, ... now found are such as 
when substituted in this matrix will make all (g — m + l)-rowed 
determinants but not all (a— 77i)-rowed determinants of the 
matrix vanish, then the suVgroup F^^j,..., F^ is invariant 

for m operators independent of one another and of F^^^, ..., F^, 
The sub-group is therefore invariant within a sroup of order 
r—q + m, and there are only (g—w.) independent operators 
for which it is not invariant. We say, then, that the sub- 
group F^+i, .,., Fy is odTidex (g— m). 

§ 146. We now wish to find the sub-groups conjugate to 
F^+i, .,., F-, so we must consider what this sub-eroup is 
trwsformea into when we apply the infinitesimal trans- 
formation 



0) 



icj = x^-^-tYjX^^ (i = 1, ...jw). 
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I£j > q the operators P^+i, ..., T^. will be transformed into 

operators dependent on Fl+i, ..., F^; we need therefore only 
consider the case where^ > g. 

We saw in § 76 that, Xj^ denoting the operator derived from 
X^ by replacing x^ by a^, 

-^ik = -^* + ^2 ^jfcM -^M- 

Hence we now have, since F^, ..., F^ are operators with the 
structure constants £[^, ..*, 

(2) 7}. = Tt, + t^Hju^Y,. 

Now F'^i, .,., F^ are the operators of the sub-group con- 
jugate to Fg^i, •••> 5^r obtained by applying the transforma- 
tion (1) ; and therefore, since this is a sub-group of order (r — 9), 
and differs infinitesimally from Tq+i, ..., F^, it cannot have 
operators dependent on X^, .••» ^g* We may therefore take its 
operators to be 

where f^g+j^fk = ^q-t-j^i^^^^q+jfi^* *^^ ^9+i **» ••• ^'^ functions 
of the variable pwuneters h^^^n,^... whose forms must now 
be determined. 
The operators F^^2» •*-> ^r ^® operators of the sub-group 

fimq ft,isq 

that is, of the sub-group 

•*«+i + *^^+i,<A F|^» •••> Fy+^ V|i F^» 
and therefore 

• «r-« flag 

where e^^^^ 2+«> ••• ^ore constants. 

K we now compare this expression for T^q+j with the 
expression obtained in (2), and equate the coefficients of 
Tq+if ...yF^ we see that, neglecting small quantities of the 
order t^ e^^^^ ^^^ is equal to unity or zero according as i is or 

is not equal to 8 ; and therefore we see that 

_ rj /« = 1» ..•.^— ?\ 
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Since ^' > g, Hj^q+g^f^ = Uj^q+»,,i ; and therefore the constants 
^i+i***' • • • "^^ch define the sub-group conjugate to T^+n ->»iTr 
obtained by the infinitesimal transformation 

ajj = x^ + tYjX^, (i= 1, ...,7i) 
are given by 

Because the sub-group is invariant for the transformations 

we see that for such transformations 

We now want to find the constants defining the sub-group 
adjacent to that defined by Ag+i,^, ••• and obtained by the 
infinitesimal transformation 

We have 

and therefore 

*-« 

Now, since 

and therefore 

The relation between the groups IIi, ...ylL. and X,, ...^X^ 
can now be expressed in general terms. Let ^+(,|i, ... be a set 
of constants defining a sub-group of Xj, ..., X^ ; then the set 
of constants Ag+<,^».*. which define the sub-group conjugate 
to this and obtained by the transformation 
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aie giTCB bj the fomnilae 



»f+i.»i 



V=l, ...» 9^ 



§ 147. In order to find all types of sob-groope of order 
(r^q) we therefore proeeed as foUows. 

If no sets of Taloes of Ar^c.^, ... ean be obtained to satisfy 
the eqoatiooa 

no sob-groap of order {r^q) exists. 

If on the other hand soen a set exists, let A*^| p, ... satisfy 
the equations (1); we write down the matrix of the operators 

IJ|, ...y lly. 



n 



!•«+/.*» 



I 



1 



where in any row all valnes of ^ from 1 to (r^q) and all 
▼alnes of k mm. 1 to ; are to be taken. If when we snbstitate 
for h^^i^^f... in this matrix the respeciiye valoes A^^^,,!, ... 

all (8 + l)-rowed determinants of the matrix, but not all crowed 
determinants, vanish, then the sob-group is of index s\ and 
the ^ point' whose coordinates are Hq^t.^i ... is of order s with 
respect to the eqoation system 

(0 ^qU,q+j,h = (in the variables *,+<,,., ...) 
admitting the operators 11^, ..., IT^. 
Since 

the index 8 cannot exceed g. 

We now find (as explain^ in § 103) the contracted operators 
of n^, .•., n^ with respect to the eauation system which con- 
sists of (1) and the equations which define points of orders ; 
for both of these equation systems are invariant under the 
operations of the group rTj, ...,11^. 

Let this combined equation system be 

where ^, ...^hj^ are some unconnected parameters, in terms 
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of which those values of A^+t,^,... can be expressed which 
satisfy the combined equations; and let P^, ...,P|. be the 
contracted operators. 

Since X, ..., JL is isomorphic with IL , ...,11^ and ITj, ..., IT^ 
is isomorpnic with P^, ..M^y ^i»-*m^ must be isomorphic 
with Pi,...,P^; but the isomorphism is simple, only when 
Pi, ..., /'^ are independent operators. 

Since the parameters of a sub-group of order (r— g) and 
index 8 are by (3) expressible in terms of ^, ...j/L we call 

these parameters the coordinates of the sub-group. From the 
definition of a point of order 8 exactiy 8 of the operators 
Pj, ...jPf will be unconnected ; and as these are operators in 
the variables A^, ..., A^ we conclude that ^ < 8, and that there 
will be (p—s) invariants, which we may take to be 

K then ^,...,/^p are the coordinates of a. sub-group of 
index 8 and order (r— g), the coordinates of the sub-group 
conjugate to this obtained by the transformation 

are given by 

Since 8 of the operators of the group P,, ...,P,. are uncon- 
nected, we can pass, by the operations of this group, from any 
point whose coordina^ are AJ,...,A^^, to any point whose 
coordinates are /L, ...,^^,^24.1, .•.,Ap* Sub-groups of the same 
order are therefore divided into classes according to their 
indices ; only sub-groups of the same order and index can be 
conjugate ; and of sub-groups of the same order and index 
only those can be conjugate for which the coordinates 
A,4.i, ...,Ap are the same. There are therefore ooi*"* different 
types of sub-groups of order {r—q) and index 8\ and corre- 
sponding to any one of these types we have go' conjugate sub- 
groups. 

§ 148. We can apply these results to obtain the stationary 
functions of groups whose structure constants are assi^ed ; 
and thus complete the investigation of which Chapters Y and 
Xn formed a part, viz. the determination of all possible types 
of groups with assigned structure constants. 

Suppose the group X^, ..., X^ is in standard form so that 
a?x9 •••i^m^^m-¥a'¥\i ••m^h &ire the invariants, and the stationary 
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functions only involve x^, ..., x^. If aJ{, ..., a^ is a point of 
general position then the group of the point — that is, the 
sab-group of operations leaving the point at rest — is of order 
(r—q) ; and the coordinates of this group depend only on 
a^y ...» ^ ; fof ^0 have proved in § 112 that the equations 

define the locus of points whose groups are the same as the 
group of aJ}, ..., a^. 

Now by the operations of the group JT^, ..., Z^, only the 
coordinates a^^^iy., ^m-f^ ^^^^ "^ary; &nd, as there are 
(r^8 + m) independent infinitesimal transformations which 
leave a^+i, ..., aJj at rest, there will be (r—8 + m) infinitesimal 
transformations which do not transform the group of 

•*!> •••> •*^« 

This group is therefore of index (s—m) ; and its coordinates 
are expressible in terms of 8 parameters. 

In order, therefore, to find the stationary functions of a 
group, when we are merely given the structure constants, 
we form the equations defining sub-groups of order (r—q) 
and index (a— m); the coordinates, then, of the sub-group 
which leaves a point of general position at rest will be ex- 
pressible in terms of 8 parameters. 

If the combined equation system is 

then the stationary functions Z^+t,^ (o^, ...» ^) will be given by 

Since the functions ^94.^,4 (^» •••> ^t)) ••• cannot be ex- 
pressed in terms of a smaller number of arguments, we may 
express ^, ..., h^ in terms of a^, ..., a^; and by a change of 
variables we may take ^, ..., Jl^ to be respectively a^, ..., a^. 

As we can vary a^, ..., a{ in any way we like, we see tnat 
we may take the stationary functions to be 

When we have thus found the stationary functions of the 
group JTj, ..., Z^ we mav complete the determination of the 
operators by the method explained in Chapter XII; and if 
any group with the assigned structure constants, and the 
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assiffned numbers 8, m and n exists, we can find it by the 
method now explained. 

Such a group may not exist ; thus if we take r > 3, ?i = 1, 
m = and 8 = 1 , we may, for many assigned sets of structure 
constants, construct the functions 4>q+t,iiy' which express 
the coordinates of sub-groups of order (^ — 1) in terms of one 
parameter; but the operators Z^,..., X^ in one variable, 
which we should hence deduce, would not be independent; 
for (as we shall prove later), no group whose order exceeds 
three can exist in one variable. 

§ 149. Example. Find all the sub-groups of order 3 of 
the group whose structure is given by 

(1) (-^2, A3) = Aj, (A3, Xj) = Ag, (Aj, Ajj) = A3, 

(Z„ZJ = o, (Z„ZJ = o, (Z3,ZJ = 0. 

We first find the sub-groups which can be expressed in 
the form Y ^x Y Y x Y Y \ Y 

that is, the sub-groups not containing X4 as an operator. 
Since (Xj— A2-3r4, X3— AgJTJ = (Zg, X^ = Zj, 

we cannot express this alternant in terms of the operators of 
the sub-group unless X^ = 0. Similarly we see that we must 
have A^ =s 0, and A3 = 0. 

There is, therefore, only one sub-group of this form, viz. 
the self-conjugate sub-group Zj, JTj, ^3. 

Whenever by this method we find only a discrete number 
of solutions of the equation system 

the sub-groups must be self-conjugate ; for if they had con* 
jugate sets obtained by the infinitesmial transformation 

a^=: a;^ + (6jZi + ...+tfy Zy)a;^, (i = 1, ,.., ti), 

there would be an infinity of sub-groups of the required class. 

We next find all sub-groups of order 3 which do not contain 
Zj as an operator. 

The general method of forming equations for A^+t,^,... to 
define sub-groups of order (T—q) is simplified when g = 1. 

A2 — /fcjAj, •••, A^ — /fr^Aj 
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to be the operators of the sub-group of order (r— 1), then the 
equations which h^,..., h^ must satisfy are 

where H^f = c^j^ + c^g A^ + ... + c^j^ h^. 

In the example before us 

and the equations defining the sub-group are therefore 

The sub-group sought has therefore the operators 

-Xj— icosflZi, X3— isin^Xj, X4, 

where ^ is a variable parameter and i is the symbol V --l. 
By varying 6 we get an infinity of conjugate sub-groups; 
and as the sub-group is not self-conjugate it must be of 
index unity. 

By interchanging X^ and X^ we should obtain the system 
of conjugate sub-groups 

-Zi— icos^JTg, JTg — isin^X2, JT^, 

these two systems coincide, however, the relation between 
the parameters being cos 6 cos ^+1 = 0. 
By interchanging X^ and X^ we get 

Xg— icos^JTg, JTi— isin^JTg, Z^, 

which also coincides with the first system, the relation between 
the parameters being sin ^ sin^+ 1 = 0. 

If we try to find a group in the single variable x which 
shall have the structure (1) we must take 

-^2= ^2 (^) -3^1, Z3 = <^3(a;)Zi, Z4 = <^4 (x) Zj. 

We now have the following identities which enable us to 
determine the stationary functions 

^3(0;) =:icosa?, ^s (x) = i sin (v, ^4(0;) = 0; 

and we see that the operators cannot be independent, X^ being 
identically zero. 

Now we know that in general -^i^g+f^^ = Hj^^^.^ j^ ; and in 
this example 

^121 = ^121 + ^122 '^ + ^123 ^ + ^124 ^^4 = ^= isinir, 

^131= ^131 + ^188^+^138^ + ^134^4=""^ = ""^^®^; 
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80 that, from either of these two equations, we see that, if 
Xj = fjr- > then f J = — 1, and Uierefore Xj = — ^ > and the 

group is 

X = — r- > Xo = i cos a; r— > X« = i sin a? r— > X. = 0. 
^ ^x ^ ^x ^ ^a? * 

& 150. Eaximple. Find the sub-groups of order 2 and 
inaex 2 of the group 

(Xg, X3) = Xj, (Xg, Xj) = Xg, (Xj, Xj) = X3, 

(X„ XJ = 0, (X„ XJ = 0, (X3, XJ = 0. 

We shall only find those which are of the form 

X3 — AglXj — AjjXg, X4 — A41 Xj — A42 Xg. 

Applying the rule (or otherwise) we find the conditions for 
a group are 

^4,2(l+Hl)"*4,l*3.2A3,l = 0. 
^4,1(1+ Ha) -^4.2^1^2=0, 

so that 1+Ai,i + A|2 = 0. 

We must therefore take (X and $ being parameters) 

^^^ = tcosd, ^3^2 — ^^^ ^9 A4^i = Xsin^, ^4 2 = — Xcosd; 

and we may directly verify that 

(X3— i cos ^Xj— i sin dXg, X4— X sin dX^ + X cos dX^ 

= — iX (X^— i cos dXi— isin dXg). 

In order to find the corresponding group in the two variables 
Xf y we suppose that 

-^3= *3,1 -^1 + ^3,2 -^2» -^4 = ^4,1-^1 + ^4,2-^2' 

Since the index is 2 we have a— m = 2 ; and, since in 
general 8 cannot exceed 71, in this example, 8 cannot exceed 2, 
so that m = and a = 2 ; that is, the group is non-stationary. 
The order of the group of the point ^, j/^ of general position 
is (r^q), and therefore (r— g) = 2; and as r = 4 we must 
take g = 2, so that the group is transitive, and X^ and X^ 
must be unconnected. 

We have 

*3,i (^» y) = i cos 6, <^4 1 (a?, y) = X sin d, 
i>B,2 (^> 2/) = i sin 0, 4>^^^ (x, y) = -X cos B. 
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We may then by a change of the Yariablea take 

and therefore 
We have 

^1*3.1 = n« = -*,.,*, , =-ic(i -a^*, 

-^1*4,1 = n,4i = -\i A4., = iya?(l +a?*H, 
-^2*a.i = "a = 1 +A|,, = 1 +x*. 

We then see that 



J, = -.M;(l+a:«)*^+iya?(l+a;^-*^» 



Now X4 is identically zero, and therefore there is no group 
of order 4 of the given stractore, but X^ X^^ X^ will with 
X4 = form a group of order 3 with the required 
structure. 

§ 151. When the sub-group whose conjugate sub-groups are 
required is of order 1 the equations 

are satisfied identically, since q = r — 1. 
The variables which define the sub-group are A^.^, ..., h^ ^.j; 

and CiXj^-^- ,,»'^ef.X^ 

will be the operator of this sub-group if 

^k'^Kk^r = ^» (^= l,...,r— 1). 

We therefore take A-l = -^, and let 



E^^^cj^ej^^ 
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In operating on any function of A^j, ..., A^ ^.i 



so that 



Ira r-1 



Therefore, since 

^-t = r_l ^ i_r-l ^ >=r-l ^^ ^ 

^M =2''yM*«Jj;j; +2<'rM»«r57^ +2<'>Mr«^j7^ + ^'MrCr^ 
ir-r-1 > = r-l i»r-l 

ifcar-1 

=2n.r*5^ if M<r, 

we see that in operating on any function of A^^, ..., Ay.,r-i 
Ef^ has the same effect as U^ if /a < r. 

Since ej-Ci + .-.+c^-ff^ = 0, 

Ef ^^ ^" — -^1 "—•••— — — - Ef_'t 

= A^i Dj + ... + A^^ ^.1 n^.i, 

and this operator is equivalent to IT^, since the equations 

are satisfied for all values of Al.^, ..., Ar,r-i* 

Since the coordinates of the sub-group of order one are 
the ratios of 6^, ...,«,., we see that for such sub-groups the 
operators n^, ..., n^ may be replaced by the known operators 
E^^ •••, J?i., of which we made use in Chapter V. 



CAimiBU. 



CHAPTER XIV 

ON PFAFFS EQUATION AND THE INTEGRALS 
OF PARTIAL DIFFERENTLLL EQUATIONS 

§ 162. If Xjy ..., x^ are the ooordinates of a point in 7v-way 
space, and 

(where o^, ..., o^ are the current coordinates) the equation of 
a plane through o^j, ..., x^, then we speak of the point together 
with the plane as an element of this space. We say that the 
coordinates of the element are o^,..., rc^, Piy'tPn* where 
fl^, ..., Xj^ are the coordinates of the point of uie element, and 
Pi9 ••'* Pn ^® coordinates of the plane of the element. In the 
coordinates of the plane we are only concerned with the 
ratios Pi-P^'^-Pnl ^^^ therefore in T^way space there are 
oq2«-i elements. 

Two contiguous elements, x^^ ..., x^^ p^, ..., p^ and 

x^ + dxi,...^x^+dx^y Pi'\'dpi,...yPn-\'dp^j 

are said to be v/nited if the point of one element lies on the 
plane of the other. More exactly expressed, the elements are 
united if the point of the second is distant from the plane 
of the first by a small quantity of the second order. The 
analytical condition for this is 

(1) PidXi + ...+p^dx^:=Oi 

and therefore, if this equation is satisfied, the point of the 
first element is also distant from the plane of the second 
element by a small quantity of the second order. 

The equation (1) is called Ffaff*s equation. 

Since the coordinates of an element only involve ^j, ...^ p^ 
through their ratios, we shall suppose that, when we are 
given any equation connecting the coordinates 

^> •••» ^ii> Pi* "'iPn 

of an element, it is one which is homogeneoos in p^, ..., p^. 
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If we have m unconnected equations connecting 

fljj, •••, ajjj, p^y "'iPnf 
viz. 

(2) /<(«!,...,««, ft, ...,i>«) = 0, (i=l,...,m) 

then Qo^*^""*'^ elements of space wiU satisfy this equation 
system ; they will be called the elements of the system. 

Two contiguous elements of the system will not however, 
in general, be united. The question thus arises, what are the 
necessary and sufficient conditions which these equations must 
satisfy in order that any two contiguous elements of the 
system may be united? In other words, what are the con- 
(Utions that the equations (2) may satisfy Ffaff's equation ? 

Suppose if possible that, from the equations (2), no equation 
of the form /(a^, ..., aj = 

can be deduced ; we must then be able to express m of the 
coordinates fty., j>n ui terms of the remaimng coordinates 
of the element o^,..., x^, j>i> •••) 7>n* ^^^ equation system 
may therefore be thrown into the form 

(3) Pj =/j (a!j, ..,, a;^, j?,»+i, ..., Pfj, ..., 

or into some equivalent form, obtained by replacing the 
suffixes l,...,m by some m of the suffixes 1, ..., ti. It is 
obvious that, by differentiating the equations (3), we could 
not obtain any equation connecting c2a^, ..., dx^^^ and could 
not therefore by the equation system assumed satisfy Ffaff's 
equation. 

We must therefore suppose that the equation system (2) is 
such that at least one equation between ^i, ..., ^n alone can 
be deduced from it. Suppose that exactly 8 of these equations 
can be deduced; and suppose further that these have been 
thrown into the forms 

We now have 

and therefore, if the equations (2) are to satisfy Ffaff's equa- 
tion, we must have 

for, by hypothesis, o^, ..., Xn_g are unconnected. 

o 2 
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We therefore conclude that every equation syBtem satis- 
fying FfaflTs equation must include the system 

To these equations we may add a number of arbitrary 
equations connecting «i, ..., ^n-#> Pn-i+iy^Pn* these equa- 
tions, however, must be such that no equation of the form 

is deducible from them. 

A set of equations satisfying Pfaflf*s equation is called 
a Pfaffian system. K the system contains m unconnected 
equations it is said to be of order m, and we have proved 
that m < 71. When the number m is not specified it is to 
be understood as being equal to n, and a Pfaffian system as 
being of order n unless expressly stated to be of order m. 

The equations of the system which do not involve P]» •••y/'n 
will be called the generating equations. There must be at 
least one generating equation, and there cannot be more than 
n ; there are, therefore, n classes of generating equations, if 
we measure the class by the number of unconnected gener- 
ating equations in the system. 

§ 153. We now proceed to express in a convenient form the 
conditions that n equations should form a Pfaffian system. 

Let V be any function of the variables x^, ..., x^^y Pi^ ..., p^; 
and let v denote the operator 

+ ...+ 



then, u being any function of the variables, 

'^^^'bp^'hxi ^x^'hp^f 

We call the expression on the right the altemard of the 
functions v and u, and we denote it by (v, u) ; we have 

v . u = (v, u) = — (u, v) = — u . V, 

The equation t; s will admit the infinitesimal trans- 
formation 

^» = ^<+^^/ i^< = -P<-^a^* (1=1,..., 71) 



168] EQUATIONS IN INVOLUTION 197 

if, and only if, the equation (u, t;) = is conrtected with 
t; = ; that is, if the values of the variables, which satisfy 
the second equation, also satisfy the first. 

A set of functions ti^, ..., u^ is said to be in involution 
when the alternant of every pair vanishes. 

So also a set of equations, 

Ui= 0,..., u^ = 0, 

is said to be in involution when for aU values of the suffixes 
(U{, Uj) = is an equation connected with the given set. 
An equation system in involution, 

(1) ^ = 0,..., u^ = 0, 

will therefore admit the m infinitesimal transformations 

If t;^ = 0, ..., Vf,! = is any given equation system such 
that each of these equations is connected with 

and each of the equations Uj = 0, ..., u^ =: is connected 
with t;, = 0, ..., v^ = 0, we say that the two systems are 
equivalent 

We must now prove that, if any equation sjjrstem is in 
involution, then any equivalent system is also in involution. 

K v = is connected with the system (1), it must admit 
all the infinitesimal transformations which (1) admits; and 

therefore (v, u^) = 0, ..., (v, u J = 

are equations each of which is connected with (1). 

If then Vj = 0, ..., v^ = is equivalent to (1) we know 
that the equation (t;^, uA = will be connected with 

Ui= 0,...,u^ = 0; 

and therefore t^ = 0, ..., u^ = will admit the m infini- 
tesimal' transformations 

^'^i ^^4 •i = 1 n K 

(3) 0^,=.,+^^^, ^,=^,-e^, (;=;;:::;;)• 

Now each of the equations Vj = 0, ..., t;^ = is connected 
with ttj = 0, . . ., u^ = ; and therefore each of these equations 
admits the infinitesimal transformations (3) ; that is, the equa- 
tion (v^, Vj) = is connected with t^ = 0, ..., u^ = 0, and 
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therefore with v^ = 0, ..., v^ = ; that is, Vj = 0, ..., v^ = 
are equationB in involation. 

If Vj,..., v^ is a set of fanctioiis of o^, ..., x^, p^, "-fPni ^ 
terms of wliicli we can express u^, ..., u^; then, u u^, ..., u^ 
are unconnected, we can express v^, .,,,v^ in terms of 

^i>**M^m> ^^ ^^y ^^^ ^^^ ^^^ systems of functions are 
eqwitnUeTU. 

When we say that a fiinction is homogeneous we shall 
mean that it is homogeneous in i'l, •.., j>fi' suppose that 
^1) •••' ^m ^^^ ^'^ homogeneous functions, then, if t/^, ..., v^ 
is an equivalent function system, Vj will not in general be 
a homogeneous function; but, since there are m homo- 
geneous functions, equivalent to i;^, ..., v^, we shall say that 
Vi, ..., Vfli is a hamogeneoue function fqfsteni. When each of 
the functions t;^, ..., t;^ is separately homogeneous, we shall 
say that the homogeneous function system is in stavdard 
ftyrWf, 

Similarly, if we say that the equation system 

Vj = 0,..., t;«= 

is homogeneous, that will not mean that each separate equa- 
tion is homogeneous, but only that an equivalent system can 

be found, viz. ^^ - q, ..., u^ = 0, 

each equation of which is homogeneous in^|, ..., />^. 

It can be at once verified that the n unconnected equations 

^n^/nvhi •••> ^n-#) = ^y •••> ^n-.#+i"Vn-#+l (^> •••> *«-#) — 0> 

are in involution ; and that each of these equations is homo- 
geneous; we have, therefore, the following theorem: if m 
eouationsfarm a Pfaffian system, it is possible to deduce from, 
them n unconnected how^eneous equations in involution. 

The most important Pfaffian systems are those in which 
m = ^, and we see that n equations cannot form, a Pfajfian 
system, unless they form, a homogeneous equation system, which 
is in involution. 

§ 154. We shall now prove the converse of this theorem, 
viz. that a homogeneous equation system of order n in ir^ 
volution forms a Pfaffian system. 
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Suppose that in the system there are 8 generating equations, 

viz. /i(ai,...,ajj = 0, ...,/, (a4,...,ajj = 0; 

and let the remaining {n —a) equations of the system be 
thrown into the form 

Pn-^iPl^ '--yPty «i, .-m «J = 0, 

where the functions ^«+i} •••» ^n ^^^ homogeneous and of the 
first degree. 

We must first prove that the Jacobian determinantal 
equation 



(1) 



^ajj 



• • 



^x. 



= 



^,. . . ^A 

is not connected with the generating equations /j = 0, . . .,/^ = 0. 
Since (i>,+i-<^,+i,/i) = 0, ...,(P,+i— <^«+i,/«) = 0, 



^^B+i ^«i ^i>i ■" ^«# ^Pi * 

and therefore, if the equation (l) were satisfied for those values 
of the variables whicn satisfy the generating equations, all 
8-rowed determinants of the matrix 



hx^ 



Vi 



^x. 



B+l 






y. 



^X 



«+l 



would, when equated to zero, be equations connected with 
the generating equations. 

Proceeding thus, from the equations 
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we abemld «ntikiri^ see tbat all 9-nmtd detenaiiMata of tiie 



^/i . . . Vi : 

, . . . . .1 

'¥•■■ ■ -^ii 

would alio, when equated to nro, be eonneeted with the 
generatiiig eqaatuma. 

Now tma is impoanUe ; for, woe it true, it would mean 
thai, z^^ -M^w bcn^ the eooidiiiatea of a point P on the 
(n-^sywmy loraa 

/i = 0, ...,/, = 0, 

and o^cZa^, ...yX^+dx^ the eooidinatea c£ a eonseeutiTe 
point P^ on the (n~a+ l)-wa7 loeoa 

/i = 0, ...J^i = 0, 

P^ must alio be <m the (n— 8)-way locus; and thia is of ooune 
not tme, sinee the equatiouB which define the locua aie 
unconnected. 

The Jaeobian determinantal equation is therefore uncon- 
nected with the generating equationa ; and we may therefore 
throw the eauationB of ue given homogeneous involution 
system into the forms 

where fg^n ••*$/% are homogeneous of the first degree in 
By reason of the homogeneity of these functions we have 



and, since {p^^j—fg^j, ^i^fd = ^i ''^^ Iwiv© 

i- ^ =r • 

we therefore conclude that 

P$*j + 2iPi^^ = 0. 0' = 1. ...,«-8)- 



166] GEOMETRICAL INTERPRETATION 201 

From these (n^e) equations together with 

we now at once deduce PfaflTs equation. 

We have therefore proved that the necessary and sufficient 
conditions that n un,connected equations should form a 
Pfaffian system, are that the equaiions shouM be homogeneouSy 
and in involution, 

§ 155. We now know that «*~^ elements of space will 
satisfy any assigned Pfaffian system of n equations between 
the coordinates of the elements o^, ... x^, p^^ ^'Pn- ^ ^^^ 
system contains only one generating equation, then the 
elements consist of the points of an (ti — l)-way locus in this 
space toj^ether with the corresponding tangent planes to the 
locus. If there are two venerating equations /^ (x^, ..., o;^) = 0, 
72(04, ...,arj = the elements consist of the points of this 
(n-^ 2)-way locus together with the tangent planes which can 
be drawn at each point of the locus ; tnere is not now, how- 
ever, one definite plane at each point a4,...,^n> ^^^ ^^ infinity 
of tangent planes, viz. 

where X : /m is a variable parameter and o^, ...,a4 are the 
current coordinates. 

If there are three generating equations /^ = 0, /, = 0, /s = 
the elements will be formed by the points of this (n— 3)-way 
locus together with the oo^ of tangent planes, viz. 

y. . .. y. ^ - V. 



<»^-«J(*^*''.^+^lH 



y.^'/.^-VM- 



and so on. 

Each of these different classes of qo*~^ elements satisfying 
the Pfaffian equation 

will be denoted by the symbol M^^^ ; each will form a mani- 
fold of united elements with (n—l) * decrees of fireedom.' 

Thus, when 71 = 2, that*is, in two-dimensional space, the 
elements are the points with the straight lines through the 
points. The symool M^ will now denote either an infinity of 
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poinU ofi BOfBoe eurre together with the c oti wp oodmg ti^entB 
to the eurre ; or a fixed pcMut with the infinity of stimight 
lines through the point ; either of these infinities of elements 
will sstisf J the Puffisn eqoatioo 

In three-dimennoiud spaee theie are oc^ dements conmtiiMg 
of points with the planes throogh them. The symbd if, wifi 
now denote one oi three ac^ sets of united elements, Tiz. (1) 
the pcnnts of any sor&ee with the eonesponding tsngmt 
planes ; (2) the infinity of points of any eurre tog^er with 
an infinity of tangent planes passing through each pcunt of 
this eorre ; (3) the oo* of planes psssing through any fixed 
point ; the elements of any one of these Uiree sets will satisfy 
the P&ffian equation 

§ 15<l. We most now consider lie's definition of an int^rsl 
of a partial diflferential equation of the fint order ; and we 
need only tske the esse iniere the equation is homogeneous, 
and the dependent variable does not explicitly oceur ; for 
any partial differential equation of the fiist order ean be 
reduced to sueh a form (Forsyth, Differential Eqyuatums^ 
§ 209). 

I^ /(^» •-, ««. Pif — . PJ = ^ 

be sudi an equation; according to the usual definition 
^ (^9 ..., or J = is said to be an integral if, and only if, 

/(iCj, ..., a?,, ^, —•5~) = ^ ^ connected with ^ = 0. 

Stated geometrically, any surfiEuse — that is, any (n— l)-way 
locus — is said to be an int^^ral, if the coordinates of tl^ 
tangent j>lane, at any point, are connected with the coordinates 
of the point by the equation 

/(^i, ...,aJ«, Pi, ...,pj = 0. 

Otherwise expressed, if we have any M^,, whose elements 
satisfy the given equation, and which has omy one generating 
equation, then that generating equation is said to be an 
integral of the given equation. Lie extends the notion of 
an integral by defining it as the generating equations of any 
If^i, which includes, as one of its Pfaffian system, the given 
difibrential equation 
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Kthen 

is any homogeneous equation system in involution, such that 
/= is connected with /j = 0, ..., /^ = 0, the generating 
equations of this system will be an integral, whatever the 
number of these generating equations ; whereas, according 
to the usual definition, they would only be an integral if the 
number was one. By this extension of the definition of an 
integral, it will be seen that more uniformity is introduced 
into the theory of the transformations of partial differential 
equations of the first order. 

It should be noticed, however, that it is only special forms 
of differential equations which can admit these new integrals. 
If the equation 

has an integral of the form 

the equation must be satisfied for all values of 

^>««M^n-«> Pn-i+1* '••iPn9 

when we substitute in it for aJn> ••M^n-«+i ^^^ respective 
functions /„, ...,/^_,+i, and for ^j^ (where k may have any 
value from 1 to (n— e)), the sum 






-^Pn-i 



•+i 



Now to satisfy these equations it would in general be 
necessary that the functions /»,...,/»-«+! should satisfy a 
number of partial differential equations, and, this number 
being generally greater than 8, the equations for /^, •••i/n.^+i 
would not usualfy be consistent. 

If, however, the given differential equation is the linear one, 

where Pj, ..., P„ are functions of rci, ..., a:„, it will admit these 
extended integrals. To prove this, let 

be the integral equations of any characteristic curve defined by 

dx^ dx^ ^ dx^ 
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Uien 

P,|^+...+P.^* = 0. (ir=l,....ii-.l). 

From these conditions it follows that 

are n homogeneous eqiiatic»is in inTolutioQ; and therefore 
fij— a, = 0, ..., tt»_i— a^, = are generating equaticHis of 
a Ffaman system, which includes the given linear equation ; 
it fdUows that an integral of 

Pift + ...+P,l), = 

will he «i = «i, •-, ^.-i == a*-i» 

where a,, ...,^11.1 ^^^ ^'^y constants. 

§ 157. In order to find the complete integral of 

/(»,, ...,«:„ ft, ...,1>J = 0, 

we must find (n ~ 1) other unconnected homogeneoos equations, 
forming with/ = a Pfaflian system ; the generating eonations 
of this system will be (in Lie's sense) a complete integral if they 
involve (n — 1) effective arbitrary constants. 

Suppose that 

are tn ^ven homogeneous equations in involution; we can 
throw ttiese equations into such a form that some m of the 
variables ^9 •••y^nyft, •••,?• '^'^ ^ given in terms of the 
remaining ones. 

Let x^j •••, ^m-f ' Pii *«*'ft be given by 

«<-/<(^«-«+i» — »«n» P«+i»"-»Pn) = 0, (i= l,...,m— «) 

P/-0/ (»«-#+!» •••»««, A+i> — .!>«) = 0, 0= !,...,«). 

These equations are still in involution ; but in any such 
equation as (x^—f^j Pj'-<t>j)=^^ ^e variables «i, ....arm.,, 
ft, ...,ft do not occur at all ; and it therefore follows that the 
above alternant, if it vanishes at all, must do so identically, 
and not by virtue of any equation system ; the homogeneous 
function system 

^"fli "'f^m-s-fm-Mi Pi-*i»--Mft-<^« 

must therefore be a system in involution. 
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If then we are given m equations in involution, and require 
the remaining (n— m) equations forming with them a homo- 
geneous Pfaman system, we can reduce the problem to the 
loUowing : given m homogeneous functions in involution, it 
is required to find (n — m) other homogeneous functions, 
forming with the given functions a complete system in 
involution. 

We shall show how one homogeneous function of degree 
zero may be obtained; having found this we shall have 
(m + 1) homogeneous functions in involution, and may proceed 
similarly till all the fimctions are obtained. 

• 

§ 158. Let Uj,...,u^ be the given homogeneous fimctions 
in involution, then, u denoting the operator 

we see that if t; is any function of i^, ..., u. 



m 



(this result is of course true whether or not U|, .•.,^m ^® ^^ 
involution) ; the operator v is therefore connected with the 
operators u^ ...yU^,^. 

Conversely if v is connected with u^, ..., u^, that is, if 

where Aj,..., X^ are any functions of irj,..., «,,, i?i,...,Pf,> 
then all (m+ l)-rowed determinants of the matrix 



^1*1 


dUj 


Sttj 


dUj 


^Pl ' 


^Pn' 


... 


^^n 


^«», . 


. ^^m, 


. ^«f» 


^Pl' 


¥» 


d«l ' 


ix^ 


iv 


hv 


^V 


iv 


^Pl ' ' 


^Pn ' 


^Xj 


ix^ 



must vanish identically ; and therefore v must be a function 

of K^, ..., Uf,|. 

Again, if u and t; are any two functions of 

^> •••> ^n> Ply •••> Pn 
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we see that 

and therefore, u and v being the corresponding operators, the 
alternant u v—v u which is equal to 

^ ^ ^p^ hp^^ da?l ^ ^ ^x^ ^x^^ ^p^ 

((«• ^P -("'5^,))^, +2(^ j-)-(«. 5jP)j^^ 



l»H 



isH 



It follows that the alternant of u and v is derived firom the 
function (u, v) by the rule which derived the operator u from 
the function u. 

It is for this reason that we called the function (u, t;) the 
alternant of the functions u and v\ and what we have proved 
is expressed sjmbolicallj by 

(u, v) = i^UT^). 

11 then u and v are in involution the operators u and v are 
commutative, and conversely. 

§ 159, Let the operator P\^ +•••+?!!;; — ^ denoted by 

P; we shall now prove that P is not connected with 
'"'i> •••> '"'«• Suppose it were so connected, then every 
(m+l)-rowed determinant of the matrix 






0, . . 0, ^1, . 



du, 



m 






would vanish identically. 
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It follows that every m-rowed determinant of the matrix 

^1 ' * ' ^ 



^, . . . ^ 

must vanish; there most therefore be some function of the 

form ^(iti, ..., ^m) which does not involve ^i,..., Pn* ^y 
passing to an equivalent function system we may take this 
function to be u^, where u^ only involves «i, ..., x^. 

Every (m + l)-rowed determinant now vanishes in the matrix 

^Uj ^Uj ^U^ dUj 



¥i 



^ 



m-l 



0, 
0, 



jp, 



du 



m-l 



dit. 



m-l 



0, 
0, 



^«l 



du, 



m 






^ic. 



^u 



«-i 



^a;, 
^u 



m 



Pn 



Now u^ does not contain p^, ...,Pn> ^^ ^^^^ every two- 
rowed determinant of 



^u 



m 



^u, 



m 



^X^ 



^X. 



Pl> • • • Pn 

cannot vanish ; else would u^ be a mere constant, which is 
contrary to the hjrpothesis that t^, ..., u^ are unconnected. 

We must therefore conclude that every (m— l)-rowed 
determinant of 

Wi' * * ' ^ 



^u, 



m-l 



^U, 



m-l 



¥i ^Pn 

vanishes identically. 

We now proceed as before, and passing to an equivalent 
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system to u^, ...t'l^m-i ^^7 assume that u^_i does not oontain 
Pii •"fPn'f <^^ ^^ ^^^^ s^ ^^^ either every (m — 2)-rowed 
determinant of the matrix 



^Uj 

^ 






^U, 



«-2 



^U 



m-2 



vanishes identically ; or else every 3-rowed determinant of 



du 



«-i 



^u 






m-i 



^X, 



^U, 



m 



da?. 



vanishes identically. 

Since u^.x ^^^ ^m ^^^ functions of o^x, ..., a;^ alone, we see, 
as before, that the latter hvpothesis is untenable ; proceeding 
with the alternate hypothesis, we ultimately come to the 
conclusion that our hypothesis of P being connected with 



u^ is untenable. 



§ 160. If u is a homogeneous function of degree 8 in the 
variables Je>i, ...,p„ it can be at once verified that 

(P,u) = (8-l)u. 

The problem of finding a homogeneous function of degree 
zero, in involution with each of the m homogeneous functions 
Uj, ...,'<^m (themselves mutually in involution), and uncon- 
nected with these functions, is therefore equivalent to that 
of finding an integral of the complete system of (m-f 1) 
unconnected equations 

Ui/= 0, ...,u^/= 0, P/=0, 

which shall not be a mere function of u^, ..., u^. 
There are (27i— m— 1) common integrals of 

Ui/= 0,...,u^= 0, P/= ; 

if any one of the functions i^) ••Mt^m ^ of zero degree then 
it will be an integral. There must, however, be at least 
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(2ii— m— 1 —m) commonintegrals unconnected with U|, ...,t6^; 
and, as m is less than n, we can find at least one integral of 
zero degree unconnected with ti^, ...,u^. 

We now see how the complete integral of a given equation 

is to be obtained. 

We may write the equation in such a form as to give one 
of the variables in terms of the others; say in one of i£e forms 

(1) ai = <<>i(a^>...,»n> ^i»-->i?J> 

or, (2) ^1 = *i («!,..., a?n. />2»---»;^ii)- 

We must then find, if we take the first form, a homogeneous 
function of zero degree in involution with o^i— <^i, and uncon- 
nected with it; knowing then two homogeneous functions in 
involution, we find a third homogeneous function in involution 
with these two, unconnected with them, and of zero degree ; 
proceeding thus, we finally obtain n unconnected functions in 
involution, one of which is «x""^i' 

If we equate each of these functions, except ^i— <^i, to 
arbitrary constants, and a^j— <^^ to zero, we shall have a 
Pfaffian system of equations which -mUX include the given 
equation, and will involve {n—l) arbitrary constants; the 
generating equations of this system will be a complete integral. 
If we had taken the second form we should have proceeded 
similarly. 

J 161. An equation of the form/(a:i, ...,ajj = would not 
inarily be called a differential equation ; but considering 
lie's extension of the definition of an integral it should be 
regarded as a particular form of the differential equation. 
If/ (o^i, ..., a;J = is one of this class of differential equations, 
then any other unconnected equations of the form 

/ (ajj, ...,aj|J ^ 0, •••>/fi-i (•*!» •••> ^n) ^ ^ 

will with / = form a Pfaffian system : any point on the 
locus /= will be an integral of the equation/ = 0. These 
integrals are also complete integrals; for the coordinates of 
any point on the locus / = will involve {n — 1) arbitrary 
constants. 

If the assigned differential equation is of the form 
(1) ft/i(ai,...,»n) + -+^n/ii(^»-.M««) = 0, 
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we could also have 'point' integrals, the equations which 
define each point generating a M^_^ ; these points, however, 
will in general be isolated points satisfying the equations 
/j = 0, ...,/^ = 0, and will not therefore be complete integrals. 

Suppose that the equations /^ = 0, ...,/„ = are equivalent 
to a smaller number of equations, say 

we should have an (n— m)-way locus in space, any point of 
which would be an integral of the given equation (1) ; these 
integrals, however, would not be complete, since they would 
only involve (n—m) arbitrary constants. 

§ 162. ExaTfipU. Consider the equation 

of which a complete integral is 

The corresponding Pfaffian system is 
;l^ = ;fc=;r^' afa^ + a|a|+aia,a| + l =0, 
which may be thrown into the form 

Pi +{^ = 

These equations define an oo^ of Jfa's, each of which consists 
of points on a surfeu^ together with their corresponding 
tangent planes. 

We shall now try whether the given equation can be 
satisfied by an oo^ of ilfs's, each of which consists of points 
on a curve together with the infinity of tangent planes which 
can be drawn at each point of this curve. 

Let the generating equations be 

then the third Pfaffian equation must be 

JPi+JPa*'(«i)+l>3/(^ = 0, 
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where /' denoiee the differential coefficient of / with respect 
to its lurgnment. 

If ^1X2 p^—orl p. P2 = is to be connected with this Pfaffian 
system, we must have 

for all values of 0^1,^2 'i's > ^^^ therefore we must have <^ = 
and/' = for all values of the argument x^» 

From the third Pfaffian equation we now conclude that 
jE>j = ; and therefore 

^2 = 0, 0^ = constant, j^i = 

will be an 00 of M^s satisfying the given differential equation ; 
we do not, however, obtain an 00* of the required class of M^b. 

Eccample. Find the complete integrals of 

which are straight lines. 

§ 163. As an example of an equation having no integral 
which is a curve, take 

(Forsyth, Differential Equations^ § 202, Ex. 1). 
If the Pfeiffian system 

«3=/(^> «2 = *(^. ft+P2*'(«l)+i>8/'(«l) = <> 

were to satisfy this equation, we should have 

*''+l=0, /*-2a:,(/'-<^) = 0, <^'(/'-^ + * = 0; 

and, as these equations are inconsistent, we conclude that the 
given equation has no integral of the required form. 

In order to obtain examples of equations having integrals 
in Lie's extended sense, it is only necessary to write down 
any equations 

involving (n—l) effective arbitrary constants, and then to 
complete the Pfaffian system. 

Let 

be the remaining equations of the system ; if we eliminate 

p % 
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the arbitrary eonBtants firom the system we shall have a single 
eooation between 24, -'.jXf^fPi,...jp^; the complete integral 
or this equation will be 

Eacample, Take the equations 

a^ = 00;^ + 6, x^ = a^Qc^ + c 

where a, 6, c are arbitrary constants ; the other two Pfaffian 
equations will be 

and therefore p^p^ -^p^ p| = is an equation with the complete 
int^;ral 



CHAPTER XV 

COMPLETE SYSTEMS OF HOMOGENEOUS 

FUNCTIONS 

§ 164. Let U|,...,Uf,( be m unconnected homogeneous 

functions of a^, ••M^n) Piy'^Pn* ^ ^^ ^^^^"^ ^® alternant 
of any two of these functions u^ and Uj we obtain the 
homogeneous function (u^, Uj) ; if (u^, Uj) is unconnected with 
Uii ..., u^ we add it to this system and have thus (m+1) 
unconnected homogeneous functions. Proceeding thus, since 
there cannot be more than 2n unconnected homogeneous 
functions, we must ultimately obtain what we call a complete 
system of fiomogeneous fuTtetions ; that is, a system of functions 
homogeneous ix^Pn •••tPni ^^^ ^^^ ^ctt the alternant of any 
two functions of the system is connected with the functions 
of the system. 

Let us now take ti^, •••i^^n to be a complete homogeneous 
function system, so tlukt we have 

The functions w^i of the arguments ti^y.^u^ are called 
the structure functions of the complete system ; and, since 
{uj, Uj) + (Uj , U|) =s 0, we must have w^j + Wj^ = 0. 

If Vj, ..., Vm is a system of functions equivalent to ii^, ..., 
^that is, if for all values of the suffix i, v^ can be expressed 
in terms of u^, ...,ttfn, and u^ in terms of Vif.,.^v^, then, 
though 1^1,. •M^m ^^J ^o^ ^^^^^ separately be homogeneous 
functions, we call t/^, ..., Vf,^ a homogeneous function system. 

If then we are given a system of functions v^, ..., t;,^ of the 
variables a^j, ..., a:^, pj, ...,i>n> ^^^ *^ "^^ ^ know whether 
or not the system is a homogeneous one t 

Denoting by P the operator 






Pi's — '^•••'^Pn^ — » 
^^^Pl ^Pn 



ifficient 
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that the system may be homogeneous are that Pv^, ...,Pt;„ 
should each he connected with t/j, ...,t;„|, that is, each be 
expressible in terms of Vj, ...,t;^. 

Fii-stly, the conditions are necessary; for if Uj, ...,u^ are 
m functions homogeneous in Pi^-'-^Pn wid respectively of 
degrees Sy. ..., ^m» ^^'^ forming a system equivalent to 
v,, ..., v„,tnen P v^ is connected wifli 1^1, ...,it^, Pi^i, ...,P^ti»- 
Now Puy is equal to Sj Uj , and therefore Pv^ is a function of 
tUjy ...yU^, and so also a function of t/^, ...,^m) ^^ ^^^^ ^^^ 
that the conditions are necessary. 

Secondly, these conditions are sufficient ; for suppose that 

then if A, ...,/m «^re each identically equal to zero, v^, .,., v^ 
will be homogeneous functions of zero degree. If on the 
other hand these functions do not vanish identically, we can 
find (m— 1) unconnected functions of t/^, ..., t;^ such that they 
are each annihilated by 



/i TI7~ ■^••* ■'■/to ^... ~^m> 



and therefore by P. 

Let these functions be Ui,...,u^_i; they will be homo- 
geneous functions of degree zero ; we can then find one other 
mnction of Vj, ..., v^ say u^, unconnected with u^, ..., u^_i, 
and satisfying the equation 

and therefore satisfying the equation Pu^ = u^. 

The function u^ is therefore homogeneous of degree unity ; 
and, as the system 14, ...^u^ is equivalent to Vj, •••) Vm> '^^ 
conclude that the necessary conditions are also sufficient. 

§ 165. If t6j,...,t&m ct^ro ^ unconnected functions of 
^D •••9^») i'l) •••9J>n> wMch mayor may not be a homogeneous 
system, we say uiat the system is complete if the alternant 
of any two of the functions is connected with u^, ...,Uf„. 
Kthen we form the alternant of/(Uj,...,u^ and <^(Ui, ...,tt^) 
(where / and <^ are any two functional symbols) we see that 
this alternant is connected with ttj, ...,u^, if Ui, ...,u^ are 
the functions of a complete system. It at once follows that 
Vi,...,V|ii being any system equivalent to tt'i, ...,^to> ^® 
one system is complete, if the other is complete. 
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We can now give a general definition of a complete homo- 
geneous function system, as a system of m unconnected 
functions u^, ...,Uf„ such that 

The functions w^j, ...yW^^ ... are the structure functions 
of the system ; we can pass to any equivalent system t;i , . . ., t;^ , 
and in so doing we should change the form of the structure 
functions. Thus when we pass to an equivalent system in 
which Vi,...,t;^_i are homogeneous of degree zero, and v^ 
homogeneous, either of degree zero or of degree unity, we 
have Wiy...yW^_j each zero, and w^ either zero or unity. 
The main problem to be considered in this chapter is how 
to pass to a system equivalent to t^i, ..M^m ^ which the 
structure functions may have the simplest possible form. 

K each function Uj,...,u^ is homogeneous and of degree 
zero, then / (14, ...,u^) is homogeneous and of degree zero; 
and therefore every equivalent system has all its functions 
of degree zero. If such a system is complete, we shall now 
prove that it is in involution. 

Since (u^-, u) is by hjrpothesis a function of ttj,.,.,u^, 
it is homogeneous and of degree zero ; but u^ and Uj are each 
homogeneous of degree zero, and therefore their alternant 
is homogeneous and of degree minus unity. The only way 
of reconciling these two facts is by supposing that (u^, ... ,u) 
is identically zero ; that is, the system must be in involution. 

§ 166. We shall, as in § 153, denote by u^ the operator 

I • • . "r 



^Pl^Xi '" ^Pn^X^ ^X^}^pi ••' ^X^^pJ 

and by (u^, uA the alternant of u^ and tL. We have proved 
that this operator is derived from the alternant of the 
functions u^ and u • by the rule which derived the opei'ator 
u^ from the function u^. 

We have also proved (§ 159) that the operators u,, ...,u^ 
and P are unconnected. If we form the alternant of P and u^ 
we get 
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that is, the alternant of P and u^ is derived from the function 
(P— 1) u^ by the rule which derived Ui from u^. 

If then t^j, ...,^m ^^ functions forming a complete system, 
the operators tti,...,^m ^^^^^ ^ complete system; and if 
ttj, ..., u^ form a complete homogeneous system, Uj, ..., u^, P 
will be a complete system of (m+ 1) unconnected operators. 

The operators Ui,...,^m ^^^^^ & complete sub-system of 
operators within the system u^, ..., ^m-^* ^^'^ ^^ alternants 
(jt, Ui), ..., (P, u,J are each connected witli Uj, ..., u^. From 
these facts we conclude that the complete system of equations 

(Ui,/) = 0,...,(u^,/) = 0, 

admits the infinitesimal transformation 

p'i^Pi-^tpi, (i = l,.,.,n); 

and therefore, if f is any function annihilated by Uj, ...,^m» 
P/ will also be annihilated by these operators. 

.6 167. We shall now prove an important identity which 
wiU immediately be required. 

If u, t;, te; are any three functions of the variables 

then it will be proved that 

(u, (v, w)) + {w, (u, v)) + (v, (w, u)) = 0. 

Since (u,t;) = (u,t;) 

it follows that the operator derived from 

(1 ) (u, (v, w)) + (i^;, (i*, v)) + (v, (ti;, u)) 

is (51, (v, tZ^) + (m;, (u, v)) + (v, (w;, u)). 

Now by Jacobi's identity this operator vanishes identically 
and therefore (1) must be a mere constant. We next prove 
that this constant is zero. 

If we notice that 

(tw, tt;) = u (v, w)-{-v (u. It;), 

we may easily verify that 

(u*, (v, w)) + (w, (u2, r)) + (v, (ti;, u«)) 
= 2 w [(u, (v, w)) + (w, (u, v)) + (v, (i^;, u))] ; 

and we therefore conclude that the constant = 2u x some 
constant. 
Now u being any function whatever of the variable, this 
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can only be trae if the constants are zero; and therefore 
we see that 

(u, (v, w)) + {w, (u, v)) + (v, (w, u)) = 0. 

Another proof of this theorem is given in Forsyth, Differential 
Equationsy § 214. __ 

Let now tti, ...,'M'iii 1>© a complete system ; then t^, ..., u^, 
being unconnected, there must be {2n^m) unconnected 
functions of the variables which will be annihilated by 
Ui,...,u„i. Let these functions be v,, ...,t^„_^; we must 
now have (u^, Vj) = for all values of tne suffixes. 

From the identity 

('M'^ (Vj,Vik)) + (Vik, ('"'<, v^)) + (t'j-,(Vik,^i))=0 

we conclude that (u^ i'^ji'^k)) — ^> ^^^ therefore u^ (vj, v^ = 0. 
We therefore have the theorem : every alternant of v, , . --'^v.^n-m 
is annihilated by the operators Uj, ...^u^. 

Now every function annihilated by these operators will be 
connected with v^, . .., V2n-m '» *^^ therefore every alternant of 
Vj, ...,V2n-m ^s connected with this given set of functions; 
that is, 1;^, ..., v^^^^ is itself a complete function system. 

The fn, unconnected functions tt^, .•.,Uf,^ are annihilated 
by each of the {2n—m) operators Vj, ..., V2»_,», so that the 
two systems are reciprocally related, and each is said to be 
the polar of the other. 

If Ui,...,u„| is a complete homogeneotie system its polar 
system is also homogeneous. For u^, ...,^01 Is homogeneous, 
and v^ is annihilated by u^, ..., u„i ; therefore (by § 166) Pv^ 
is also annihilated by Ui, ...^Uf^; Pvi must therefore be a 
function of Vi , . . . , V2ii-m 5 ^^^ is, v^ , . . . , v^^^fg^ is a homogeneous 
function system. 

Suppose that we are given a system u^ ...^u^ such that 
(u^,tty) = i«;^.(Ui,...,uJ, i= l,...,mN 

any function whatever of u^, ..., u^ will be a function of the 
system, but we regard Ui,...,'^m <^ ^be fundamental set of 
functions of the system once we have chosen them ; if we 
were to change to an equivalent set of fundamental functions 
we should have to change the structure functions. 

§ 168. It must now be proved that the functions which 
are common to a system and its polar system — that is, the 
functions which are connected with t^, •.., ^m <uid also with 
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Vj, ..., V2n-TO — ^^1 themselves form a homogeneous system in 
involution. 

Let y^u -"^u^+q he a complete homogeneous system; hy 
properly choosing the fundamental functions of the system we 
may suppose that 'M^m+i* •••>'^m+g *^^ ^^^ functions of the 
given system which belong also to the polar system. 

Since '"'m+i, ...,'*^«i+g *"■© each annihilated by Uj, ...^u^^^ 
they are functions in involution ; and, since both the given 
system and its polar system are homogeneous, 

must be functions common to the two systems, and therefore 

must be functions of u^+i, ...,'M'm+2 5 *^* is, u^n+i^ •••>^m+g 
is itself a homogeneous system. 

We call this homogeneous sub-system of Uj, ...,u^+^ its 

Abdian ewb-aystem: if the Abelian sub-system coincides 
with the polax system, we say that the given system is 
a satisfied one. 

If a system is satisfied its polar system is then a system 
in involution; conversely, if a system is in involution, its 
polar system is satisfied; for, if 1;^, ..., t'2 n-m ^^ ^ system in 
involution, all of these functions must also be contained in the 
polar system tii, ..., ^m) which is therefore satisfied. 

§ 169. Let Uj^,...jU^ be a complete homogeneous system 
which is not satisfied ; its polar system is, we know, a homo- 
geneous one; but all the functions t^i, ..., v^n^^ cannot be of 
zero degree, else would the polar system be in involution, and 
^I'-'M^m A satisfied system. The polar system can then 
be thrown into such a form that v^ is of degree unity, and 

Vj, ..., V2ii-m ®*^ 0^ ^^o degree; and it can therefore be 
thrown into such a form that each of its fundamental set of 
functions ia of degree unity; for VuV^Vg, ...,t;iV2fi-m would 
be (2 71— m) unconnected functions of the polar system, each 
of degree unity. 

Since u^, ...,u^ is not satisfied, not all of the functions 
^i>«»MV2n-« ^^ *^® polar system can be connected with 
t^i, ...,u^. We may therefore suppose that t/j is not so con- 
nected ; and, as it is a homogeneous function of degree unity 
in involution with u^, ..., u^, we see that 

^l> •••>'W'm»^l 

is a complete homogeneous function system of order (m+ 1). 
Every unsatisfied system is therefore contained, as a sub- 
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system, within another complete homogeneous system whose 
order is greater by unity than that of the given system. 

We thus see that we can continue to add new functions 
to a given system, till it will finally be contained as a sub- 
system, within a satisfied system. 

§ 170. If we have two complete systems u^, ...,U|,} and 
^D •••>^m with the same structure functions ; that is, if 

(V,., Vj) = Wij (Vi, ..., vj, PVi = Wi (vi, ..., vj, 

then, if one system is satisfied, so is the other. 
To prove this consider the linear operator 

a/;<i(Ui,...,uJ^+... + 'M;^(tti,...,uJ^^, 

which we call the contracted operator of u^ . Let / (ttj , . , . , u^) 
be any function of u^, ...,u^; then, since 

we see that the contracted operator of u^ has the same efiect 
on any function of u^, ••M'^m ^ ^^^ operator u^ itself. 
The contracted operator of P is 

t/;i(Ui,...,uJr-~+...+ti;^K,...,uJ 



The Abelian sub-system of Ui,...,u^ consists of the 
functions annihilated by the contracted operators of u^, ..., u^. 

If Uj, ..., u^ is a satisfied system, every function annihilated 
by Uj, ...,Uf,^ is also annihilated by the contracted operators ; 
and therefore there are (2 7i— m) functions of Uj, ...,u^ which 
are annihilated by the contracted operators. Since the con- 
tracted operators of v^, ...,v^ are of exactly the same form 
in v^, ...,v^ that the contracted operators of u^, ...yU^ are in 
"^19 •••)'^m> ^^ follows that there are (272^—771) unconnected 
functions oiVi,..,fV^ annihilated by the contracted operators 
of Vj , . . . , v^ ; and therefore Vj , . . . , v^ is also a satisfied system. 

If Uj, ..., u^ is an unsatisfied system, we have proved that 
a homogeneous function u^^^ can be added to it, such that 
^m+i is of degree unity, and in involution with u^, ...,u^. 
Ii then we have two systems u^, ...,u^ and v^, ...,v^, with 
the same structure functions, we can add ^,^4.1 to the first, 
and v^+i to the second, in such a way that u^, ..., u^^^ and 
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^i)**«)^m+i ^^^ ^^^ remain homogeneous function systems 
of like structure. 

We thus see that if we are given two systems Uj, ..., u^ 
and v,y...,v^, of like structure, we can add functions to 
each, in such a way that the new systems become satisfied 
simultaneously, and have, when both satisfied, still the same 
structure. 

§ 171. We must now show how a complete homogeneous 
system is to be reduced to its simplest form. 

We first find the Abelian sub-system of the given system 

Uj, ...,u^, ti'TO+i, ...j'^m+g'' ^ ^^ *^^ ^* ^ ^^y necessary 
to form the contracted operators of u^, ..., ^,^4.^, and then to 
find the functions of '^d •••^'^m+g which these annihilate. 
We may now suppose that the fundamental functions have 
been so chosen tnat ^m+D •••>'^m+9 ^^ ^^^ Abelian sub- 
system ; and we further suppose that each of the functions 
u^, ••'f'^m+q ^^ given in homogeneous form, so that u^ is of 
degree s^, in the variables p^^ '"iPn* 
Since the contracted operator of u^ is 

we see that the contracted operators of u^+i, ...,u„|+^ vanish 
identically. 

The contracted operator of Uj , where j does not exceed m, is 

and these contracted operators of u^,...,u^ cannot be con- 
nected. For if they were connects, they would form a 
complete system of operators in u^, ..., u^, and would therefore 
have at least one common integral which would be a function 
of U| , . • ., u^ . Now this integntl, being a function annihilated 
by tu, ••M^m+o) would be an Abelian function of the group, 
which would be contrary to our hypothesis that u^+i, •••I'^m+o 
are the only unconnected Abelian functions in the system. 
The contracted operator of P is 

and we have (as proved for the more general case in § 159), 
(1) P5;<-u^P = (8<-l)u^. 
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We have proved that we may take the functions of the 
system in such a form that they are either all homogeneous 
of degree zero, or all but one of degree zero, and that one 
of degree unity. 

In the first case the functions are all in involution and the 
system cannot be thrown into an^ simpler form. 

In the second case the function of degree unity may be 
an Abelian function^ or it may be a non-Abelian function 
of the system. 

We consider these alternatives ; and we first suppose that 
the Abelian function u^+i is of degree unity, and that 
ill, •••>'^TO>^i»+2» •••>^i»+j ^^ ©*w5li of degree zero. 

§ 172. Each of the alternants (u^jUj), ..., (iii,u^) will now 
be of degree minus unity, and thereiore 

will each be homogeneous functions of degree zero ; and, as 
they are functions of u^, '"f'^m+q* ^ of which except u^+x 
are of zero degree, we conclude that they are functions of 

It now follows that some function of 

can be found, say /(u^, ...,^^^,^'^+2, —i^w+j)* such that 

and therefore (since UjU^+j = 0) u^+j / will be a function 
of Uj, ...,u^4.^, of degree unity in p^, ...,p^, and such that 

Since v^m+if cannot be an Abelian function of the system 
(else would it be in involution with u^, and annihilated by u^), 
we may therefore take the functions of the fundamental 
system in such a form that u^ and also u^^+i are of unit 
degree, whilst all the other functions are of degree zero ; 
(^1,^2) = 1, and u^+i, .'.j^wi+g *^® Abelian functions. 

Since (u^Ug) = IjUj and U2 '^^ ^ permutable, and there- 
fore the contracted operators of v^ and U2 '^^^ ^^o be per- 
mutable. There are therefore (m + g— 2) unconnected func« 
tions of itj, ...,u^4.^ annihilated by u^ and U2 > <^^> from the 
formula (1) of § 171, we see that if /(u^, ...,u^+j) is one 
such function jy('M'i,...,^m+g) '^^^ ^ another such. These 
functions therefore form a complete homogeneous function 
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system in themselves; and, since (^^^^^2) = 1, each one of 
these functions must be unconnected with u^ and U2. 

It follows from the above discussion that we may take the 
fundamental functions of the system in such a form that 
Uj and Ug are in involution with v^f-iV^m+q] that 

are Abelian functions, and (Uj,uJ = 1 ; and further that Ug 
and u^+i are each of degree unity, whilst the other functions 
are of degree zero. 

Since 'M^j ...,^,n+g ^ °^^ ^ itself a complete homogeneous 
function system, we may treat it in a similar manner, and 
thus reduce the function system to the form 

where Uj, ...,u,,t;,+2, ...,^,+0 are each homogeneous of zero 

degree, and t^i, ..., v«+i ^^ ^^^ homogeneous of degree unity; 
and where further 

(ti^, Vi) = (Ug.Vg) =...= (u„t;,) = 1, 

all other alternants of the system vanishing identically. 

If instead of the functions v^+d •••>t;^4.o) we take the 
Abelian functions %+i, v,+iV,4.2>««'>v#+iV«+g> we obtain the 
normal form. In this all the functions Uj,...,u^ are of 
degree zero, all the functions v^, '--jVs^q ^^ of degree unity, 
and 

(A) (Ui,t;i) = (UjjVg) =...= K, V,) = 1, 

while all the other alternants of the system vanish identically. 

§ 178. We next take the case where all the Abelian 
functions are of degree zero, and we take u^ to be of degree 
unity, whilst all other functions of the system are of zero 
degree. 

Since (Uj, Ug), ..., (u^jUj 

are each homogeneous functions of degree zero, they must be 
functions of ^^2, ...,u^4.g only; and we can therefore find 
a homogeneous function of degree zero, say /(Ug, ...,u^+^), 
such that — / _ , 

We now see as in the last article that we may take the 
functions of the system to be 
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where (t^i, ttj) = 1, and all the other functions are in involution 
with these two, and form in themselves a complete homo- 
geneous function system* 

The system U3,...,u^^.^ cannot have all its functions of 
degree zero, else would uiese functions all be Abelian within 
the system Uj, ...,u^+g, which is contrary to the hypothesis 
that there were only q such functions. 

We may therefore, since the Abelian functions are each of 
degree zero, take U3 to be of degree unity. 

We then, as before, reduce this system to the normal form 

where u^^...^iu^ are homogeneous of degree unity, and 
^1, .•.! v^+g homogeneous of degree zero, and where 

(Ui,Vi) = (U2,V2) =...= K,v,) = 1, 

whilst all the other alternants vanish identically. 

Every complete homogeneous system is therefore such that 
all its functions are 01 degree zero, and therefore all its 
alternants vanish identically ; or it is equivalent to one of the 
two forms (A), or (B). 



m 



§ 174. It is important to notice that, in bringing u^, ...,u 
to normal form, we replace these functions by an equivalent 
system of fundamental functions 

and to find the forms of the functions f^, •••^fm ^^ ^^ ^^^ 
make use of the operators u^, ...,u^ themselves, but only of 
the contracted forms of these operators, viz. 

1 Wl 

If therefore n^y.,„u^ and v^, ..., v^ are two complete homo- 
geneous systems of like structure, and, if 

is a system equivalent to t^, ...,u^ and in normal form, then 

will be a function system equivalent to v^y,.,yV^y and will 
be in normal form. 

§ 175. We can now prove that a complete homogeneous 
system, which contains Abelian functions, is contamed as 
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a snb-system within a larger system, not containing any 
Abelian functions. 

We take the system in normal form (A) 

where Vi, ..., Va+g *^ ®*^^ ^^ degree unity. 

The functions v^, ..., u,, v,, v«+2> •••>^«+g ^^"^ ^^^m a system 
complete in itself; if we form the system polar to this it 
must contain Vg^^ ; but in the polar system v^^^ cannot be an 
Abelian function, since it is not a function of the system 

We can therefore find within the dual system a homogeneous 
function of degree zero, say u^+i, such that 

We now have the homogeneous system 

which is of normal form but only contains (9^1) Abelian 
functions. Proceeding similarly, we finally obtain a system 
of (28 + 2^) homogeneous functions 

such that 

and all other alternants vanish identically; Ui,...,^^^.^ are 
each homogeneous of degree unity; Vi,...9^«4-g &^^ ^^^ 
homogeneous of zero degree; and there are in the system 
no Aoelian functions ; that is, no functions in involution with 
all functions of the system. 

We should obtain the same results had we taken systems 
of either of the normal forms 

where v^, •••, t;^^^ are each functions of degree zero ; or 

where t;^, ...jt;^ are all of degree zero, and therefore all in 
involution. 

§ 176. In a satisfied system, since the polar system is now 
the Abelian sub-system, gr = 2n— 28— g, and therefore 

28 + 2gr = 2n\ 
if then we apply this reasoning to a satisfied system we see 
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that it is contained in a system of order 2ii, which has no 
Abelian functions. 

As we have proved that every complete system is contained 
as a sub-system within a satisfied system, we see that every 
system is a sub-system within a homogeneous system of 
order 2n, 

If iiij ••M^m And t;^, •••) ^m &ro two complete homogeneous 
systems of the same structure, we can then take, as a funda- 
mental set of functions of the first, a system 

and as the fundamental functions of the second 

and we can add functions to each of these systems, till finally 
we have two function systems, of order 2 7i, which will be 
in normal form, will contain no Abelian functions, and will 
be of the same structure, with /{(t^, ..o^m) corresponding 
to/^(Vi,...,vJ. 
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CHAPTER XVI 

CONTACT TRANSFORMATIONS 
§ 177. We know (§ 154) that if X^, ..., X^ are functions of 

homogeneoos and of zero degree in p^, •••» j>ii9 ^ necessary 
and sufficient conditions, in order that 

Xj = Oj, ..., X^ = a,| 

may be a PfiEiffian system of equations, for all values of the 
constants Oj,..., a., are that JT^, ...,jr,^ should be unconnected 
functions in involution. It follows fhAt Pidxi + ...+p^dx^ 
will be a sum of multiples of dX^, ..., dX^ if, and only if, 
X^, ..., X^ are unconnected functions, in involution, and homo- 
geneous in p^j ••., p^ of zero degree. 

If then we know n unconnected functions X^, ..., X^ satis- 
fying these conditions, n other functions P^, ..., P,^ of the 
variables o^, ••., x^, p^, ..., p^ can be found such that 

Pj^dX^-^-.^.+P^dX^ = p^dx^-^- ...+p^dx^. 

Let us now seek the conditions in order that 

ajj =^ X^y j/^ = P^, (i = 1, ,.., n), 

where X^, ..., X^, P^, ..., P^ are unknown functions of 

a?j, ••., a;,|, j?^, •••iP%i 

may lead to the equation 

Consider the Pfaffian equation 

^p^dx^'-^p(idaf^=i 
in the 4n unconnected variables 

fljj, ..., ^n, |>j, •••9 Pus il^j •••! X^i Pit •••! |?n« 
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The necessary and sufficient conditions that the 2 n equations 
(1) aji~X^=0, Pi-Pi = 0y (i=l,..., oi) 

should satisfy it are the three following. 

Firstly, the equations must be unconnected ; this condition 
is evidently satisfied since o^, •••9^9 i4) ••nPn ^^ unconnected. 

Secondly, the equations 

a^— X| =0, (i = 1, ••., n) 

must be homogeneous of .zero degree in p^, ..., p^, p^^ ..., p^; 
and therefore X^, •••, X^ must each be homogeneous of zero 
degree in p^, •••yPn- Similarly we see that JP^j ••., P^ must 
each be homogeneous of the first degree in jp^, ..., p^. 

Thirdly, the eauations must be in involution. It is easily 
seen that the following identities hold for aJl forms of the 
unknown functions X^, ..., X^, P^, ..., P^, viz* 

(ajj— X<, a^— ^fe) = i^i^ ^k)i 

{afi^Xi, /^-P^) = {afi, p'^) + (X„ P^ = (X„ P,) if i ^ h 
(a^,-X„/>i^P,)=(a^„^;) + (X„P^=-l + (X„P^, 
(pi~P„/,-P,) = (P„P,). 

If then the given equations are in involution, we must have, 

for all values of a?i9 •••) a?^, J>x' ***>?«> ^>«*m ^) j^i^ •••>!'» 
satisfying the equations (1), 

(X,,X;^ = 0, (X<,P^) = if i#i, (X^,P^=1, (P^Pfc) = 0. 

Now from the given equations (1) no equation connecting 
a^, •••, fl^n, Py^y '''iPn ^^^'^ ^ deduced; and therefore the given 
equations cannot be in involution, unless we have identicaUy 

(X<,X;^ = o, (X<,P^)=o i£i^k, (X,,P^ = i, (P„P;^ = o. 

We therefore have the following important theorem : 
afi = Xi, Pi = Pi, (i = 1, ..., n) 
will then, and then only, lead to 

^Pidafi=^PidXi; 
that is, to the identity 

^PidXi^^Pidxi, 

if Xi is homogeneous, and of zero degree in p^y ••nPn> ^i ^ 
homogeneous, and of Uie first degree in j^^, ..., ^n, and 

(Z„ Zfc) = 0, (Z,, Pj) = if i ^ *, (Z„ p,) = 1, (p<, Pj) = 0. 

Q3- 
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It must now be proved that there cannot be any functional 
connexion between X^ , . . . , X^, P^ , . . . , P^. 

§ 178. Suppose that it were possible to express P^ in the 
form P^ = F(Xi,..., X^, Pi,...,-Pn-i)» 

where V is some functional symbol ; then we should have 

(X„, F) = (X„, PJ = 1 ; 

and, since X^ is in involution with X,, ...,X^, Pi,...,P^_^, 
it must be in involution with V, and therefore (X„, V) would 
be equal both to zero and to unity. 

There cannot then be any connexion between Xj, ... X^, 
Pj, ..., P,i involving any of the functions P,, ..., P„. Suppose 
that there could be a functional connexion between X^, •••, ^n 
alone ; then, since the equations 

Xj = «!, ...,X^ = a^ 

(where 04, ...ja^ are any constants) satisfy Ffaffs equation 

we know from & 154 that the given equations must be uncon- 
nected ; and this result is inconsistent with the hypothesis 
of X, ...,X,, being connected. 

We conclude then that X^, ...,X^, P^, ...,P„ are entirely 
unconnected ; and therefore 

(1) a^i = X^, 2>i = ^<i (i=l,...yn) 

will be a transformation scheme since by means of this equa- 
tion system we can express each of the variables Xi^ ...,x^f 

P\y •*'iPn ^ terms of iCj, ..., a^, p\i •••>Pn» 

The transformation scheme (1) is said to be a homogeneous 
contact transfoTTnation scheme, since it does not alter the 
PfafSan expression, but transforms 

i^n tan 

^Pidx^ into ^Pidaf^. 

The scheme we are considering transforms elements in space 
a^,...,Xn into elements in space o^,...,^; and, if two con- 
secutive elements of the one space are united, the corresponding 
elements of the other space will be united. The danger of 
a geometrical misinterpretation must be guarded against: 
thus, if il is a point in one space and a a plane through A, 
the point and the plane together make up an element 01 that 
space ; if J? is a second point in the same space and fi a plane 



179] 



CONTACT TRANSFORMATION 



229 



through it then we have a second element in the same space. 
Let now ^^ be the point in the other space which corresponds 
to the element A, a (not merely to the point A) and a^ the 
plane through A' corresponding to the same element ; and let 
B^ and ^ have similar meanings with respect to B, fi. If B 
lies on a it is not at all necessary that B^ should lie on a\ 
If, however, B is contiguous to A, and )3 to a, then B, p ib 
a contiguous element to il, a ; and, if B lies on a, they are 
united elements; we then see (the transformation scheme 
between the elements being a contact one), that R lies on a, 
and A' on fi\ and that R, p and A\ a are united elementa. 

§ 179. It is important to notice that the contact transforma- 
tion scheme is altogether known when we know the functions 
X^, ...,jr^. To prove this let the known functions, homo- 
geneous, of zero degree in Piy*jPn> &^d in involution, be 
Xj, ..., X„. We have proved that functions P^, ...,Pn P^^st 
exist such that 

and therefore by the reasoning of § 178, 

X X P P 

will be unconnected, and 

cd^ = J<, ^ = Pi, {i = J, ...,7i) 

will be a homogeneous contact transformation. 

That the functions Pj, ..., P,i are known, when Xi, ...,-3r„ 
are known, follows from the equations 



ft = n 



» = » 



l.f'^-p.~ 2f,g=o. 



(£ =: 1, ...,n). 



These equations could only then fail to determine P,, ..M-^n 
uniquely in terms of a^, ..., a;„, Pxf.,Pn when all Ti-rowed 
determinants of the matrix 












hX 



n 



aZi 



da:« * ^Pi 



ax 



n 



n 



^Pn 



vanish identically, that is, when X^, ..., X„ are connected; and 
as Xj, ...yX^ are unconnected the equations do not £eu1. 
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The problem then of finding a homogeneous contact trans- 
formation is that of finding n unconnected functions of zero 
degree in p^, ...,i^n> ®^d mutually in involution; and to every 
such system of functions one contact transformation scheme 
will correspond. We have shown in Chapter XIV how this 
problem depends on the solution of a complete system of linear 
partial differential equations of the first order ; and we have 
also seen how, when we are given m of the n functions in 
involution, the remiuning (n^m) are to be found. 

Exavaple. Any n unconnected functions of o^^, ..., or^ are in 
involution and of zero degree; the contact transformation 
scheme, however, which corresponds to this solution of the 
problem, will be a mere point transformation. 

If on the other hand we take any (n^l) unconnected 
functions of p^, ...yp^ot zero degree they will be in involu- 
tion ; as there cannot be more tiian (n—l) such functions the 
n^ function of the involution system must involve a^^ ...^x^. 

Let us take ^,...i^^=^ as the (n — 1) functions: and let 

P^ P^ . . . V 

V be the n^ function ; since it is in involution with — we 

1 ^v Pi ^v , ^^ 

must have — ^^ ^ r — = ; we therefore have the fol- 

lowing equations to determine v : 

Pi "" P2 Pn ' 

and may take t; to be the function 

PlXi+...+Pnain 
Pn 

We now have n unconnected functions in involution, and 
of zero degree, viz. 

T - Pi r - P«-l Y - Pl^+'-'+^w^n 

^ Pn ""^ Pn * Pn 

The identity 

PidXj + ...+P^dX^=Pidx^ + ...+p^dXn 
gives us 

Fn Fn 
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and therefore 

We thus have the homogeneous contact transformation 

§ 180. By a homogeneous contact transformation any 
Pfaffian system is transformed into a Pfaffian system. For if 

are the equations of a Pfaffian system ; the contact trans- 
formation 

(2) off = 2i, j/f = P<, (i = 1, ..., n) 

will transform these equations into some other n equations, say 

What we have therefore to prove is, that any consecutive 
values of 0^, ...,a4» Pi^ •••>i^n satisfying the equations (3) will 
satisfy the equation 

Now to two consecutive values of o^, •.•,a4> j^> •••)^n satis- 
fying (8), there will correspond two consecutive values of 
^)*«M^n) Pii'^'iPn satisfying (1); and therefore— from the 
definition of a F&ffian system — satisfying the equation 

Pido!>i+ ...+p^dXn = 0. 

Since the transformation is a homogeneous contact one 

2)icZa4 + — +i>n^ =l>xda?i + .,.+^^(te„= 0; 

and therefore the equations (3) satisfy the definition of a 
Pfaffian system. 

If we luiow any integral of an assigned differential equation 
of the first order, we know how to write down a Pfaffian 
system which will include the assigned differential equa- 
tion. If to this known Pfaffian system we apply any known 
homogeneous contact transformation, the assigned differential 
equation will be transformed into another equation, of which 
we shall know the Pfaffian system, and therefore the integraL 

It is at this point that we begin to see the advantage of 
Lie's extended definition of an integral of a given equation. 



282 DIFFERENTIAL EQUATIONS AND [180 

The assigned differential equation may only have an ordinary 
integral, that is, the PfamiEin system, whidi contains it, may 
have only one generating equation ; yet possibly the equation 
into which the differential equation is transformed will have, 
as the Ffaffian system including it, one generated by two or 
more equations. 

It may even happen that by the contact transformation the 
assigned differential equation is transformed into an equation 
only containing o^, ••., o^* that is, into a generating equation 
of tiie Ffaffian system. 

§ 181. Example. Consider the equation 

of which a complete integral is easily found, viz. 

bx^^ + ca^ + X2^x^—ax^ + ^a^x^x^=: 0, 

where a, 6, c are arbitrary constants. 

'Hf{x^y •••) o^iJ = is an integral of an assi^ed differential 
equation <(> (a^, ..., x^y p^y ..., pj = 0, then this integral gives 
us the Ffaffian system 

_y ""^ ^' •'"■"* 

^Xi ^{C2 dx^ 

and, since from the definition of an integral, <^ = is deducible 
from these n equations, it must be one of the equations of 
the system. 

In the example before us it is then only necessary to add 
two conations to the given differential equation and its 
integm, in order to have a Ffaffian system ; the third equa- 
tion which we could obtain would be connected with tnese 
four. 

We may take these equations to be 

2ax^p^+XiP^= 

and ia^x^p^'-'{x2^ + c + 2ba^ + ^a^xjp^ = 0, 

and, by aid of the given integral, the second of these is thrown 
into the more convenient form 

The Ffaffian system with which we are now concerned 
is then 

(1) 2flSjaiV-fliV2l^4 = 0, 

(2) 6a^"+ca^+flSj"flJi-aa?i* + 4a"aiaj4 = 0, 
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(3) 2ax^^ + XiP^=0, 

(4) 4 a*aj3«^3 - (bx^^ + aa^^) p^ = 0. 

If we apply to this system the oontact transformation, 

^ Pa ^ Pa ^ Pa * Pa^ Pa ' Pa^ * 

Pi = -i»i^4> /2=-aJ2l^4» P'^^-^PAy PA=PAy 
we obtain the four Ffaffian equations 

(2) ¥z'-cp'^',-p?§-(^p? 

Pa 

-^CL^P3{P'A+P2^2+P'A'^PWa} = ^y 

(3) 2ap;a4+2?i=0, (4) 4a«;>;«a^-6p;2_a?^« = 0. 

Eliminating PiyP2iP3iPA ^^^ these equations, we obtain, 
after a little mbour, not one but two equations, viz. 

4a3a4«-4a2a^ + 6 = 0, c^ia% + 4a^af^ = 0. 

It follows, therefore, that by the contact transformation we 
pass from the equation 

^^^^Pi-^P2PA^^y 
with its ordinary complete int^ral 

hx^'\-cx^-\-x^x^^aa>^'\'^a?x^x^=^ 0, 

to the equation PiP^ <^% + ^PiP^ ^ = 0> 
with Lie's complete integral 

4a'aji*— 4a*a:^ + 6 = 0, c— 4a*as2 + ^^*^4 = ^• 
Exa/mple, Any equation of the form 

Pn Fn 

is transformed by the contact transformation 

P[ = ''^Pny'"yPn-i = -^n-lPny Pn = Pn 
into ^n=/(^»-->a4-i)- 

This would not be a differential equation at all, according 
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to the usual definition, but is one in Lie's sense; and, since 
we know a complete integral of it, viz. 

(X^ = ttj, •••, x^ = (1,1, 

where 04, ..., ^n ^^ constants connected by the law 
we at once deduce that 

is a complete integral of the given equation. 

§ 182. The functions X^,..., X„, Pj,..., P„ which define 
a homogeneous contact transformation satisfy the conditions 
of beinff a complete homogeneous system of functions in 
normal form; for 

(X„ P^ = (Z3, P^ =...= (Z„. PJ = 1. 

and all other alternants of the system vanish identically; 
whilst Xj, ..., X„ Are homogeneous of degree zero, and 
Pj, ..., -Pn homogeneous of degree unity. 

If we are given two homogeneous function systems of like 

structure y,^^ ,,^^ ^^ and v^, ..., v^, 

we must now prove that they can be transformed, the one 
into the other, by a homogeneous contact transformation. 

are functions equivalent to t^, ..., u^, and such tbat/^, ...,/» 
are in normal form, we know that 

will be a function system equivalent to v^,..., t;„|, and of 
the same normal form as 

Also if a contact transformation 

^ = -3^<> 2^ = -P<» (^ = 1> •••» ^) 
transforms fj (Vj, ..., v^j) into fj (t^, ..., u^) for all values of 
the suffix J mm 1 to m, that is, if 

fj K> •••> ^n) ^fi ^ '^m)> = Ij •••» ^)» 

where i^. denotes the same function of a4> •••> ^1 ^u •••» /^» 
that t;^ is of fl?^, •••, a;„, j?^, ..., p^, then will 

t^ = ttj, (; = 1, ..., m). 
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In order, therefore, to prove that two homogeneous function 
Bystems of like structure are transformable into one another 
by a homogeneous contact transformation, it will only be 
necessary to prove that two such systems of the same normal 
form are so transformable. 

We have seen that to t^, ..., u^ we can add functions 

^m+i>-*->^2n» ^ "^v ••M^2ii is ft system of order 27i, con- 
taming no Abelian functions, and in normal form ; these 
2n fimctions will therefore define a homogeneous contact 
transformation scheme. If we similarly add functions to the 
system Vi^.^v^ till it forms a complete homogeneous system 
of order 27i, containing no Abelian functions, and in normal 
form, then t^i, ..., Vo^ will also define a homogeneous contact 
transformation scheme. 

In these two systems u^ is homogeneous and of the same 
degree in p^, ...yp^ that v^ is, viz. unity or zero; and when 
we say that the two systems have like structure we mean 
that u^ in one system corresponds to t;^ in the other. 

We may suppose that te^, ..., u„ are the functions of zero 
degree, and tt^+D ..., u^n the functions of degree unity ; 

< = ^<> Pi = '^n+o (i = 1, ..., n) 
will then lead to 

^Pidaf/ = ^Pidx^; 
and ai' = tij> // = <+<> (i=l, ...,w) 

will lead to ^Pida^i =2/< <^i' 

It follows that the equations 

u< = t;J, (i = l,..„2^) 

will lead to ^Pidaf^=^p^dx^\ 

that is, the functions t^i, ..MV2n ^^ transformable to the 
functions it^, ..., U2<p^ by a homogeneous contact transforma- 
tion scheme; and in particular Vi^.^.^v^ are transformable 
into Uj, .•„ u^y v^ being transformed into u^. 

§ 183. Having now proved that two complete homogeneous 
systems of the same order and structure are transformable 
into one another by a homogeneous contact transformation. 
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we shall now investigate the conditions under which it is 
possible to transform any m given functions Vj, ..., v^ re- 
spectively into the given functional forms Ui, ..., 'W'^j hy 
a homogeneous contact transformation. 

Let fl^ = -^<> ^i = J^j (i = l,...,^!) 

be a homogeneous contact transformation ; we have 



» = n ^ »-n 



Suppose that this contact transformation transforms Vj into 
Uji where 

Vj = <I>J i^i '••f^ny Pv*9Prd and '"y =^- (^i> •••J^n» ^'l* --jPn)* 

80 that 
then 

», =Z (X,. xj '1 4 +2 «, pj '4 4 

that is, by the conditions for a homogeneous contact trans- 
formation, 

From the mere fact that Uj = i/j we could not of course 

conclude that Uj = v(ji we were only able to draw this con- 
clusion from the forms of the functions X^, ..., X„, Pj, ..., P„ 
which define the homogeneous contact transformation. 

Since Uj = ?^, and u^ = ^/^, 

Uj.u^ = tlj. t/J; and therefore (uy , u^) = (t^., vJ) ; 

and therefore the transformation, which transforms t;i, ...,t;^ 
into t^,...,t6n respectively, must transform the alternant 
(v^, Vj) into the alternant (U{,Uj). 
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Again since 



» = n ^ .^ ^ » = n 



and, as X^, ..., X^ are of zero degree, and P^, ••., P„ of degree 
unity, we therefore have 

The transformation then which transforms v^ into U4 must 
also transform Pv^ into Pu^. 

From these considerations we see that, given the functions 
Vj, ..., t;^ and ti^, ...j'^m) ^^ must form the complete homo- 
geneous systems of which they are respectively functions. 
To do this form the alternants from Viy ...yV^ and also the 
functions Pv^, ..., Pt;„^ ; if by this means we obtain no function 
unconnected with t^x' -•*> ^m ^^^ system is complete and homo- 
geneous; if, on the other hand, we obtain a new function 
we add it to t^i,..MVm> ^^^ proceed similarly with the new 
system. As there cannot be more than 2n unconnected 
functions of x^f.^x^^y Pi^'^.^Pn '^^ must thus ultimately 
arrive at a complete homogeneous function system. When 
we have formed the two complete homogeneous systems of 
lowest orders which contain the given sets of functions, we 
can tell whether or not the systems are of the same order and 
structure; if they are, the given functions v^y.^.yV^ are 
respectively transformable into u^y.^^yU^ by a homogeneous 
contact transformation, but otherwise they are not so trans- 
formable. 

Thus any homogeneous function can be transformed into 
any other of the same degree ; for the function group of each 
is of order one, and the structure the same. 

In particular, any homogeneous function u of degree unity 
can be transformed into Pi ; and therefore the operator u can 

be transformed into r — by a homogeneous contact trans- 
formation if, and only if, u is of degree unity. 

So if otj, ..., u^ are m unconnected homogeneous functions, 
each of degree unity and mutually in involution, they can be 
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transformed into Ptf.iPmi ^^^ therefore t^, ..M^m can be 
transformed intor — > •••> r — respectively. 

§ 184. Although in considering the theory of Pfaffian 
systems of equations it is much more convenient to work 
with the homogeneous equation 

vet in particular examples, and in the cases ti = 2, and ti = 3, 
it is often simpler to take the non-homogeneous form 

(1) dz = Pidxi + ,.. +PndXn. 

It is dear that to satisfy this equation we must have at 
least (n + 1) unconnected equations between 

^>^>««»>^n> Pl9 •••fPni 

but instead of considering this eauation independently we 
may deduce its theory from that of the corresponding homo- 
geneous equation. 

I^t « = yn+r «i = Viy —»»« = y«i 

(2) 2>i = ^.-M^J^S —* 

?n+l ?n+l 

where q^^^ is not zero ; then the equation (1) is equivalent 
to the nomogeneous one 

?i%i + ..- + ?n+idyn+i = 0. 

To satisfy this equation we must have (^+1) unconnected 
equations in y^^ ••., j/m+n 9v **-'?n+i I ^^^ ^ order that 



•M — ^> •••> -^^ri+l — ^ 



n+l 



may satisfy the equation, for all values of the arbitrary con- 
stants, it is necessary and suiBScient that F^, ..., F^^^ should 
be (71 + 1) unconnected homogeneous functions of 

in involution. 

Let Z be the function in z, (B^, ...i^n'2'i> •••' j>n equivalent 
to ^n+il and X^, ...,X„ the functions which correspond to 
Fj, ..., F„ respectively. 

If jPis any function of yi,...,y^+i, -2l. -25-, it is also 

?n+l ?n+l 

a function of Ai,...,a;||»^)j'i) •••>2'n> ^ which form we shall 
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denote it by ^ : we then haTe ^s <&, and 
JF _>1> iF 1_*^" ^ 

wr^* Si;— ^5^/ <*-* '*>• 

If we now denote the expression 
by [^v]«,c,p9 we deduce that 

We conclude therefore that the necessary and sufficient 
oonditionSy in order that 

may satisfy the equation 

axe [z, zj = 0. [X,. xj = 0. (j ^ J; •;;• I) . 

If two functions u and t; of the yariables Zjic^, ...,x„y 

fif^i^n *r® ®^^ ^*^ ['^»^]«,a!^ = ^' we say they are in 
inyolution. Similarly we say ' that two equations u = 0, 
t; = are in involution if the equation [i^yvj^^^,*) = is 

connected with u = 0, t; = 0. We generally omit the suffixes, 
and write [uyv] for [^,t;],,aj,|)> "^® vanables «^,ai,...,^nj 
Pif^ipn being understood. 

The equations Z = 0, X^ = 0, ...^X^ = 0, 

will then, and only then, satisfy the Pfaffian equation 

dz = PidXi+ ... +Pndx^i 

when they are unconnected and in inyolution. 

It follows that (n+1) unconnected equations in inyolution 
cannot all be equations in o^, ...yX^, Piy •••%Pn o^y> hut must 
contain z ; else would they not lead to 

dz = PidXi-\- ... '¥Pndx^. 
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We may prove this last result independently thus ; suppose 

Z=0, Xi = 0, ...,X^ = 

do not contain 0, we then see that 

[Z,Xi] = (Z,Xf) and [Z„X;,] = (X,. Xj) ; 

we now have the (^ + 1) unconnected differential equations 

(ZJ) = 0, (Xi,/) = 0, ...,(X„,/) = 0, 

with the (^+1) unconnected integrals 

X^—Oi = 0, ...,X„— a^ = 0,Z— a^+i = 0, 

and this is impossible, the equations being in 27i variables 
only. 

§ 185. Suppose we have (^+1) unconnected functions of 
z, iCi, ..., x^, Pij ..., ^^ in involution, viz. Z, Zj, ..., X„. If we 
apply i^e transformation (2) of § 184, the identities 

[Z,ZJ = 0, [X<,Xft]=:0 

are transformed to 

(^'■^i>=»- (;:l;:::::ti)- 

We have therefore (n+ 1) unconnected functions of 

homogeneous and of zero degree in q^^y ..,, Qn+ii a^d in in- 
volution. We can therefore write down the homogeneous 
contact transformation 

2/i= Yo 9i = 0^ (i= l,...,7i+l); 

and, since 2?i^2/i=2?Wy<> 

we see that, if 

P< = -7?^* (i=l,...,n), 



Q 



n+i 



Therefore 

(1) 2' = ^, *i = X,,p; = P, (t = l,..., «) 
will be a transformation, with the property 

ds^-p'i da^- ... -y„(Z< = p {dz-pidxi- ...-p^dxj, 
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where p = j^^ > and is therefore a homogeneous function of 

Vii •••> Vn+iy 9i> -••» ?n+}> ^^ ^^^ degree, and therefore a func- 
tion of 0, i^,..., a;„, Ply...yPn' 

A transformation such as (1) is called a contact trcms^ 
formaiion\ and we see that, when we are given the (n+1) 
unconnected functions in involution, viz. Z^ X^,..., X^, the 
contact transformation is entirely ^vea 

Hie functions P,, ..., P„, as well as the factor p, may be 
obtained algebraically from the equations 

• 

i^J2i^,^< = 0. (A:=l 71). 

^Ph ^ *^Pk 

The contact transformation 

/=Z, a^< = X^, p'i^Pi, (i=l,..., 7i) 
has the property of leaving the Pfaffian equation 

dz—p^dx^ — . . . —Pnd^n = 

unaltered ; and therefore — fi*om the general definition of a 
group — the system of all contact transformations, regarded as 
transformation schemes in the variables :2^, ^i , . . . , ^n > ^i » * - • > Pn9 
generates a continuous group, though of course not a fimte 
continuous group. 

§ 186. Eoccmiple. The variables being ^i, ^2* ^s* ?ij ?2> ?3» 
ana Ui^u^jVi, V2 being unconnected homogeneous functions of 
zero degree, such that every function of te^, 0^2 is in involution 
with every function of ^1,^2* ^^^ '^i ^^^ ^ involution with 
U2, nor Vi with V2, it is required to find simple forms to which 
these functions may be reduced by a contact transformation. 

The alternant (u^, U2) is of degree minus unity, and cannot 
therefore be a function of u^ and U2 ; we have therefore three 
unconnected functions u^, U2, and (u^jU^); and, as t;^ is in 
involution with u^ and 0^2, it is also in involution with 
(Uj, 0^2). We thus see that Uj, U2 and (uj, u^ are three 
unconnected functions of a homogeneous system ; and that 
there are at least three unconnected functions in involution 

GAMPBEU. ]2 
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with each of these fimctioiis, yiz, r,, r, and (i\, v^ ; it there- 
fore follows (since the number of variables is six) that there 
cannot be more than three functions in the system containing 
tt|, U2 and (Uj, U2). The conclusion we draw is that u^, u,, 
(Uj, uj form a complete homogeneous fdnction system, and 
that Vj9 r,, (t'l, r^) is its polar system. 

Since Uj, tt^ (ti^, 1X2) is a system of order three, it must 
have at least one Abelian function. We see this by recalling 
the normal form of a complete system ; or we may prove it 
independently by writing down the contracted operators of 
a complete system of order three, when, since toe Pfaffian 

(ti„tti), , K,ti^ 

identically, we see that not more than two of the 
contracted operators can be nnconnected. 

If all two-rowed minors of the above determinant vanished, 
then all the functions would be in involution; there must 
therefore be either three or only one Abelian function. 

In this example, since (14, u0 is not zero, there must be 
one, and only one, Abelian fimction ; and, as it is not a mere 
function of Uj and u^ (for then v^ and 14 would be in 
involution), it is not ot zero degree (see § 1651 When the 
system is then reduced to normal form it is of like structure 

and can therefore be reduced to this form by a homogeneous 
contact transformation. 

We can therefore, by a homogeneous contact transformation, 
so reduce Uj and u^ that each will be a homogeneous function 

of yi» ?i» 9z of zero degree. 

Since v^ and V2 are homogeneous functions of zero d^ree, 
in involution with every function of Uj and Uj, they are in 

involution with j/^ and ^ • Since they are in involution with 

?8 

rfi, they cannot involve g^ ; and, since they are also in involu- 
tion with ^ f we see that they cannot involve y^ or y^ We 

conclude tnerefore that Vi and Vg are homogeneous functions 
of »i> ?2» ?8 of zero degree. 



m 



we now take 
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we see that v^ and Uj can be transformed by a contact trans- 
formation so as to be functions of a^ and Pi ; while by the 
same contact transformations t;^ and V2 become functions of 
X2 and ^2 

§ 187. The above example has an important application to 
Amp^e's equation, 

If this equation admits the two systems of intermediary 

inteirrals 
^^^ Uj =7(^2) and Vi = 4>(v^ 

(where / and (f> are arbitrary functional symbols), then we 
know (Forsyth, Differential ijquations, § 287) that 

[uj, vj = 0, [uj, vj = 0, [Ug, vj = 0, [^2, Vj] = 0. 

From what we haye proyed, we see that, when we haye 
applied a suitable contact transformation to the original 
variables, we may take u^ and 0^2 to be functions of (c and p 
only. Now by a contact transformation any equation of 
Ampere's form is transformed into some other equation of the 
same form. In the new variables then, Anip^'s equation 
has an intermediary integral 

where u^ and u^ do not involve y, z, or q. 

This equation is therefore to be the result of eliminating 
the arbitnury function from 

The eliminant is 

^,^i^2_^^\^0- 
^ ^x Ip ^p hx^ * 

and, as ti^ is not a function of tt2, we cannot have 

^x ^p ^p ^x ' 

BO that the equation must be 8 = 0. This is therefore the 

B % 
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fonn to which an equation of Ampere, admitting the two 
systems of intennediary int^jials 

y^—f(u^ = and t\^4> (v^ = 0, 

can be lednoed by a contact transfcHmation. 

An interesting proof of this theorem of Lie's is given in 
Gooisat, £quatum8 aux diriv^ pariidles du second ordre, 
L p. 39. 

If in the equation Rr-^Sa+Tt^ U (r*— «*) = Fwe have 
fi* = 4 {RT+ UV)^ there can only be one system of inter- 
mediary integrals, t^ ^/(uj. We now have, however, 
\uiy uj = ; for, since the roots are equal in the equation 

X« (i2r+ ITT) -X I7S+ IP = 0, 

we have (Forsyth, Differential Equations^ § 238) 14 = ^,; and, 
since [14, t;J = 0, we most therefore have in tiie limiting 
case [14, u^J = ^* 

We now take U| =zp, u^ = 9 ; and we see that p ^f(q) 
can only be an intermediary integral for all forms of the 
function if the equation is 

(H^^) = 0. 

This then is the form to which tins class of Amperiaa 
equation, with the intermediary integral v^—fiy^^ = 0, can 
be reduced by a contact transformation. 



CHAPTER XVn 

THE GEOMETRY OF CONTACT TRANSFORMATIONS 

§ 188. If the equations defining a contact transformation are 

(1) 0'=^, («; = X<, /< = P<, (i = l,...,'n), 

we know that the (^+1) functions Xj,..., X„, Z form a 
system in involution ; and conversely, when we are given 
any involution system, we know how to construct a contact 
transformation scheme. 

In this chapter we shall show how contact transformation 
schemes may he constructed without previously constructing 
involution systems. 

If we eliminate 2>i} .••» Pn ^^™ ^^ (^+ ^) equations (1), we 
shall obtain at least one equation of the form 

and we may obtain 1, 2, ..., (71+ 1) such equations. We call 
these equations the generating equations of the contact trans- 
formation scheme. 
Suppose that we have s generating equations, viz. 

/i = 0, ...,/, = 0, 
then the equation 

(2) daf^^p'idoifi—p{dz-^Pidx^ = 

must be of the form 

(3) PiC^/'i + .-.+p^d!/, = 0, 

where pi, •••) p« &re undetermined functions of the coordinates 
of corresponding elements. 
We have, by equating the coe£Scients of daf^ , 



-2'j=pi^+.-.+p.S' 



Similarly we obtain other identities by equating the coeffi- 
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dents of d^.dz, and so on; and we thus ha^e (2ii + 2^8) 
equations between the coordinates of corresponding elemoits 
wiien we eliminate the undetermined functions. 

If we add to these the 8 generating equations and eliminate 
p, we shall have (2 n + 1) equations connecting the coordinates 
kA corresponding elements. 

Th&se (2n+l) equations must be equivalent to the 
system (1). For they are deduced from (1) and the Pfaffian 
equation (2), which itself follows from (1); they are also 
unconnected, since they satisfy (2) ; finaUy therefore, being 
(2ti+ 1) in number, uncramected, and following from (1), they 
are equivalent to (1). 

The generating equations alone can therefore determine the 
contact transformation scheme ; and it is from this point of 
view that we shall study them in this chapter. 

§ 189. Any 8 equations connecting the two sets of variables 

x^j •••! ^«9 ^ toid a^y •*., a^) ^ 

may in general be taken as generating equations. They must 
however satisfy two conditions, viz. firstly the 8 equations, 
together with the (271+ 1 —a) derived equations, must be such 
that we can by means of them express a^, ..., ^n*^* j4' •••'Pii 
in terms of a^, ..., x^^ Zy j?^, ..., p^ ; and secondly we must be 
able to express 0^1, ...,a;^,0, p^^ ..., j^^^in terms 6i 

a^, •••, a^, z y p^y •••, p^. 

These two conditions are however equivalent ; for suppose 
that from the assumed system we deduce 

(1) / = Z, a!j = X<, //< = P<, (i=l,...,n), 

then by the method of formation of the system we must have 



tsn 



Now p cannot be zero : for if it were the equation (2) of 
§ 188 could not lead to (1), but must lead to exactly 
(n+ 1 — s) equations connecting o^^ ..., a4, ^, p{f •••^Pn- Since 
then p is not zero, the functions Z^X^, •••y^ny ^n •••> -'^ii i^^^t 
(by § 178) be unconnected ; and therefore 

Xiy...yX^,Zy Piy.iPn 

can be expressed in terms of a4,..M^ ^9 14> •••»!>»• 
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§ 190. If we are given a equations which cannot be used as 
generating equations of a contact transformation scheme, what 
special property will distinguish these equations t We shall 
call such a system of equations special equations. From 
8 special equations we can, as in the general case, deduce 
(2ti+l— 8) other equations; and these equations will be un- 
connected, and will satisfy the Pfaffian equation 

dg^— zl Vi dafi = p (dz -^z^Pi dxi). 

If in the special equations we keep a^* •••) ^)^ all fixed, 
that is, if we regard this set of vai-iables as parameters, the 
special equations together with the derived equations will 
form a system satisfying "PtoS's equation 

imn 

(!) dz^^p^dx^ = 0. 

If we now consider how the {2n+l^8) derived equations 
were obtained, we shall see that we can eliminate jc^, ...,^n» 
and obtain exactly (n+l-^s) derived equations not involving 
these quantities ; these taken with the 8 special equations wiU 
satisfy FfafiTs equation (1). 

From that property of the equations, which makes them 
incapable of being taken as generating equations, we see that 
we must be able to eliminate the coordinates 

and so obtain at least one equation connecting 

•^> •••, fl/n, Zf Pii •••9 Pn* 

Suppose we thus obtain r equations 

(2) <l>i{Xi,...,Xn,Z9Pis ••nPfd = 0, (i= 1,...,^); 
then for all values of the parameters o^, •••, a^s 2^ the equations 

will be the generating equations (and therefore, in Lie's sense, 
an integral) of an Sf^ satisfying the system of differential 
equations (2) (see § 155). 

§ 191. We shall now limit ourselves to the case of n ^ 3 
which offers the most interesting geometrical applications of 
contact transformation theory. 
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We take x,y,z hs the coordinates of a point, and x,y,Zyp,q, 
as the coordinates of an element in one space ; and we taJke 
^9 j/i ^9 p\ 9^9 to be the coordinates of the corresponding 
element in the other space. 

There may now be 1, 2, or 3 generating equations. 

We first take the case where there is only one generating 
equation. 

Let this equation be 

4> (x, y, z, x\ y', s^) = 0. 

We now know that the Ffaffian equation 

d2^''P^daf'-q'di/''p(dZ'-pdX'-qdy) = 

is of the form (2^ = 0; and therefore we get as the equations 
defining the contact transformation scheme 



0) 



^ CZ ^X 



^ ^z dy 



The condition, that the coordinates of one element can by 
aid of these equations be expressed in terms of the corre- 
sponding element, shows that the three equations 

must be unconnected in the variables a/, j^, s^. 

It follows therefore, after some simple algebraic reduction, 
that the determinantal equation 



(3) 



^x^x^ 
^y^af 
bz^af 



7^4^ V4> 



^x^yf 
'bz^y^ 



bybsf 
»4> 

bz^T^ 



bx 

'^ 

bz 



= 



must be unconnected with ^ = 0. 

We could not therefore take as a generating equation 
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for the determinantal equation, formed from it, would be 
connected with it, as may be easily verified. 

This is an example of a special equation; the M2 defined by 
the equations 

must therefore be such that we can eliminate x\ j^, / from 
these equations ; if we do so, we obtain the equation 

px-^qy-z=0, . 
which is satisfied by 

xx^+yj/+z2^ = 0, 

for all values of the parameters a/, j/, 2^. 

From the symmetry of the equation (3) in the two sets of 
variables x, y, z and a/, j/, s^, we verify the theorem of § 189 
as to the equivalence of the two limiting conditions, imposed 
on the general arbitrariness of the generating equations. 

§ 192. If = is a generating equation of a contact trans- 
formation scheme, the determinantal equation (3) of article 
§ 191 will be unconnected with = 0. If then we eliminate 
Xy 2^, s^ between the equations (2) and (3), we shall obtain an 
equation connecting x, y, 0, p, q. Elements satisfying this 
equation will be ciQled apodal elements. 

The equations (1) of § 191 will in general determine one 
definite element x, j^, /, p\ ({ to correspond to each element 
^> y> ^> Py ?• Ifj however, oj, y, «, 7?, q are the coordinates of 
a special element it will not have a definite element corre- 
sponding to it, but an infinity of elements. Similarly, we 
shall have special elements in space a/, j^, 0^. 

A particuLEU* system of special elements may be obtained 
thus : eliminate x^ j^, 2^ from the equations 

* = «• 5^=«' l^=«' S=«' 

the resulting equation in a;, y, is known as the special 
envelope of 

<l> (x, y, z, re', y\ /), = 0, 

re', j[', a' being regarded as parameters. 

The element consisting of a point on the special envelope 
together with the tangent plane at the point will be a special 
element ; to this special element there will correspond an oo^ 
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of elements, consisting of the point oi^ jf^ / together with the 
QO^ of planes through this point. 

§ 193. There are three different classes of element manifolds 
in three-dimensional space. There is, firstly, the manifold M^ 
generated from one equation only ; such a manifold we shall 
caU a surface M^, 

Let /(a,,y.e) = 0. l>|^ + ^=0, <?^ + |^=0 

be the PfaflSan system of a surface M^ ; and let 

^ (a?, y, «, «', y', ^ = 

be the equation which generates the contact transformation 
scheme. 

The generating equation (or it may be equations) of the M^ 
which corresponds m the space a!^ y^sfia that one obtained 
by eliminating a;, y, z from the four equations 

^05 ^z ^a hz* hy hz hy ^z ' ' 

If we regard x,y,z s^a variable parameters connected by the 
equation f{x, y, z) = 0, the generating equation is therefore 
the envelope of 

4> («, y, z, a\ y', 2O = 0. 

The manifold M^ with two generating equations we call a 
curve ifj. 
Let the Ffaffian system of a curve M^ be 

/i(«>y»«) = 0> /2(«, y, «) = 0, 

and the equation obtained by eliminating X : fi from the 
equations ^, ^^ ^ 

that is, the PfiEiffian system 

The generating equation of the M^t which corresponds in 
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space 0^, y, /, is therefore obtained by eUminating z, y, z from 

This generating equation will be the envelope of 

<t> {x, y, z, x\ yf, 2O, 
where the parameters a;, y^ z are connected by 

The manifold M^y which consists of the fixed point a, 6, c 
with the 00^ of planes through it, has as the generating equa- 
tion of the corresponding M^ in space a/, y^, / the surface 

^ (a, 6, c, af,T/y2f)^ 0. 

§ 194. If two surface manifolds have a common element 
they must touch ; if two curve manifolds have a common 
element they intersect ; and if a curve manifold has an element 
common with a surface Mo they also touch. 

If a point M^ has an element common with a surface M^ 
or a curve if 2, the point must lie on that surface, or on that 
curve ; but two point manifolds cannot have any common 
element, unless they coincide entirely. 

If then in space a;, y, z two different ^^2'^ ^"^^ ^ common 
element, the M^^ in space a^, ^, sf which correspond to these 
will also have in general a common element; the exceptional 
case is when the first common element is a special one. 

Thus, if the two surfaces 

* (a?, yy «, Oi, K 0=0 and <^ (flj, y, z, Og, \, Cg) = 

touch, the common element must be a special one for the 
contact transformation with the generating equation 

<^ (a?, y, 0, aj', /, 2O = 0. 

For otherwise the M^ consisting of the point a^, &x> ^i ^^^ 
the QO^ of planes through this point would have a definite 
element common with the point M^ whose coordinates are 

^2) ^2> ^2» a^^ ^^^ ^ o^ course impossible. 

So if two M^^ have an infinity of common elements, the 
corresponding surfaces will also generally have an infinity of 
common elements. 

Thus, if two surfEU^ Jlf2'8 have an infinity of common 
elements, they must either touch along a common curve ; or 
have a common conical point, and the same tangent cone at 
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the conical point; if the corresponding ifg's in the other space 
are also saidTace manifolds they must also have one of these 
properties. 

Again, if a curve A is traced on a surface JS, then if A is 
transformed to a curve A% and £ to a surface R, we must 
have A^ traced on R ; if, however, A is transformed into a 
sur&ce A^ and B into a surface R, the two surfaces A' and R 
must either have a common conical point, with a common 
tangent cone at it, or they must touch along a common curve. 

Again, if A and B are two points, then the straight line 
joining these points will be a curve M^ , with one infinity of 
elements common to the point manifold A, and another infinity 
of elements common to the point manifold B ; if then this 
straight line M2 is transformed to a curve M2 it will be the 
curve common to the two surfaces A^ and R ; if, however, it is 
transformed into a surface ifj, it will generally be a surface 
touching A^ along one curve, and R along another curve. 

§ 195. The most interesting example of contact transforma- 
tion of the first class is obtained by taking the generating 
equation <^ = to be linear both in x\ j^, 0^ and in x, y, Zy viz. 

X (cbiO^ ^b^y' -{-c^s/ +dj) + y (a^x' -^b^y" +C22^ ^ d2) 

We see at once that the only limitation placed on the con- 
stants in this equation, in order that <^ = may generate a 
contact transformation, is that the determinant 
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should not vanish. 

If this condition is satisfied the equation <f> = will generate 
a contact transformation ; and, since the determinant does not 
contain any variables, the contact transformation will be one 
with respect to which there are no special elements. 

Clearly a point in either space will correspond to a plane in 
the other ; and the straight une given by 

aiX-{-fiiy + y^z + b^ = 0, aaaJ + iS^y + ya^ + d^ = ^ 

will be transformed to an ifg whose generating equation is 
the envelope of the plane 0=0, when we regard x^y^z as the 
parameters. This envelope is a straight line, and therefore 
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the oontact iransfonnation transforms straight lines into 
straight lines. 
If we take as the generating equation 

— a form to which any equation, linear both in x,y,z and 
^'yj/i ^i ccui be reduced by a projective point transformation — 
we have the well-known contact transformation 

this is geometrically equivalent to reciprocation with respect 
to the paraboloid of revolution 

2z=:x^-{'yK 

§ 196. We now proceed to discuss at ^ater length the 
second kind of contact transformations, viz. those in which 
there are two generating equations. 

Let these equations be 

<l> {x,y, z, x\ y', /) =r 0, V^ (a?, y,z,af,'!/,/) -Q\ 

then, since the equation 

dsf ^p'dixf '-qd'jf ^p{dZ'-pdX'-qdy) = 

is to be of the form 

\d4>+yLdylf = 0, 
we must have 

If we eliminate the undetermined function A : fx from these, 
eq^uations we shall have three ea uations ; and these, together 
with the generating equations, aetermine the contact trans- 
formation scheme. 

The equations ^ = 0, \/r = 0, may be any whatever, provided 
that the above five equations determine an element of one 
space in terms of the corresponding element in the other 
space. 
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If we take W to denote X<f> + /yiV^, and in differentiating 
regard X and /m as mere constants, we may express this 
limitation by saying that the four equations 



* = 0, V^ = 0, ^ 






= 0, 






^z 



in the variables af^y^,2^yk:fx are unconnected. 

It may be proved without much labour that this condition 
is equivalent to saying that the determinant 



~ 9 :r- 9 -r- 9 



X^ 9 



hx 

hx 

hx^af* 
yTT 

^xhj/ 
^xW 



^4> 

dy 
'hy'bx' 

'hy'bz 



Iz 

Tz 
^z^af 

'hz^'jf 



5?' 



5? 



must not vanish by aid of = 0, \/r = for all values of 
X : /i ; that is, the determinantal equation must be unconnected 
with <^ = 0, Vr = 0. 

If we substitute in this determinant for a^, j^, 2^, X : /m their 
values in terms of x, y, z, p, q obtained from (1), and equate 
the result to zero, we shall have the equation satisfied by 
special elements in the space x, y, z. 

§ 197. In accordance with § 190, we notice that the limita- 
tion placed on the generating equations is that ^ = 0, ^ =s 
must not be, for all values of the parameters a/, j^, /, the 
int^ral of anv partial differential equation of the first order. 

Example, it may at once be verified that we could not take 
as generating equations 

cucxf -h byy^ + czs^ = 0, xaf -^ yy^ -^ zsf = 0. 

If, regarding a^,y^,2^Bs parameters, we complete the Pfaffian 
system of which uiese are the two generating equations, we 
have as the third equation 

(a— 6) x^y^ = (b--c)pyf^ + (C'-a) qx^sf. 
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Eliminating the parameters oi^ rfy / we get as one of the 
equations of the Pfe^Bian system 

and we see that, according to Lie's definition, 

axaf + lyjfj/'^czsf = 0, ooa! •\-yyf -{-zsi ^ 0, 
is therefore a complete integral of 

In this, as in all classes of contact transformations, the 
general principle holds that two if^'s with a common element 
are transformed into two M^% with a common element. 

§ 198. Before proceeding to discuss the applications of this 
class of contact transformations to geometry, we write down 
some elementary properties of complexes of lines, which will 
prove useful in the sequel. 

We take as the coordinates of a line whose direction cosines 
are 2, m, n, and which passes through the point oi^ yf^ / 

I, m, n, a, )9, y, 
where 

If the coordinates of a line are connected by the linear 

relation afl + fi'm'k'yn + Va + m'fi+n'y = 0, 

where 1% m', n\ a\ ^, y' are any given constants, the line is 
said to belong to a given Imear complex ; l\ m', n\ a\ ^, y' 
ai*e said to be the coordinates of the complex. If the coor- 
dinates of the complex are connected by the equation 

iV + m'/S' + Tiy = 0, 

then the coordinates of the complex are the coordinates of 
a line, and the complex consists of straight lines intersecting 
a ^ven line. 

We may take l\ m^ n' to be forces along the axes of 
coordinates ; and a^ ^, y' to be couples whose axes coincide 
with the axes of coordinates. If a rigid body is rotated about 
the line Z, m, ti, a, )9, y through a small angle dt^ it has linear 
displacements adi^ fidt, ydt along the axes, and rotations 
Idty mdt, ndt about them. The work done by the given forces 
and couples is then 

(I'a-hm'fii'n'y+la+m^+n'/jdt; 
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and therefore, if a body is rotated about any line of the 
complex, the given system of foi'ces do no work on it. 

These statical considerations enable us to simplify the 
equation of a linear complex ; for, if we take the wrench 
equivalent to the given system of forces and couples, we know 
that it acts along a fixed line, which we now call the axis of 
the complex; let k be the ratio of the couple to the force 
in the wrench, and let us take the axis of the wrench as the 
axis of z. We now have 

r= 0, m'=0, a'= 0, ^= 0, y'= kn\ 

and therefore, if a line be such that the wrench does no work 
on a rigid body rotating about it, its coordinates must satisfy 
the equation 

Y + kn = 0; 

this therefore is a form to which any given linear complex 
can be reduced. 

An infinitv of lines can be drawn through any point 
^9 j/, ^ whicn shall belong to the complex y+Xn = ; these 
lines all lie on the plane ya?'— ajy' + fc (2^— «) = 0, which is 
called a null plane of the complex. Through every point 
a null plane can be drawn. 

Any two lines, whose coordinates are 

I, m, 71, a, ^, y, 

Z, m, ^, a, )9, -&7i, 

are said to be conjugate to one another with respect to the 
complex. 

If ^9 y^i ^ lies on any straight line the conjugate line lies 
on the null plane of a;^ ^, z\ and the null planes of two 
points intersect on the line conjugate to the join of the two 
points. 

If the coordinates of two complexes 

'i> ^> ^> OiJ ^i> yi» 
h% wij,, Tig, og, ^2> ya 
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are ooxmeeted by the equation 

they are said to be in involution. The statical interpretation 
is tnat a wrench along the axis of one complex does no work 
in a rigid body, which is moved along the screw of the other. 
The two complexes, whose coordinates are respectively 

are said to be conjugate with respect to the complex 

y + 1cn^ 0. 

If a line belongs to any complex, its conjugate line belongs 
to the conjugate complex. 

If two nnes intersect, their conjugate lines also intersect. 

A line coincides with its conjugate, if, and only if, it belongs 
to the complex, with respect to which the lines are conjugate. 

§ 199. Let us now take as our generating equations for the 
contact transformation the bilinear equations 

aj(aia^+6i2/'+Ci/+di)+y(aaaj'+6ay'+...) 

aj(aia?'+)9i3^+yy+5i)+y(aja<+)9-y'+...) 

+ 2? (a3a^+/33y'+ ...) + a4ar + ^94^' + ... = 0. 

K we keep a/, j^, sf fixed, these are the equations of two 
planes; in order to simplify the form of the equations by 
a projective transformation, we consider the positions of the 
pomt a/, ^, /, which will cause these planes to be coincident. 

For the coincidence of the planes we must have 



(1) 



«i^ + /^ly' + yi^?' + «i "" ajaj'+... "" 080?'+... "" 0^0^+..,' 

equating these equal fractions to X, and eliminating x\ 2^, sf^ 
we have 



CAMPBSU. 



a^— Xc4, 61— X^p q— Xyi, 


di-X8i 


a^-'y^^, 62""^^2> ^2— ^y2> 


d^^^^i 


a^—Xa^, b^—^^, Cj-Xyj, 


d,-X83 


^4-^«4> 64— A/34, ^4-"^y4> 
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d^— X84 



= 0. 
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There are in eeneraJ, therefore, four positicmfi of the poinfe 
^9 ^} ^9 for which the generatiiig equations will represent 
the same plane. 

We first consider the case where the four points lie on the 
same plane; and, by a nrojective transformation, we may 
take this plane to be the plane at infinity. 

The pomts therefore which give comcident planes must 
satisfy the equations (1), when in these we put 

dj = 0, dj = 0, ^2 = ^> ^2 = ^> ••• 5 
and therefore all three-rowed determinants must vanish in the 
matrix 

h-^Pi^ bi-^2* ^s-^^^s* 64-^^4 

Now these are cubic equations in A, and by hypothesis they 
are satisfied for four values of A; they must therefore be 
identically true for all values of A. 

The deduction of the necessary relations between the eon*» 
stants, involved in these identities, is made easy by a geo- 
metrical representation. 

We take il^ to be a point whose coordinates are eu, b^, c^^ 
£1 to be the point whose coordinates are a^, ;9i, Yi, and so on. 

Taking A = we see that Aj^ il,, A^ are three collinear 
points; taking A to be infinite we see that jB^, jB,, B^ are 
collinear. It now follows, from the riven identities, tiiat any 
three points which divide the three lines A^ B^, A^ B^, A^ B^^ 
in the same ratio are themselves collinear. These three lines 
must therefore be generators of a paraboloid of which two 
generators (of the opposite system) are A^ A^ A^ and B.B2 B^.. 
It follows that A^ divides Ai A^ in the same ratio that S^ 
divides B. B2. 

Similarly we see that A^^ A^^ A^, A^ are four collinear 
points dividing their line in tiie same ratios that Bi, £3, £3, B^ 
divide their line. 

§ 200. If we now take 
we see that the generating equations must be of the form 
where p^ q, j/, / are some constants. 
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We farther simplifjr these eqoatioiuB b j taking 

y+gr + g'' " y+g« + g/ ' 

when we have as generating equations 

where X', F', J?', TP are connected by an identity of the form 

aZ'+6F+cZ'+dTr = 0. 

^ If finally we take new sets of variables x, y, z and o^, %f^ 2f^ 
given by 

aj'+iy'=aF+cTr, 0^-^= ^-^T'+cir, / = 6F+dF', 

where i is the symbol v^— 1, the generating equations reduce to 

aai'+af + aj'+ty = 0, a; {pi ^vkf)^^ ^y = 0. 

To sum up : when the four points in space oi^ yf^ t! which 
make the generating equations coincident are coplanar, the 
generating equations can by a projective transformation be 
thrown into the standard form 

In this standard form we now see that every point has 
this property which lies on the intersection of the cone 

with the plane at infinity ; that is, any point on the absolute 
circle at mfinity has the property of making the generating 
equations coincident 

§ 201. We must now study the contact transformation with 
these generating equations 

(1) af^-ij/'k-xsf + z — O, x{af'-itf)-~y^7f ^0. 

It is to be noticed that, as the equations are not symmetrical 
in the coordinates of the two spaces, the relation between tiie 
corresponding elements in the spaces will not be synunetricaL 

8 % 
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In addition to (1) we have for determining the trans- 
formation 

/(a?— g) + J +?«? = 0, g^(a?-g)+i(l-ja:) = 0, 

and we see that each element in space a;^ j^, t! can be uniquely 
determined in terms of the corresponding element in space 

a, y, z. 

If, however, we wish to express Xy y, z, p^ q m terms of 
^y j/y z\ p\ ^9 we have, to determine x and g, the equations 

and therefore two different elements in space x^ y^ z will have 
tiie same correspondent in space a/, ^, ^i. 

Such a pair of elements in space x^ y^ z we shall call c€n^ 
jugate elements; it may easily be proved that the contact 
transformation 

will transform any element to its conjugate element. 

Example. Prove that this contact transformation is the 
result of first reciprocating with respect to o^j^ = 2 0, and then 
reflecting the sur&ce with respect to the axis of y. 

Beciprocation is equivalent to taking as our generating 

equation xfj/+yaf—zsf=^ ; 

and therefore 

«'=?» V-P^ ^-px-^py-z, p'-yy ^^x. 
If we now reflect with respect to the axis of y^ we have 

«"=-«'. a!"=-«'. r^T^i 

and completing the contact transformation, generated by these 
three equations, we have 

SO that 

sf'^z^px^qy, (c"= -g, y"=i>, i>"=y, }"=-«. 

Example. Prove that if the element x, y^ z^p^ q is rotated 
90^ round the axis of 0, in the positive direction, and the 
coqagate element of^ j^, z^,p\ ^ is reflected in the plane 2; = 0, 
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the two resulting elements will be reciprocal with respect 
to oe^-k-yF = 2z, timt Lb, will be connected by the equations 

§ 202. To the point o^, y^, / there will correspond in space 
Xf y, z the straight line given by the generating equations 
when we regard a/, y', 2^ as fixed. The only exceptional case 
is when a/, ^, / lies in the absolute circle in its space, and 
then we have as its correspondent a plane in the other space. 

The six coordinates of the straignt line corresponding to 
re', y', / are given by 

all of these lines are therefore lines of the linear complex 
y = n. 

To the point a;, v, z there will correspond in space ce^^ y', z^ 
the straight line whose coordinates are given by 

I 7n n 



i(aj*-l) aj*+l -2w 

a p 



%xz xz , %z 



-y ::j— r-^y ::j-T-«y 



aja«l ^ aj^^i -^ aj*-l 
This straight line is such that 

and therefore ix> o^y^z there corresponds in the other space 
a minimum straight line. 

It will be noticed that, in order to find what corresponds to 
a point ifg, it is only necessary to make use of the coordinates 
of the point and the generating equations. In order to find 
what corresponds to the surface M^ given by 

Ix + m/y+nz-k-k = 0, 

we must form the other Ffaffian equations of this M2 viz. 

l-^np = 0, m + 715 = 0. 

From the equations of the contact transformation we now 

*^^® (1) i+m(a?'-i2/')-7i2'= 0. 

TCliTniTii^f .in g X and y &om the generating equations and the 
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equation of the given plane, we flee that (on aeeonnt of (1)) 
z also disappears, and we get 

^(aj'+iy^ + m/— fc = 0. 

The plane therefore has as its correspondent the minimum 

that is, has the same correspondent as the point 

m — i — i 

n ^ n n 

§ 203. We next find what will correspond to the straight 

"^® (1) a = m»— ny, ft = tmb— fe, y = ly^mx^ 

of which the coordinates are I, m, n, a, ^, y. 

Eliminating a?, ^, from two of these equations (there are 
of course omy two unconnected ones) and the generating 
equations, we dearly get the generatii^ equation of the M^ 
we require; it is 

(2) Z(aj'* + 2^+a^-^(a<-i20-^(a^+»20 + (^ + y)«'-a = 0. 

To find the minimum straight line, which corresponds to 
any point on the given line 2, m, tz, a, ^, y, we must substitute 
in the generating equations for y and z their values in terms 
of a; ; we get 

aj(Z2^+n) = ^— Z(a^+iy), 

Eliminating x from these two equations, we get the equation 
of the sphere which corresponds to the given straight line ; 
and one set of generators on this sphere consists of the minimum 
lines which correspond to points on the given line. 

Writing the equation of the sphere in the form 

(3) «C^+y'«+«^ + 2flfa/+2/y'+2*2;'+c = 0, 

and comparing with (2), we do not get unique values for the 
coordinates of the straight Kne in terms of the coordinates 
of the sphe re. If we ta ke r to be the radius of the sphere 

(that is, -//* + gf^ + A*— c taken positively), we see that there 
are two straight lines in space x^y^z to eaob of which the 
same sphere (d) will correspond. 
These lines are respectively 

Z m 7h a p y 
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which we oall the pcmtive correepondent of the sphere, and 
I _ m _ n ^ a _ P _ y 

which we oall the negcMve correspondent. 

These two lines are conjugate with respect to the linear 
complex y = n. 

When r = 0, the sphere degenerates into a cone ; and any 
plane through the vertex is a tangent plane to the cone 
(though of course an infinity of planes through the vertex 
are tangent planes in a more special sense). 

The two lines, the positive and negative correspondents 
of the degenerate sphere, now coincide ; and therefore belong 
to the linear complex y = ti. This is another way of obtaining 
the fundamental theorem, that a point in space af^ ^, s/ has 
as its correspondent in the other space a straight line of the 
linear complex y = ti. 

By allowing /, 9, A, c to increase indefinitely, without 
altenng their mutual ratios, we see that to the plane 

there are two correspondents in space a;, ^, 0, viz. the positive 
correspondent 

' -g-^if^h^Vk^-^g'+p 



^c" -g-if h+Vh^+g^+f'^ 

and the negative correspondent obtained by changing the 
sign of the surd. 

The straight lines therefore, which are perpendicular to the 
axis of X, are not transformed into spheres, but into planes. 

§ 204. Suppose now that we have the two spheres 

aj^+y^+2^+2flfia5' + 2/iy' + 2Ai2^ + Ci = 0, 
a/a + 2^+«^ + 2gf2 05' + 2/22^ + 2 Aa^' + CjsO, 

then, if l^, m^, 74, Oj, ^j, y^, 

Zj, m^, Wj, 03,^2, y, 

are the line coordinates of their positive correspondents, we 
have 

^ya + ^ri = 2AiAj-2rir2, 
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80 that if the pOBitive correspondents intersect, 

2&iflfa + 2/i/2+2AiA2 = 2rir2 + Ci + Cj; 

that is, the two spheres touch internally. 

If the positive correspondents intersect so do the negative ; 
for a positive and negative correspondent are conjugate to the 
linear complex y = n. 

If then two spheres touch internally the positive correspon- 
dent of the first intersects the positive correspondent of the 
second ; and the negative correspondents also intersect. 

The two straight lines, the positive and negative correspon- 
dents of a sphere, cannot intersect unless the sphere degenerates 
into a point sphere ; for conjugate lines, with respect to a linear 
complex, can only iixtersect when the lines belong to ^e 
complex ; that is, when y = n, and therefore r = 0. 

If the first positive correspondent intersects the second 
negative correspondent, then the second positive correspondent 
intersects the first negative correspondent, and the spheres 
have external contact. 

§ 205. If we are given a line whose six coordinates are 

Z, m, Tjr, a, )3, y, 

how are we to decide whether it is a positive or a ne|;ative 
correspondent to the sphere to which it corresponds — lot we 
know there is only one such sphere ? 

We always suppose the radius of the sphere to be positive, 
and therefore by Uie formula 

taking, as we may, 2 to be positive, we know that the line is 
a positive correspondent if y > t^, and a negative if y < ^ 

If then we are given two interesting lines, there is no 
ambiguity as to whether the corre8pondin|^ spheres intersect 
externally or internally ; the question is settled by the positions 
of the line with regard to the axes of coordinates. 

If we n^lectea this consideration we should arrive at 
naradoxical results by this method of contact transformation, 
vbius, if we are given two intersecting straight lines J., JB, we 
know that, if any other two straight fines (7, D intersect them 
both, then (7, D must themselves intersect. It would therefore 
appear to foUow, from the theory of contact transformation 
explained, that if two spheres touch one another, then any 
other pair of spheres, which touch both of the first pidr, must 
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also touch one another, a result which is obviously absurd. 
To see where the error has arisen in the application of the 
contact principle, suppose that the first two spheres touch 
externally ; then A and B must be taken to be, one a positive, 
and the other a negative correspondent of its sphere. We 
suppose (7 to be a positive correspondent to its sphere C^, 
A a positive correspondent to its spnere A\ and B a negative 
correspondent to ir ; we now have (j toucJiing A' internally 
and S externally; and the only way this could happen would 
be by (7^ touching the two spheres, at their common point 
of contact. Similarly U must touch at this point ; and there- 
fore (j and 2/ do touch one another, but they are not any 
spheres touching both £ and ff. 

§^ 206. The cvclide of Dupin is the envelope of a sphere 
wmcb touches tnr^e giv^ spheres (Salmon^ Oernnetry of Three 
Dvmerieione, p. 535), there being four distinct cydides, corre- 
spoiiding to the different kinds of contact of the variable 
sphere with the three giveii spheres A, JS, C. 

The four cases are when the variable sphere touches, 
(1) ii, JS, (7 all externallv or all internally ; (2) 2, C externally 
and A internally or i$, C internally and A externally; (3) 
C7, A e;3(:ternally and B internally, or C, Ay internally and 
B externally ; (i) Ay B externally and internally or Ay B 
internally and C7 extemaUy, 

We shall only consider the first of these cyclides ; taking 
a, 6, c, cZ to be the positive and —a, —6, — c, — d to be the 
negative correspondents of Ay By C, D we see that, either d 
intersects a, 6, c, or else it intersects the three negative cor- 
respondents -=-a, -r-6, — c ; in either case it generate a surface 
of the second degree, 

A cyclide of Dupin in space x\ jfy 7f therefore generally 
corresponds to a quadric in space Xy y, z. If we take any 
generator of this quadric and regard it as the generating 
curve of a curve M2 in space Xy y, 0, its correspondent in the 
other space will be a sphere touching the cyclide along a curve. 
This curve must be a Une of curvature on the cyclide ; for the 
normals to the sphere along this curve intersect, and tiierefore 
the normals to the cyclide alon^ this curve intersect 

If, however, instead of regarding the generator of the quadric 
as a curve M2 of of, j/, Tfy we regard it as an Jf^ of elements of 
the quadric ; that is, if we take the single infinity of elements, 
consisting of the points of the generator and the tangent planes 
at these points to the quadric, then the corresponding Jf| 
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in apace a/, j/, 9I is the line of curvature, with the tangent 
planes at each point of it to the cydide. 

§ 207. Any surface in space a;, y, z has at every point on it 
two inflectional tangents. The surfeice therefore wnich corre- 
sponds in space oiy j^, tI will have, as corresponding to these 
two inflectional tiingents, two spheres each having contact 
with the surface at two consecutive points ; that is, the 
correspondents of the inflectional tangents will be the two 
spheres whose radii are the principal radii of curvature 
(Salmon, t&id., p. 264). 

It will be noticed that anv straight line drawn through a 
point on a surface, and in the tangent plane, will be trans- 
formed into a sphere touching the corresponding surface. 
The peculiar property, however, of an inflectional tangent is 
that it is a s&aight line through two consecutive points of 
a surface, and also in the two consecutive tangent planes 
at these points. It is therefore transformed into a sphere 
having two consecutive elements common with the new 
surface ; that is, it is a sphere whose radius is equal to one of 
the principal radii of curvature. 

By this contact transformation therefore the curves, whose 
tangBnts are the inflectional tangents to the surface at the 
point, are transformed so as to become the lines of curvature 
on the surface in space o^, 2^, tI. 

If a surface has any straight line altogether contained in it 
the corresponding surface will have a line of curvature, with 
the same radius and centre of curvature all along this line. 

§ 208. In general a quadric in space x^y^z is transformed 
into a cydide ; but we shall now see that some quadrics are 
transformed into straight lines in space o^, j/^ /. 

Let a = 'fM'—n'if^ /8 = ru/f—W^ y = Zy'— moj' 

be a straight line in space a/, y\ 7f \ from the generating 
equations we obtain, by eliminatuig o^, ^, 7!^ 

aj((ai+/3)aj— wy + (mi— Z)«— 2yi) = (2+mi)2/ + 7i« + ai— ^. 

This quadric therefore, instead of having a cydide corre- 
sponding to it in space a/, ^, Tf^ has the line whose coordinates 

are i ^ 

^, m, 71, o, /3, y. 

It may be verified vdthout difficulty that one system of 

Snerators of this quadric belongs to the complex 2 = 0, and 
e other to the complex y ss n. 
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§ 209. If we have a system of oonoentric spheres in space 
oi, jf, /, viz. 

where o varies, the correspondinff system of manifolds in space 
C6, y^ z will be straight lines satisfying the three linear com- 
plexes i^ ^ ^"^-^y ^ P 

1 -g-^if 2A -g-if 

Two different manifolds will correspond to a given sphere 
of radius r ; there will be the positive correspondent obtained 
by TTiitlring the coordinates of uie straight line also satisfy the 
linear complex grZ = y^n, 

and the negative by making the coordinates satisfy the 

All these lines are generators of the same system on the 
byperboloid 

(1) (i/-flf)tc'-ajy + 2Aaj-0+ty+flr = O. 

The generators of the other (the second) system on (1) are 

flj = t, « + «y = i/^+gf + 2A< + (^-gf)««; 

the six coordinates of any one of these generators are 

Z _ m _ 71 a ^^ _ y 

■" T "" 11 " i/+flr + 2A^ + (i/-flf) <« "" 3^5 - -.«• 

Since Z = 0, to each of these generators there will correspond 
in space afy^f^sfB, plane touching all the concentric spheres ; 
these planes must therefore be twgent planes to the asymp- 

toticcone (a/+g)«+(2^+/)« + (/+A)« = 0; 

this result may be at once directly verified. 

It may be noticed that all generators of the second system 
belong to both the linear complexes 

2 =s and y^n. 

The hyperboloid (1) is given when we are given a gene- 
rator of its first system; one such hyperboloid can be 
described through any straight line. We see therefore how 
to construct the system of lines which wiU be transformed 
into concentric spheres ; describe an hyperboloid of the form 
(\) through any line ; then the lines, which will be trans- 
formed to concentric spheres, are the infinity of generators 
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of the same syBtem as the given line. In partiooliir that 
generator, which belongs to the linear complex 7 = 11, will 
correspond to the centre of the given system of spheres. 

§ 210. If a quadric is such that all generators of one system 
belong to the linear complex y = n, 3ien its correspondent in 
space oiy j^, /, instead of being a cyclide, is a circle. For we 
nave, in space (c, ^, 0, a system of generators intersecting two 
fixed generators, and belonging to the complex y = ti ; in the 
corresponding figure therefore we most have a system of 
points common to two spheres, that is, a circle. 

§ 211. We now pass on to consider the more general case 
of the two bilinear generating equations, when the four points 
in space o^, j^, /, for which the generating equations become 
coincident, are not coplanar. We take these four points as 
the vertices of a tetrahedron; and we do not consider the 
special cases which might arise, owing to two or more of 
these vertices coinciding. We choose our coordinate axes so 
that this tetrahedron has for its vertices the points 

(0,0,0), (00,0,0), (0,00,0), (0,0,00); 

we thus have from the definition of the tetrahedron (employ- 
ing the same notation as in § 199) 

Ox^ a^ a^ a^ ^' \ \ h K ^' 

Cj Cj C3 C4 ^' c^ da c^ d^ ** 
We then take 

Y «, c^a? 4- Oay -H gag -f ^4 y- _. ^ + ^22^-*-^ + ^4 

and thus see that by projective transformation the generating 
equations may be thrown into the forms 

aaxxf -^-hy^ -k-czsf '\'d = 0, 
flaj'+yy'+g/+l = 0. 

If we keep a/, y', 7^ fixed, these are the equations of two 
planesy and therefore to a point a/, y\ 7I there corresponds 
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a straight line in space x^ y^ z. The six coordinates of this 
line satisfy the equation 

la ffip ifiy 






that is, the line belongs to a complex of the second degree. 

It can be at once verified that every straight line of this 
complex is divided in a constant anharmomc ratio by the 
coordinate planes and the plane at infinity ; on account of 
thisproperty the complex is called a tetrahSdral complex. 

We may look on the generating equations as tne polar 
planes of af^ j/, sf, with respect to two qiiadrics, which do not 
touch; the quadrics are referred to their common self-con- 
jusate tetrahedron, viz. the coordinate planes and the plane at 
infinity, and the polar planes intersect in a line of a tetra- 
hedral complex or this tetrahedron. 

In order to complete the contact transformation we must 
add to the venerating equations the three equations obtained 
by eliminating X from 

,_ {\^a)x ._ {X + b)y 

^^ (\ + c)z' ^*" (A + c)^' 

that is, 

pifx-^j/zaf^sz 0, q^y-^g^z^^ 0. 

The equation j9'(6 — c) «y + g/(c — a) /ic' — (a — 6) ajy = is con«» 
nected with these, and is not therefore an additional equation. 

In this contact transformation the two spaces are symmetri- 
cally related ; thus a point in either corresponds to a line of 
the tetrahedral complex in the other. 

§ 212. We must now find what corresponds in space x^y^z 

^ te'+my'+TWj' + i = 0. 

Forming the equations of the Pfaffian system of which this 
plane is the generating surface we have 

2 + 7ij9^= 0, m + 7ig'= 0, 

and substituting for p' and g^ in the equation 

jp'(6— c)0y+g/(c— a)2?a5— (a— fe)a^ = 
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of the eontact transformation we have 

(1) Z(&— c)y0+m(c— a)2aj+n(a— 6)«y = 0. 

This, however, is not the only ^eneratinff equation defining 
the M^ which will correspond to uie plane in the other space. 
For, eliminating 2^, ^ from 

«»'+ yy'+ ^a^+l = 0, 

/aZ + mj^H- nsf-i-k = 0, 

we see that by aid of (1) of disappears at the same time, and 
therefore all the three-rowed determinants vanish in the matrix 

ax, 6y, cZf d 

W «• y, «• 1 

These are the eooations of a twisted cubic, viz. the loeos 
of ft point whose polar planes with respect to the quadrics 

a?+3/*+i5'+l = and aa?+6j^+c0*+d = 

intersect on the plane 

This cubic passes through the origin and the points at infinity 
on the axes of coordinates. 

To a plane in one space there will then correspond in the 
other apace the twisted cubic given by the above equations. 
As a, 0, c, d are fixed, when the contact transformation is 
fixed, we may call liminik the coordinates of this twisted 
cubic. 

§ 218. The coordinates of any point on this culne are 
_ l{t-^d) _ m(<-hd) _ 7i(t-hd) 

Since therefore the six coordinates of the line in space 
^9 2^> ^ which corresponds to a;, ^, 2; are 

a'= {a—d) X, jS' = (&— d) y, / = (c^d) z, 

the coordinates of the line which corresponds to a point on' 
the twisted cubic are 

Z'= {b-c)mn{t'\'a) (e+d), a'= (a-d)flfc(e + fe) («+c), 
with similar expressions for the other coordinates. 
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The coordinates of the line joining two points on this 
twisted cubic are 

with similar expressions for m\ n\ ^^ y ; such a line there- 
fore belongs to the tetrahedral complex 

?V _ m^/3^ n'y' 

(6_c)(a-cJ) ~ (c-a)(6-d) "" (a-6)(c-d)' 

and so is divided in a constant ratio by the coordinate planes, 
and has, as its correspondent in space oi^ if^ a^, a point on the 
plane 

The twisted cubic which in one space corresponds to any 
plane in the other always passes through four fixed points, 
viz. the origin and the points at infinity on the axes of 
coordinates ; and any straight line which intersects the cubic 
in two points is divided in a constant ratio by the coordinate 
planes. This ratio does not depend on the position of the 
plane which corresponds to the cubia 

It is generally true that any straight line intersecting any 
twisted cubic in two points is divided in a constant anhar- 
monic ratio by the faces of any tetrahedron inscribed in the 
cubic. In order that a twisted cubic may belong to the 
family we are here considering it is only necessary that it 
should pass through the origin and the points at infinity on 
the axes and be such that the anharmonic ratio for this 
tetrahedron has the assigned value which defines the tetra- 
hedral complex. We shall speak of these cubics as cubics of 
the given complex. 

Since a plane can be drawn to pass through any three points 
we see that a twisted cubic can be dravm to intersect any 
three lines of the tetrahedral complex; for a line of this 
complex corresponds to a point in the other space. 

§ 214. We next find what corresponds to the line 

(1) a = m/— Tiy', p = Tiaj'— Z/, y = lyf—maf. 

Eliminating j/ and sf from the equations of this line and 
the given generating equations of the contact transformation, 

VIZ. 
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we get 

These are the equations of a generator of one system 
the 




(3) o (6— c) yz-^P (c— a)«B+y (a— 5) xy 

+ i(a— d)«+m(6— d)y+w(c— d)0 = 0; 

and sinoe (2) eonesponds to a^, y^, 2^ we see that this system 
(the first system, we ahaQ call it) of generators on this qoadrie 
belongs to the tetrahednd oomplex. 

Now any qnadric passing through the origin and the points 
at infinity on tiie axes of coordimiies is of the form (3) ; we 
thus have the following interesting theorem in geometry: 
the generators of a qnadric are div^ed in a constant anhar- 
monie ratio by the four planes of any inscribed tetrahedron* 

The following is an analytical proof not depoiding on 
contact transformation tiieory. The equation of the 
referred to the tetrahedron as tetrahedron of reference is 

Hiyz-k-biZX-hCiXy-hoxw+byw+czw =z 0. 
The conditions that the line 

may lie wholly on the qnadric are 

ai(ny— m)9)+2(Cjy— 6j/3) + 2(2a+m6-f 7ic)=: 0. 
Kliminating I from these equations we get 

+mw(ci6m*+6jcn*+(cci+66i— aai)mw) == 0, 
mn(c^— 5y) = /3y(cim+6in). 

These equations give us to determine the ratio of ^ to y 

and we have similar equations for a : j3 and a : y. 

If the straight line intersects the fSsMses of the tetrahedron 

* HiIb and much more about the tetrahedral eomplex will be found la 
SirQknmgttnm^cfmaiionm^ lie-Scheffeny Chap. VIIL 
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of reference in ^, JS, C7, D respectively, and if the anharmonic 
ratio . ^' j.^ is denoted by A, we therefore have 

OjaX*— (Oia + iife— Ci(?)X + 6i6 = 0, 

BO that the generator is divided in a constant ratio by the 
jEEbces of the tetrahedron of reference. 

§ 215. There are two systems of generators in the quadric 

(1) a(6— c)y0 + i3(c— a)2?a;+y(a— 6)ajy 

+ Z(a— d)a;+m(6— d!)y+7i(c— d!)« = 0. 

To the first system of these generators we have seen that 
there correspond, in space af^ jf^ 7f^ the points on the lines 

(2) a^msf^TVj/^ p^^TUxf—W^ y^Vif-^-moi. 
The equations of the generators of the other system are 

t(lx-hmy-¥nz)-¥(ilx+bmy'^(mz = 0, 

The six coordinates of this generator are given by 

^- — dTt ' '^- — TTt ' ""- — TTt ' 

and therefore to any generator of this system there cor- 
. responds in space oc^, y , z the quadric 

(3) a'(b-'C)y'^ + ^(c^a)2^a^'k'y\a^b)a/y' 

'^l'(a''d) a^ + 7n/(b--d)y^ + n\c~d) 2^= 0. 

Since all generators of the first system intersect each 
. generator of the second, we can conclude that all points lying 
on (2) must also lie on (3) ; that is, (3) contains the line (2) ; 
this may easily be verified directly. 

§ 216. If the straight line whose coordinates are 

ly m, 71, o, y9, y 

belongs to the tetrahedral complex, that is, if 

la mfi ny 

(6-c)(a-d) ■■ (c--a) (ft-d) "" (a-.6)(c-d) ' 

the (juadric of the form (1) of § 215 which corresponds to 
.the line is a cone. 
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The go' of elements which consists of points on the above 
line, together with the infinity of planes which contains the 
line, is therefore transformed into the cone M^, 

We know, however, that the M^ which corresponds to a 
line of the tetrahedral complex is a point M^^ so that this 
point Jfg must coincide with the cone M^. There is of course 
nothing paradoxical in this; for the point must be the vertex 
of the cone, and any plane through the vertex will be a 
tangent plane to the cone. 

^e quadiic which corresponds to a straight line has, like 
the twisted cubic which corresponded to the plane, the pro- 
perties of passing through the origin and the pomts at infinity 
on the axes of coordinates ; it has also the property that its 
generators of one system are divided in the assi^ed ratio 
which defines the tetrahedral complex. We shaU call any 
quadric of this family a quadric of the given complex. 

The contact transformation we have now considered has 
the property of transforming point M^% into the Jiff's of lines 
of the tetrahedral complex ; or, as we may brieflv express it, 
points into lines of the complex. It also transforms planes 
mto twisted cubics of the complex; and straij?ht lines 
generally into quadrics of the complex, though, if the line 
belongs to the complex, the quadrics degenerate into points. 

§ 217. We may now apply this method of transformation 
to deduce new theorems from theorems already known. 

Thus a straight line can be drawn through any two points 
in space ; therefore a quadric of the complex can be drawn 
through any two lines of the complex. 

Agun any two planes intersect in a straight line ; therefore 
a quadric of the complex can be drawn through any two 
twisted cubics of the complex. 

A straight line in space which intersects three fixed lines 
intersects an infinity of other fixed lines ; therefore a quadric 
of the complex which touches three fixed quadrics of the 
complex touches also an infinity of fixed quadrics of the 
complex. 

One more illustration of the method will be afforded by 
taking any six points Pj, P^^ P^, P4, Pg, P^ on a twisted 
cubic of the complex ; to these six points will correspond 
six lines of the complex, and all of these lines will lie on 
the plane which corresponds to the cubic. These lines are 
divided in a constant anharmonic ratio by the coordinate 
planes and the plane at infinity; and therefore are divided 
in a constant ratio by the sides of a fixed triangle. They 
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therefore all touch a parabola ; let AB correspond to ij, BC 
to P^ and so on ; JS will tiien correspond to P^ P^. If we 
now apply Brianchon's theorem to tne hexagon ABCDEF 
formed by the six lines, we see iiiat AD, BE, and CF are 
concorrent. To AD will correspond the quadric of the 
complex which contains the lines PiP^ and P3P4; to BE 
the quadric with the generators P^ P^ and P^P^l to CF the 
quadbric with the ^nerators Po^P^ ^'^^ ^6 -^e > ^^ theorem 
which we can now deduce from ^rianchon's is that these three 
quadrics have a common generator. 

§ 218. We have now examined the first two classes of contact 
trajisformations and there remains the case where there are 
three generating equations; but as we can now express 
afyi/iZ in terms of as, y, Zy and x^y^z in terms of a?', y , /, 
this is a mere extended point transformation. We have had 
examples of this class of contact transformation in Chapter 11, 
and snail return to the subject in Chapter XX on differential 
invariants, so that we need not now consider it further. 



T 2 



CHAPTER XVni 
INFINITESIMAL CONTACT TRANSFORMATIONS 

§ 219. If 0, x^y ..., Xf^iPi, ...iPn ^^ ^e coordinateB of an 
element in ri-way space, 

off =aj^+<^<(ai, ..., aj^,«,2>i, ...il>n)> {i = 1,...,^). 

is an infinitesimal transformation of the elements, if £ is a 
constant so small that its square may be neglected. 

The transformation is an infinitesimal contact transforma- 
tion if the PCaffian equation 

is unaltered ; that is, if we have 

where p is some function of the coordinates of the element. 
Now d!«'= dz+tdi, daf^ = dx^-^td^^^ dpj = dp^-^tdv^ ; 

if then we take ^= 2p< f<— f> 

we have 

isn ian ian i^n 

(neglecting small quantities of the order t^) ; and therefore 
^ (ddpi—Vidx^^dW ^ p (dz—^p^dxil, 
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§ 220. Conveisely if F is any function whatever of the 
coordinates of an element, 

(1) afi = xt+t^^, ifi = Pi-t{^^+Pf^). 

will be an infinitesimal contact transformation ; for 
<=« 

= dz-tdW+t'2Pidl^^+t^l^^dpi 

-ZPidXi+t2dan{^^+Pi^)-t^Pid^^ 

The function W is called the cAorocferid^io function of the 
infinitesimal contact transformation; and the corresponding 
infinitesimal operator is 

If W does not contain z, and is homogeneous of the first 
degree in p^^ ..., p^y the infinitesimal contact transformation is 
a homogeneous one. 

§ 221. Suppose now that <f> (z^ Xi, .•.,^fi» Pn ••mPJ is any 
function of the coordinates of an dement, then zla{y •••yfl^, 
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Pif-'l^n l>^u>S ^ contiguous element defined by (1) of 
§ 220, 

where 



i=n 



The neceBBaiy and sufficient condition therefore that the 
function <^ shomd admit the infinitesimal contact transforma- 
tion with the characteristic function W is 

Similarly we see that the equation <f> = admits the con- 
tact transformation if the equation [TT, <f>]~Tr-rp = is 
connected with <^ =: 0. 

If the equation <^ = admits the contact transformation, 
with the characteristic function TT, the equations TT = and 
<^ = will be equations in involution. 

§ 222. If <^j = o, ...,<^^ = 0, 

are any m equations in involution (§ 158), then^ TT = beinff 
any equation connected with the system, this system wiU 
admit uie contact transformation, whose characteristic function 
isTT, 

If we are given any function <<>(«,ai,...,a?n>2^i> •••>l>fi) of 
the coordinates of an element, we can find 27i unconnected 
functions in involution with this function; let these func- 
tions be 

^1 (^» ^» •••> ^n*Pv •••»2^fl)^ '"y^2n (^» ^» •••> ^fi>i^» •••»Pfi) ; 

it will now be proved that the equations 

(i = 1, ...,2n), 

define a simple infinity of united elements, that is, an M^ 
containing the assigned element 2;^, rcj, ..., fl^, pl^ ...,^^. 

and ai+<tei,.-,«n+d«n, z-^^dz, Pi'^dp^,...,p^'^dp^ 
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are two conflecutive elements satisfying the equations (1) 
then 

and since all the functions <^x, ..., 4>2n <^^ ui involution with 
we must have 

There are 2n equations of the form (2) by means of which 
' we can determine the ratios of 

the equations (3) to determine the ratios of 

ifcan 

are exactly the same ; and therefore we conclude that 
dx^ _ _ dx^ ^ dz 

.^. ^Pi ^Pn ^P^^pi^ 

Since the equations (4) satisfy PfaJOTs equation 

dz = PidiCi + ...'\'PndXn, 

we conclude that the infinity of elements satisfying each of 
the equations (I) consists of united elements. 

Any simple infinity of elements satisfying the equations (4) 
is called a characteristic manifold or M^ of the function <^. 

It is possible to describe one, and only one, of these 
characteristic Mj*8 through any assmied element of space 
«**, icj, ..., x^, p^, '"iPn 5 *^^ ^^ ^ easuy seen to lie altogether 
on the manifold 

as well as on each of the manifolds given by (1). 



i 
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We shall now prove that by any contact transformation 
a characteristic M^ of a function is transformed into a charac- 
teristic ifj of the corresponding function. This follows at 
once from the facts: (1) that two functions in involution 
are transformed into two functions in involution; and ^2) 
that the characteristic M^ of a function <^, which contains the 
element 0^,0^, •••>^> i>i> •••>i>n> consists of all elements com- 
mon to 

(i = 1, ..., 2n), 

where <^2) ••M<^2fi <^^ ^^1 ^^ unconnected functions in involu- 
tion with ^. 

§ 223. We may now interpret an infinitesimal contact 
traiisformation as follows: take any element 2;, a^, ...,a;„, 
jp^, .•.,2>fi flJ^d construct the characteristic if^ of the character- 
istic function W which contains this element. Imagine an 
element to be moving along this M^^ the consecutive element 
to the one assumed is 

where t is the small interval of time taken to move to this 
consecutive position ; the infinitesimal contact transformation 
which corresponds to W is then given by 

where 

^1 = fp •••!«» = 6»> A = ^i> •••>?» = ''»> but i-Tr=: f. 

We may then say that the velocity of an element, under the 
effect of the inimitesimal contact transformation whose 
characteristic is W^ is composed of a velocity alon^ the 
characteristic M^ of W containing this element, and a velocity 
along the axis of z\ the ratio of the z component of the 
first velocity to that of the second being as 

§ 224. If P and F^ are two consecutive points in space, the 
straight line joining the points and termmated by them is 
called a Imear dem&nL 
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If we take any point 0, a^, ...jO^^ then oo*^"^ elements 
0, Xi, ...jO^n) Pi> -•'iPn P^^ through this point, and satisfy the 

S nation ^ = ; it tiberefoi'e follows that 00^"^ characte^tic 
^'s of this equation pass through any point. Taking 

to be the coordinates of the linear element joining z^x^, ...^x^ 
to a consecutive point on any one of these characteristic Mi% 
we see that these coordinates must satisfy the equation (or 
equations) obtained by eliminating pj^, ••»iPn ^om the equa- 
tions 

/i\ d^_dx^_ _^_ ^? ^«n 

^Pi ^P. ^Pn ^^^Pi"^'''"^^"^i>n 

This equation is called the equation of the etementary 
integral cone o/<^ = at the point a^, ...^x^^z. 

We have seen that if the equation <^ = is transformed by 
a contact transformation into V^ = 0, then the characteristic 
J/j's of <f> = are transformed so as to be the characteristic 
M-l^ ofyjf = 0. It does not, however, follow that the elemen- 
tary integral cones of <^ = will be transformed into the 
elementary integral cones of V^ = ; for characteristic M^% 
meeting in a point, will not in general be transformed to 
characteristic ifi's, meeting in a point. 

If, however, the transformation is merely a point transfor- 
mation, the elementary integral cones of one equation will be 
transformed to the elementary integral cones of the other. 
In particular, the point transformations which leave a given 
equation of the first order unaltered, will also leave the 
system of integral cones unaltered, though naturally these 
cones will be transformed inter se. 

Looking on 

PidXi+.,. +Pn^n = d^ 

as the equation of an elementary plane whose coordinates 
are p^, ...^Pni we easily prove that <^ = is the tangential 
equation of the elementary integral cone of <^ = at the 
point z,Xif ••,iX^, 

Conversely, suppose we are given an equation, homogeneous 
in c22;,c{fl^,...,c2a;,^, and connecting 2;, a^,...,a;,^, dz,dxiy,..^dx^^ 
the coordinates of a linear element; then, if, regarding 
dz : diCi : dx^i ... as the variables, we find its tangential equa- 
tion, we shall have a differential equation of the first oraer. 
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of which the given equation will be an elementary integral 
cone. 

We thus see that any point tranfiformation, which leaves 
a di£ferential equation of the first order unaltered, will also 
leave unaltered an equation between the coordinates of a linear 
element; and, conversely, a point transformation, which 
leaves an equation between the coordinates of a linear element 
unaltered, will also leave unaltered a di£ferential equation of 
the first order. 

An equation between the coordinates of a linear element 
is called a Mongian equation. We have now proved that 
to every Mongian equation there will correspond in general 
one differential equation of the first order ; and conversely 
to every differential eouation of the first order there will in 
general correspond a Mongian equation. 

We say, * in general,' because, for instance, if the elementary 
integral cone at a point shrinks into a line (as it would if the 
given differential equation were linear) there would not be 
one definite Mongian equation but ^e several equations 
which make up the line ; and other cases might arise where 
the result of eliminating p^, ...yP^^ from (1) would be several 
equations. 

So also if the Mongian equation were linear in cZ^;, dx^^ ..,,dx^ 
instead of having one equation between the coordinates 
z^Xi^ •••)^n9 Pii •••iPni ^^ should have n such equations ; for 
the envelope of a plane touching a given plane is the plane 
itsel£ 

§ 225. Exa/mple. We saw in § 83 that the point transfor- 
mations which were admitted by 

were also admitted by 

da? + dy^+d2? = 0, 

the equation satisfied by the linear element of a minimum 
curve; these two equations are clearly associated in the 
manner just described. 

A straight line of the tetrahedral complex which we con- 
sidered in Chapter XVU has its linear elements connected by 
the equation, 

{b'--c)(a^d)xdydz + {C'-a){b—d)ydzdx 

+ (a— 6) (c^d)zdxdy = 0. 
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■ 

If we form ihe associated partial differential equation, by 
expressing the condition that 

pdx-k-qdy =^dz 

may, when we substitute pdx-k-qdy for dz in (1), lead to 
a quadratic with equal roots in dx : ay, we obtain 

/2) (/>«(a-cZ)(6-c) + gy(fe-cO(c-a) + (c-cO(a-6))* 

= 4^ajy (a— d) (6— c) (6— d) (c— a), 
which may also be written in the form 



Vjpaj(a— d)(6— c)+ -/gy(6— d) (c— a)+ V(c— d)(fe— a) = 0. 

We could now find the group — assuming such to exist — of 
point transformations admitted oy (1), and the group admitted 
by (2) ; and seeins that these coincide we should verify the 
genenJ theorem oi their coincidence. 

Without, however, actually finding either of these groups, 
we may easily verify that the point transformation 

^ . ^ 



transforms 

(6— c) (a— (i) ajdyc?2f + (c— a) (6— d) ydzdx 

-{• {a-^h) {e^d) zdxdy = 
into daj'«+d2/^ + d«'2 ^^ q. 

The group found in Chapter 11 will therefore, when the 
transformation (3) is applied to it, be a group transforming 
any linear element of a tetrahedral complex into another such 
linear element ; and will therefore leave unaltered the equa- 
tion (1). It may also be easily verified that (3) will transform 

(2) into l+2,'« + j^=0. 

We can always find a contact transformation which will 
transform any given partial differential equation into any 
other assigned equation, if both are of the first order; this 
we have proved in § 183 ; but it is not generally true that 
we can fijid a point transformation whi(£ will do so. The 
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example which we have just considered, suggests that if we 
wish to determine whether two assigned equations can be 
transformed, the one into the other, by a point transformation, 
it may be more convenient to determine whether or no the 
corresponding Mongian equations axe transformable into one 
another by a point transformation. 

§ 226. Let W denote the infinitesimal operator which 
corresponds to the characteristic function W, viz. 

As we vary the characteristic function we get different 
operators; we must now find the alternant of two such 
operators. 

To do this, we take 

and we find the operator in the variables 

which has the same effect on any function of these variables 
(provided that it is homogeneous and of zero degree) as 

the operator W has on the same function expressed in terms 
of a?!, ...,a?,j, 0, 2>ii...,Pn- 

Let the function on which we are to operate be 
then by § 184 

d^ 'by^ d^ d^ d<^ ^yb 

(i= 1, ...,7l), 

and, since ^ is homogeneous of zero degreCi 



^Pi -^^^Hi ^""iff, 



fl-fl 
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We now get 



i = » . -. . i=n 



and therefore 

where fT is the infiniteBimal homogeneous contact operator 
which corresponds to the characteristic function H. 

That is, TT operating on any function of a^, ••M^n^>2'i''**>j>fi 
has the same effect as JjT on the equivalent function of 
^1' —jyii+iJ ?i> •••> ?»+i where H = -Jn+i ^* 

It therefore follows that 



We proved in § 184 that W^ and TTg being any functions of 

and therefore 

— — (flj, flj)^ = - — (g^+i Fp ?^+i Fj)y^^ 

Thatis, WiFs-FjFi has the diaracteristio fnnction 
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§ 227. We next proceed to show how the operator W is 
tramsformed by the contact transformation 

(1) aJi = X<, 2^=^, Pi^Pi, 

with the multiplier p defined by 

Take 

»! = yi, ...,aJn = yn^ ^^^ yii+l» Pl = ~^> •••»2>n = ^' 

and let 2/J = ^^ ?i = 0<» (i = l,...,n+l) 

be the homogeneous contact transformation equivalent to (1) 
obtained by eliminating x, p and of, p' fix)m (1) and (2). 

Let R =s — ?n+i ''^^J 1®* ^' denote the function of v', & equi- 
valent to £r ; ana let V be that function of oiy p wnich is 
given by Z'=-5;+,F. 

We now have H = Z' an£ therefore by§ \9AH^W\ and 
having proved that W= Hy and F= K\ we conclude that 

Now F=^i±iF=:pTr; in order therefore to express W 

in terms of the variables o^, ...,fl4' ^' i'v •••)i'n ^^ ^<^ P> ^^^ 
then express pW in terms of these variaoles by (1) ; the func- 
tion thus obtained will be the characteristic function, witiii 
respect to the new variables, of the required operator, equi- 
valent to W. 

§ 228. The totality of contact transformations form a 
ffroup. For, /, o^, ..., o^i J^9 •••» Pn being the element derived 
by anv contact transformation from «, a^^, ..., a?„, p^, -"iPn* 
and z\ a^', ...,a4', y/f ..Ml>n b«ing similarly derived from 
^9 ^9 •••9^9 i^i9***9i>fi by any other contact transformation, 
we deduce from 



tan i s n 



and (fe"-2pi'<^'=p'(<^-2l>J<^<). 
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< = » ii^n 



that rf«"-2 K' <i<' = 99' (d«-2i'<<^<)- 

Therefore «", a</, ..., a^'j Pi'> •••>2>» is derived from 

by a contact transformation ; that is, contact transformations 
satisfy the definition of a group, and clearly, the group is 
a continuous one. 

We are now going to explain what is meant by tk finite 
coTvtiTmous corUact group ; it will be seen that many of the 
properties of finite continuous point groups can be tnuisferred 
to the groups now about to be defined. 

sf = Z («!,.. .,a5,j, «, i>i, ...,Pii» «j,...,a,) 

is a contact transformation for all values of the constants 
Oj, ...^a^ ; and if from these equations and 

where &i, •*., 6^ are another set of constants, we can deduce 

P< = x^^(a/i, ...,a?|j, sf^ Ply •••iPf^i Ci,...,c,.), 

where c^, •••)^> ^^^ constants depending on o^, •••,ct|., &i, ••., h^^ 
then X{, P{, z are said to be functions defining a finite con- 
tinuous contact transformation group. 

Such a group will have r independent infinitesimal operators 

TTj, ..., TT,.. We see at once that the corresponding character- 
istic functions must be independent, that is, there must be no 
relation of the form 

where Ci,...,c^ are constants, connecting the characteristic 
functions. Also anv finite transformations of the group can 
be obtained by endless repetition of the proper infinitesimal 
transformation. 
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The alternant of any two of these operators is not inde- 
pendent of the set of operators ; we must therefore have 

(% w^ =2 c«*F», (* zliziy 

Conversely, if we have r independent operators satisfying 
these conditions, they generate a finite continuous contact 
transformation group. If we use the symbol {Wi,Wj^} to 

denote [Wi,Wj,]g^^p-W^-^ -^W^-j^, we can express 

this fundamental theorem in terms of the characteristic 
functions thus : 

{ Fulfils 2 c«»Fj. 

These theorems for contact groups follow at once from what 
has been proved for point groups. 

The constants c^j^, ••• are still called the structure oonstanto 
of the group. 

§ 229. If TT is of the particular form 

where di —y^Mt C involve only re,, ...^x^^z^ the corresponding 
operator is said to be the extended operator of 

and ^=«+'C(aif..*i»n>^) 

is said to be the extended infinUesvnud point transformation 
of a^ = ^+'6 (^» •••» ^n> ^)> —j^ = ^»+'f» (^> •••» ^n> ^)* 

^^Z + t((X^y...,X^,Z), 

and it is entirely given when the point transformation ^ 
given. 

Suppose that 

(1) a^ = Xi (a?!, ..., fl?^, 0, Oj, ..., a^), ..., 
are the equations of a point group; when we know the foppi 
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of the funotionB X^, ..., X^, Z we can, aa in § 186, find the 
form of the funotionB P^' •••'-^n '^^^^^ 

It is now obvious that in the variables z,a^, ..., x^^^ Pn^^'iPn 
these (271+1) equations define a group of order r ; for, from (1) 
and 

(2) of/ = X<(a4,...,a4> ^j^if-M^r)* 
2?"=Z(a4,.,,,a^,2f,6i, •.•,&,.), (i = 1, ...,7i), 

where b^, •••,&r ^^ constants, and where the equations (2) 
involve the additional equations 

2>i' = -P<(ai, ...ia4> ^>l^>—>i^fi> ^i>—>^ii)> (i = l,...,^), 
we may deduce 

(3) a^'=-Si(aif..M»n» ^><?i>-«mC,.X 

where Cj, ...,o^ are constants which are functions of the sets 
Oj) •••>^r' ^i» •••>^/'9 c^d from (3) we may deduce 
^J'=P^(a?i,. ..,»„, ZiPiy...,Pny ^i»«->Cf)> (i = 1, ...,''l)• 
§ 280. Let Fi,..., F^ be the extended operators of this 

group in the 2n+l variables, and ET^, ..., O',. the operators 
of the original group ; it can now be proved that the structure 
constants of the extended group are tne same as the structure 
constants of the original one. 

Let (>^<.Ffc) = 2y«*^A. 

kar 

and let F<=f/'<+F<, 

so that in Vj the terms r — > •••>r — » -c- do not occur. 

• ca^ dXf^ cz 

We now have 

= (^^ ^h) + operators in ^, ...» ^ only, 

for the coefficients ofr — j-'-jr — » -r-'^^ ^^and ^t involve 

cx^ cx^ cz • * 

only a^, . ..,«„, 0. 



CAMraiLL 
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We havo, therefore, 

2 rikh ^k =2 Cikh ^h + operators in ^, ...,_only ; 
80 that 

2 (Yikk-<^ihj) ^k = operators not involving^. '"'?«;* ^* 

It follows that y^j^j^ = e^j^^ for all valaes of i,kyh; that is, the 
extended group has the same structure constants as the 
ori^nal point group. 

We see, therefore, that if we are given any structure con- 
stants, we can always find at least one contact group (viz. the 
extended point group) with the assigned structure; and, 
therefore, toe third fundamental theorem also holds for contact 
transformation groups. 

§ 281. We now proceed to obtain the necessary and 
sufficient conditions tlubt two groups of contact transformations, 
in the same number of variables, may be transformable, the 
one into the other, by a contact transformation. Since a con- 
tact transformation in 0,0^, ..., a;^, p^, ••-yPn <^^^ be expressed 
as a homogeneous transformation in y^ ..., y^+ii 9i> •••! ?ii+i9 
it will be efficient to consider this problem for tne case of tlie 
homogeneous contact groupa 

Suppose Hif..„H^ are the r independent characteristic 
functions of a finite continuous homogeneous group ; let us 
apply any homogeneous transformation, and let these fiinctions 
become respectively K[, ..., K'^ when expressed in terms of 

the new variables 2/i***'»24» ^'•••»9fi ^7 ^^ given homo- 
geneous contact transformation 

(i = 1, ...jTi). 
. We know that (iT^, Sj)y^q = (^i, ^j)^,ffi *"^d therefore 

so that the new characteristic functions in ^,...,24 > 9ii '••9^%^ 
generate a group with the same structure constants. 

Now the functions if^, ..., jET^ are independent in the sense 
that there is no relation between them of the form 

Ci-ETj + . . . + c^Hf — ^> 
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where Ci,...,o^ are constants; bat they do not need to be 
functionally unconnected. Suppose that JTi, ..., H^ are func- 
tionally unconnected, and that the other functions ^T^+d •••> H^, 
can be expressed in terms of them, so that 

and therefore 

If then we are given the r characteristic functions of a 
transformation group, viz. i7|, ..., H^y and the r characteristic 
functions of another group, viz. K^, ...^K^, we cannot trans- 
form the one group into the other, so that H^ may become K^y 
unless the structure constants are the same, and unless the 
functional relations are also the same. 

§ 282. We shall now prove that these necessary conditions 
are sufficient. Let H^, ...,£,. be the one independent set of 
characteristic functions such that 

^^^ ^m-^t = 4>m-¥ti^l9"nS„\ (' = 1, ...,^— Wr); 

and let K^, ..., jET^ be another set of independent characteristic 
functions such that 

H^, ..., H^ now form a homogeneous function system with 
the structure functions w^j,,..,w^y... where 

« as m f s r— m 

A=z l,.,,,mx 

By what we have proved in § 182 there can now be found 
a homogeneous contact transformation, which will transform 
Hi,...,S^ into jETj, ..., jKL respectively, since the two systems 
have the same structure mnctions. 

It is clear that this transformation will also transform 
-H^+i,. ..,!/,. into K^^^, ,..,Kf respectively; the necessary 
conditions are therefore also sufficient conditions. 

It might be supposed that we could from this theorem 

u % 
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deduce the condition that two point groups should be trans- 
formable, the one into the other ; viz. that all we should have 
to do would be to extend the point groups, and then see 
whether they were so transformable. We could not infer 
from this, however, that the point groups would be transform* 
able into one another by a point transformation, unless we 
know that the contact transformation, which transforms the 
one extended point group into the other extended point 
group, is itself a mere extended point transformation. 

§ 233. We have proved that given any system of structure 
constants we can always find a contact group with the given 
structui'e. The particular one we have shown now to constmct 
was an extended point group ; there will however be others ; 
in fact, we have only to apply an arbitrary contact transfor- 
mation to this extended point group, and we shall have a 
group which will not generally be a mere extended point 
group. Such contact groups, however, being deducible from 
extended point groups by a contact transformation, are said to 
be reducible contact traTisformation groups; other groups 
which have not this property are said to be irreducible. 

The structure constants of any contact transformation 
group, reducible or otherwise, satisfy the conditions 

as we at once see from the identities 

((Wo TT*), Wj) + {{Wt„ Wj). Wi)+{(Wj, W^, TFi) = 0. 

§284. Contact transformation groups in0,a^,... ,0^^,272, •••^Pn 
are point groups in these (2n + 1) variables ; but it is not true, 
conversely, that point groups in (2 7i+l) variables are 
necessarily, or generallv, contact transformation groups. If 
we write the variables in the form 0,0:^, ••., x^^ p^y ••'fPn* ^^ 
group in these variables will only be a contact transformation 
one in the (u+l)-way space 0,0^, ...^^f^ if all the transfor- 
mations of the group are characterized by the property of 
leaving the equation 

dZ'-PidXi^.^.^p^dx^^ 
invariant. 
From a knowledge then of contact transformation groups 
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in spaces of lower dimensions we can often deduce important 
information as to point groups in space of higher dimensions. 
Thus suppose, in space of 8 dimensions, we know that a group, 
which we wish to determine, has the property of leaving 
unaltered an equation of the form 

where /i> •••>/* ar© functions 6f «i,...,aj,. By the theoir 
of PfaDTs Froolem a transformation of the variables will 
reduce this equation to one or other of the two forms 

where 2 m + 1 does not exceed a ; and therefore the group 
we seek must, when expressed in terms of the new variables, 
be a contact transformation group in a space of not more than 
i (8+ 1) dimensions. 



CHAPTER XIX 

THE EXTENDED INFINITESIMAL CONTACT 
TRANSFORMATIONS: APPLICATIONS 

TO GEOMETRY 

§235. If = ^(o^, ..., a;J is any surface in (n + l)-way 
space, we shall now consider how tiie derivatives of z with 
respect to o^, ..., x^ are transformed by the application of an 
aseogned infinitesimal contact transformation. 

We must regard the function ^ which defines the surface as 
unknown ; for otherwise the derivatives of z would be known 
functions qIIq^^...^x^\ and the contact transformation would 
be (when we replace p^^ •••^Pn ^7 their expressions in terms 
of x^j ..., x^ obtained from 2; = <^(a^, ..., x^)) a mere point 
transformation; and would apply, not to any surface, but 
merely to the pieirticular surface under consideration. 

Let Pii»**iPn ^ the first derivatives, ^^-j ••• the second 

derivatives, where p(f denotes ^ — r — > p^jj^, ... the third 

derivatives and so on ; and let W be the characteristio func- 
tion of the assigned contact transformation which it is our 
object to extend to derivatives of any required order. 
Let the extended contact transformation be denoted by 

pj =Pi+tvi{ai>^,...,x^,z,Pi,...,p^), 

P^iJ = PiJ + *'f> («i» •••> ^ii> ^» Pi^ -M Pn^ Pui •••» Pin* Pny •••)> 

and so on, where in ir^*, ... no derivatives of order higher 
than the second can occur, in v^jj^^ ... no derivatives of order 
hi^er than the third, and so geneiully. 

We know how to express f, f^, tt^, in terms of W and its 
derivatives, and we have now to express similarly ir^j, ... . 
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We have (2pi =2 2^w^» 

and therefore dvj^ = 2 ^iw ^i + 2 Pki^^i^ 
so that 

i^n Jmian ten 

(1) 2'JW*»<-2l>iW;f<^<=^K"2l>iMf<)- 

If we use the symbol -^ — to denote differentiation with 

dxi, 

respect to Xj^^ keeping a^,..., ^jb-i> ^ik+i' ••*' ^n ftU constant, 
but not z or its derivatives, we hieive 

XT ^^ ^W . aw 

80 that »j,_;^^j,f,= ___pj,_-2^,,_=_^. 

since W does not contain derivatives of order higher than 
the first. 
From the equation (1) we can therefore deduce 

The result at which we have arrived may be thus stated : 

dW 
— ir^= --j — 9 with the highest derivatives which occur omitted ; 

d^W 
-~7rj]^=- — -= — 9 with the highest derivatives which occur 
dx^ctXj^ 

omitted. 

In exactly the same manner we could prove that 

d^W 
— TT^., = - — - — = — 9 with the highest derivatives omitted, 

v'* dx^dxjdx^ ^ 

and so generally up to any assigned order ; and we thus see 
how the infinitesimjEkl contact tnuisformation may be extended 
as far as we please. 
The extended contact operator is 
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If we have a group of infinitesimal contact operators then 
these operators, when extended, will also form a group, of the 
same order as the original group, and with the same set of 
structure constants. This may oe proved as in § 280, where 
a like theorem was proved for the point group extended, so as 
to be a contact group. 

§ 236. It is convenient to have in explicit form the value 
of the first few coefficients in the operators for the case u = 1 
and n = 2, as they are required for applications to geometry 
of two and three dimensions. 

When n = 1, we take 

and denote as usual 

^hjp, 0byj, gbyr; 

for r— +p ^— we shall write X, and we now have 

hx ^ ay 

Also if ?'=g+tic, and r'=r+t/), 

iPW 
we have — ic = -r^- 9 with the highest derivative omitted, 

and therefore, since g^-X— aXr— = a-— , 

^ep ^ dp ^ cy 

Similarly 

cPW 
— p = --5T^9 with the highest derivative omitted, 

« 

which, since r— X*— X*r— = 2X^-> 

dp dp dy 
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may be written 

+r(3j^ + 3X^ + A)Tr. 

§ 287. As an example of the application of these formulae 
we shall find the form of those infinitesimal contact trans- 
formations which transform straight lines of the plane into 
straight lines. 

The differential equation satisfied by all straight lines on 
the plane is q = ; and therefore, since we must have ^=0, 
we must have k = 0, wherever g = 0. We therefore have 
X^W=0; or, explicitly 

of which the general integral is 

Any contact transformation, whose characteristic has this 
form, will transform any straight line into a straight line ; 
these transformations have therefore the group property, but 
the group is not a finite one. 

If Wi and TTj are two characteristic functions of this group 

the characteristic of the alternant of the operators Wi and TTj 
has, we know, the form { TT^, W^} where 

and (F,.F-J = ZTr,^«-XTr,^^. 

We know then that W^ and Fsbeing any functional forms 
which satisfy the equation (1), { fri, TTj} will also be a func- 
tional form satisfying the same equation. This result may 
easily be verified independently. 

If we only require tiiose contact transformations which are 
mere extended point transformations, then by (1), since 

and f and rj do not now involve p^ 
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where the suffix 1 denotes differentiation with respect to x, 
and the suffix 2 differentiation with respect to y. 

Equating to zero the coefficients of the several powers of p 
in tms equation, we get 

Differentiating these equations with respect to x and y, we 
see that all derivatives of the third order are zero; we 
therefore take 

f = Oiic^ + 2 Ajiry + 6iy« + 2griaj + 2/iy + Ci, 

From £22 = ly^j = 

we conclude that a2 = &i = ; 

and fix)m Vn^^in = ^ 

we see that 2A2— ^2 == ^ » 

while from fu— 2i;i2 = ^ 

we get 2/^ = 04 ; and we thus obtain 

F= Oi (pa^-xy) + 62 (pay-y^) + 2flri;wj + 2/i;}y 

+Ci2>-2flr2a?-2/2y-.C2. 

TT is therefore merely the most general characteristic function 
of the extended projective group of the plane. 

§ 238. We shall now find the form of those infinitesimal 
point transformations which have the property of transforming 
the circles of the plane into circles on the same plane. 

The diffetential equation satisfied by all circles is 

and we must therefore have 

(1) (l+2^)p + 2^ir~6^ic— 3}*ir = 

for all values of a?, y, p^ g, r such that Sq^p = (1 +/>*) r. 

Since W^p^—ri, 

and the contact transformation is now a mere extended point 
transformation, W will only contain p in the first degree. 

Applying the formulae of the preceding article to the equa- 
tion (1), and substituting for r its equivalent expression in 
terms oip^ q^ we must have the equation 
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(2) ^3q'p(zX^ + ±)W 

satisfied for all values of x, y, p, q. 

Equating the coefficients of q^ on each side of this equation 
we have 

Substituting for W the egression p(—ri^ where f and 17 do 
not contain p, this is equivalent to 

Equating the coefficients of the different powers of p on each 
side we get the two equations 

(3) fi-»72 = Oi f2 + *li = 0- 

Equating to zero the term in (2) which is independent of 9, 
we get X^W = ; that is, 

and therefore, since p, x, y are unconnected, 

^lll=^^> 3l72i2 — flll^^» *7l22 ■" fc Ua ^ ^» ^a22""3{i22=^^> C222==^' 

If we differentiate the equations (3) twice with respect to x 
and y, we shall see that all derivatives of f and 17 of the third 
order must be zero. 

We therefore take 

17 = aaO^ + 2^30:^ + 622^ +2gr2aj + 2/2^+02; 
and from the equations (3) We deduce that 

so that the characteristic function is of the form 
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It may at once be verified that for this value of W the co- 
efficient of q vanishes in (2) ; and we thus see that there is 
a point group of order six which transforms circles into 
circles ; the six independent operators of the group are 

^ ^ A-. — — — 

^03* ^y* ^y '^x* 'hx '^y* 

Of these infinitesimal operators the first corresponds geo- 
metrically to a small displacement along the axis of x ; the 
second to a displacement along the axis of y ; the third to 
a rotation round the origin; the fourth to a uniform ex- 
pansion from the origin; the fifth to an inversion with 
respect to a circle of unit radius whose centre is the origin, 
succeeded by an inversion with respect to a circle of unit 
radius whose centre is at a; = ^, where t is small, and lastly, 
by a translation backwards along the axis of x measured by 
t ; the sixth operator has a like mterpretation with regard to 
the axis of y. It is of course obvious that each oi these 
operations changes circles into neighbouring circles ; and we 
have now proved that any infinitesimal transformation, which 
does so, must be compounded of these six operations. 

§ 289. We next try whether there are any infinitesimal 
contact transformations — ^not mere extended point trans- 
formations — ^which have this property. 

If we substitute in 

(l+2>*)p + 2^ir— 6^ic— 33'w = 
for p, K, v their values obtained in § 286 ; and then for r the 

expreesion f^ > the resulting equation must be satisfied for 

all values of x, y, p, q. Equating as before the coefElcients of 
the different powers of $ to zero, we obtain 
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From the fiist of these eqaations we see that 
where A ib 6, fanction of x and y only ; and therefore 



where A, j5, C are functions not containing p. 
If this value of TT is to satisfy the other equations it is dear 

from the irrationality of Vl+p* that AVl-^p^ and jB^ + (7 
must separately satisfy the equations. Now the latter part 
would give lise to a mere extended point transformation ; and, 
as we have fully discussed all the point transformations which 
transform circles into circles, we need not further consider 
this part, but have only to find what, if any, are the possible 
values of the unknown function A. 



Taking then F= il V 1 +^, 

, ^W Ap 

we have rr— = ^ > 

and the second equation gives us a mere identity satisfied 
whatever function A may be. 
The third equation gives 

(A^'^2A^P'^A^^lf')pyiTp*'\-(Aj^^p)(l+p')* 



which on dividing by Vl+p^ and equating the powers of 
p gives 

(1) A^i = -4221 -^12 ^ ^' 

Finally the fourth equation gives 

ilui + 3iiii2 p + 3ili22l>* + -42222>' = 0, 

from which we see that all derivatives of A above the second 
vanish ; and therefore 



802 CONTACT GROUP REGARDED [239 

From (1) we further see that A = 0, and a = 6, so that 
A is the power of a circle. 

The most general contact transformation group which trans- 
forms circles into circles has therefore the following ten 
characteristic functions : 



(y*+iB*)VTTp, yvTTp, ajvT+p, -/iT^, 

^ ' p{a?-y^)-2xy, y^^a?^2pxy, px-y, py + x, p, 1. 

§ 240. If we look on a;, ^, p as the coordinates of a point in 
three-dimensional space, to a point there will correspond an 
element of the plane ; and to two united elements of the 
plane, that is, two consecutive elements whose coordinates 
satisfy the equation 

dy-pdx = 0. 

there will correspond two consecutive points in space con- 
nected by the equation 

dy^pdx = 0. 

If we write z for p we may say that to every transforma- 
tion in space whidk leaves dy^zdx = unaltered there 
corresponos a contact transformation in the plane, and 
conversely. 

The group of contact transformations which we have just 
found leaves unaltered the system of circles 

«*+»■ + 2flra?+2yy + c = 0, 
and therefore also 

The corresponding group of point transformations in three- 
dimensional space must therefore leave unaltered the system 
of curves given by 

«2+y8 + 25faj+2/y + c = 0, a:+flf + (y+/)«=0; 

that is, will transform any curve of this system into some 
other curve of the same system. 

It is now convenient to write the equations of this family 
of curves in the form 

. . 4c(iB*+y') + 4(6*— oc) (y + iaj) + y— ioj— a = 0, 

wher e a, 6, c are variable parameters, and i is the symbol 
for V^. 
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If we apply the iransformation 

(2) a?' = y+iaj, Tf-y-ix, 2^=^* 

which leaves unaltered the equation 

dy-'Zdx = 0, 

the equations (1) are transformed to 

/3\ 4ca:y + 4(6*— ac)a?+y— a = 0, 

4c(y+a») + 4(6*— ac)+0 = 0; 

so that the group into which the group (2) of § 289 is trans- 
formed by the equations (2) of the present article leaves the 
equations (3) unaltered. 
Transform again with 

which gives dy-^zdx = dj/^sfdaf ; 

and the equations (3) become transformed into 

4cy + 4 (6*— oc)— 0* = 0. 
Eliminating z between these two equations we get 

and therefore, since 6 is a variable parameter, we may write 
these equations in the form 

(4) y = ca* + 2&B + a, 0=26 + 2caj. 

The group into which the group (2) of § 289 is now trans- 
formed leaves the system (4) unaltered; or, expressed as 
a contact group in the plane, leaves invariant the system of 
parabolas whose axes are parallel to the fixed line a: = ; 
or, again, leaves unaltered the differential equation 

The group into which (2) of § 289 is transformed could 
have been directly obtained from this property of leaving (5) 
unaltered, just as (though more simply than) the group which 
left circles unaltered was obtained. If the group is thus 
directly obtained, it will serve as an example of the applica- 
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tion of § 231, to prove that the two groups are transformable, 
the one into the other, by a contact transformatj^on. 

§ 241. Let us next apply the point transformation in three* 
dimensional space 

for which dy—zdx = dy'—g^daf-^x'ds^y 

and for which therefore a linear element of any curve in the 
plane is transformed into a linear element of the linear 
complex m = /3. 

We then see that the group of contact transformations, 
which leaves unaltered the system of parabolas, is transformed 
into a group of point transformations in three-dimensional 
space, with the property of leaving unaltered the system of 
straight lines , . . , 

that is, into a projective group which does not alter the linear 
complex m = /3. 

We have thus established a correspondence between the 
circles of a plane, and the straight lines of a linear complex 
in space of three dimensions ; and the two groups, one a con- 
tact transformation group in a:, ^, p^ leaving tne system of 
circles unaltered, and the other a point group which trans- 
forms the straight lines of a given linear complex inter ae, 
are transformable, the one into the other, by a point trans- 
formation in three-dimensional space. It should be noticed, 
however, that this point transiormation is not a contact 
transformation in x, y, p, such as was that which transformed 
the system of circles into a system of parabolas. 

If we write the equation of a circle m the plane in the form 

then the group of transformations, which transform any one 
circle into any other, being a contact group, will transform 
two circles which touch into two other circles which touch. 

Now we have seen, in Chapter VIII, that if a group trans- 
forms an equation of the form 

/(a?i, ..., a?„, Oj, ..., a^) = 

into another equation of like form, but with a different set of 
parameters, then we can construct a group of transformations 
in the variables o^,..., a^., such that if X^,..., X^ are the 
operators of the group in the letters o^, ••«, x^ and A^^ ...^ A^ 
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the operators in the letters 64,...,^^} the structure constants 
of the two will be the same ; and each of the operators 

will be admitted by the equation 

/(a?i, ..., aj„, Oj, ..., a^) = 0. 

If we apply this method to the system of circles on the 
plane which admit the group (2) of § 239, we shall have 
a group in the variables a, /9, y ; this group will be of the 
tenth order, and will be found to be the group of conformal 
transformations in three-dimensional space. 

This result is obtained directly by Lie from the considera- 
tion that the condition for two neighbouring circles touching is 

for, since the transformed ne^hbouring circles must also 
touch, the equation 

must be unaltered ; that is, the group must be the con- 
formal one. 

§ 242. We shall bow write down in explicit form (for the 
case 71 = 2) the values of the functions ^u, ^22, Vg^ which in 
future we shall denote by p, a-, r. 

We have {p, g, r, 8, t having their usual meaning) 

and the infinitesimal operator is 

^55 + ^^"^^^+'^"^"^+^^ + ^^ + ^^' 
We denote by X and T the respectiye operators 

and we have 

iW iW ^™. iW iW .p™. 



CAHraBU. 
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cPW 
Since — p = -r-j- > with the highest derivativefi omitted, 

and since ^ Z- X^ = ^ = ^ 3^- 3^^ » 

cp ^p cz eq cq 



we have 



hp ^p * ^? ^9 * 



Similarly —a- and — r are obtained fix)m the operators 

and r2 + 287^+2<7^+82^ + 28«r-^ + e«^+e^. 

§ 243. As an example of the application of these formulae 
we shall find the form of the most general infinitesimal 
contact transformation which does not alter 

cPz 

= 0. 



dxdy 
Since we must have o* = wherever s = 0, we get 



dj9 ^q hq hp 

From the first of these equations we see that ^— does not 
contain p ; and therefore by the second we must have 

= 0, ^-^-- = 0, 



dgr ^z hq ^x 

so that — is a function of y and q only. Similarly we see 
^? 

that -^ is a function of x and p only, and therefore the 
characteristic function W is of the form 
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Since X7W vaniahes identically, 

and therefore 

80 that yl^(x,y,z) = az+F(x)i-^(y), 

where a is a mere constant and F and 4> functional forms. 

The characteristic function which leaves unaltered the 
equation 8 = is therefore of the form 

There are therefore three distinct forms of characteristic 
functions leaving 8 = unaltered ; and, corresponding to these, 
three distinct groups of contact transformations with this 
property. Firstly, fiie infinite group where W is of the form 
/ (p, x), f being an arbitrary functional symbol ; the functions 
of this group form a function system of the second order. 
Secondly, the infinite group with characteristic functions of 
the form 4> {jj y)y where (^ is an arbitrary functional symbol ; the 
functions of this system also form a function system of 
the second order, anv function of which is in involution with 
any function of the nrst system. Thirdlv, the group with the 
single characteristic function ; if we form the aftemant of 
this function with any function of the first system, we have 
another function of the first system ; and a similar result 
follows for the alternant of z with any function of the second 
system. 

The infinite group of contact transformations leaving un- 
altered the equation 8 s= is compounded of the operations 
of these three groups. 

We have proved that any Amp^rian equation with inter- 
mediary integrals of the form 

where /i and/2 are arbitrary functional forms, can by a con- 
tact transformation be reduced to the form 8 = 0. 

It follows that any such Amp^rian equation will admit an 
infinite group of infinitesimal contact transformations, the 
operators of which may be arranged in classes as follows : in 
the first class there are two unconnected operators, but an 
infinite number of independent operators : in the second class 
there are also two unconnected operators, and an infinite 
number of independent operators : in the third dass there 
is only one operator: any operator of the fibrst class is 
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peimutable with any of the second, and the alternant of the 
operator of the third class with any operator of one of the 
other classes is an operator of that other class. 

§ 244. We have obtained the conformal group in three- 
dimensional space from the property that it leaves the equation 

unaltered ; if we seek the group which will leave the expression 

doci^i-df^dz^ 

unaltered, we shall obtain the group of movements of a rigid 
bodv. 

Ijie question now proposed is to find the infinitesimal point 
transformations which nave the property of transforming a 
given surface into a neighbouring one, without altering the 
kngth of arcs on the surface ; thai is, if P and Q are any 
two neighbouring points on a given surface which receive 
infinitesimal displaicements so as to become two near points 
P^, Q^ on a neighbouring surface, we want to find the relations 
between f, i;, C in order that we may have PQ =i P^Q^. 

Since we must have 

dxd(+dydri + dzdC=i 
for all values of x^ j/, z on the given surface ; and 

dC= ^das + ^dy, dz = pdx + qdy, 
•we get, by eqnatiiig the coefficients of dx', dxdy, dy' to zero, 

dri ^C_ rt 

dy ^dy" ' 
where -r- and -s- denote total differentiation with respect to x 

•ndtoy. 
From the equations 

d» .di dv dC itC\_a 
d^^C^'*'^'^^d^'^^dx^~^ 

dy«W«'*"^^>'""' da^^dy'^'^d^)-'* 
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we can eliminate £ and 17, and thus obtain the equation 
(2) t^^ 2q ^^^ r^=0 

The surface on which P and Q lie is a known one, and 
therefore r, 8, t are known in terms of x, y^ so that the equa- 
tion (2) determines C cts a function of x and y. 

From 

d ydf dri dC dC\ ^ d /dr\ dC\ 

d^i d^C M « 

while by differentiating 

dx ^ dx" 
with respect to x and with respect to y we get 
d^i d^C dC ^ . d^( d^C dC 

with similar eqaations for i;. 

If we denote 3^ — j^ by X 

az dy 

we have, therefore, 
<^^ = (Pddy-9d'''Tx-''Ty^^'' 

which is a perfect differential, since 

d^C d^C d^C 

da^ dxdy . cte* ' 

and therefore A can be obtained by quadratures, when C is 
known in terms of Xj y. 

When we know A and C, the deriyatives of £ and 17 are 
known by (1) ; and therefore ^ and 17 can be obtained by 
quadratures. It will also be noticed that when C is fixed, 
^ and 17 are fixed, save as to the terms ajz + b in ^ and --ax-^c 
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in 77 where a, 6, c are arbitrary constants. The infinitesimal 
transformation is therefore fixed when ( is fixed, except for 
small translations along the axes of x and y, and rotations 
round the axis of z. 

The mistake of supposing that the operators 

so found will generate a group must be guarded against : if U 
is an operation which transforms a surface 8 into 2 and pre- 
serves unaltered the lengths of small arcs on S, a nd v is 
another operation with the same property, then VU will not 
necessarily have the required property, because V has not 
necessarily such a property for the suiface 2. 

§ 245. We can now employ the values of />, o-, r obtained in 
§ 242 to prove the known theorem, that any such infinitesimal 
transformation as we are now considering will so transform S 
into 2, that the measure of curvature will be the same at 
corresponding points on these surfaces. 

We have 

-tp-rr + 2s. = (t^+r^,-2s^W. 

omitting derivatives of the highest order which occur, that is, 
derivatives of the third order ; and this expression is equal to 

/ cP cP cP \ ^ 

(<^+r^-2«^f=0. 

Now 

+ 2er^ + 28r^-28r^^2s^^, 
dx dy dy dx 

the other terms being omitted as they are derivatives of the 
third order. 

K we now make use of the equations (1) of § 244 to express 
the derivatives of ( of the second order in terms of those of ^, 
we have 
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by (1) of § 244. 
Similarly we see that 

Again 

-pv'-qK = (^^ + ?^) (^f +?*7-0» omitting the highest 

2f derivatiyes 

= _(l+^. + j«)(^^ + y^)by(l)of§244. 

Now in order to prove that the measure of curvature is 
unaltered by the given injSnitesimal transformations, it is only 
necessary to prove that 

and this is at once proved by aid of the formulae now 
obtained. 

§ 246. If we have an go' of points on a surface and the 
distance between neighbouring points ^measured along a geo- 
desic on the surface) is invariable as tnis go' of poin£ moves 
on the surface, we then have on the surface the analogue of 
a rigid lamina in a plane. Such an assemblage we call a rut ; 
and the question is suggested, can a movable net exist on any 
surface, or can it only exist on particular classes of surfaces 1 

If P is any point on the net which moves to a neighbouring 
point P", we have just proved that the measure of curvature 
at P and P^ must be the same ; we shall first discuss the case 
where the given surfeu^ has not everywhere the same ^leasure 
of curvature. 

Through each point on the surface draw the curve along 
which the measure of curvature is constant, and let .these 
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curves be called the carves of constant curvature. Next drair 
the system of curves cutting these curves of constant curvature 
orthogonally, and caU these latter curves the trajectoriea 

Let Ai, 2l2> ••• he a series of neighbouring points on a tra- 
jectory ; if the set is movable A^yA^^... will take up positionB 
-B^, -Bg*'*' *^^ ^^® points of the net which were at J5i, JB,, •.. 
orijrinally will now take up a position Cj, (72>... and so oil 

The points Ai,B^,C^, ... must lie on a line of constant 
curvature; similaj*ly A^^B^yC^,,,. must lie on such a line, 
ilg, -83, Og, ... on another, and so on. It will now be proved 
that this net movement is only possible if ^j, ^2) -•• ^^ ^^ ^ 
trajectory, C., C^, ••* also on a tntjectory, and so on. 

Since A^n^ = B^ C^ and -^^ilg = jBiJSo and A^Bj^ = B^O^, 
it follows that the angle A^A^Bj^^ B^B^C^\ and therefore, 

since A^A^B^ia a right angle, so is ^2 ^1^19 that is, B^y B^j ... 
lie on a trajectory. 

Unless then tne surface is such that trajectories can be 
drawn on it, dividing each line, along which the measure of 
curvature is constant, into the same number of equal parts, 
the surface cannot allow a net to move over it. IS this con- 
dition is satisfied, and the surface be not one with the same 
measure of curvature everywhere, the net can move on it 
with one, and only one, degree of freedom. 

Since Ai A2 = ^1 ^2 ^^^ perpendicular distance between 
two neighbouring lines of constant curvature is the same at 
all points ; it therefore follows that the trajectories are geo- 
desies on the surface. 

If we take u and t; to be the coordinates of any point on 
the sur£B.ce, where u = a and v = fi are respectively the lines 
of constant curvature and their trajectories, we can take for 
the element of length on the surface 

when \ is a function of u only. 

If the net is to have two degrees of freedom in its move- 
ments the surface must be everywhere of the same measure of 
curvature. 

§ 247. We can prove these results in a difierent manner and 
also obtain all possible movements of the net, if we employ 
surface coordinates. 

Let the equation of the surface be given in the form 
a;=/i(u, v), y^MuyV), z=Mu,v), 
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so that we have 

cfo* = edu^'^2fdudv'^gdv^, 

where €,/, g are functions of the paiumeters u, v which define 
the position of any point on the surface. 

We shall first prove that by proper choice of the parameters 
we may take e= 1, /= 0, and thus simplify the expression 
for the element of length. 

We must prove that we can find p and g, a pair of functions 
of u and v such that 

edu^ + 2fdudv + gdjj^ = dp^ + \^dq^. 
Since 

dp = :^du-\' -^dv and dq = r^d!u+ r^dv, 

we at once obtain as the necessary and sufficient conditions for 
such reduction 

and therefore 

(«-(&')('-(g)')=c-?„i)'- 

It follows that p must satisfy the equation 



When we have thus determined j:> as a function of u and t;, 
we can determine A and q by the equations 



eliminating q we have, for determining X, the equation 

When A is thus determined we can find q by quadratures. 
We have therefore proved the theorem we stated, viz. that by 
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a suitable choice of surface coordinates we may take 

(1) d^:=dp^ + \^dq\ 

If we form the differential equation of the geodesies on the 
surface with respect to this system of coordmates, we shall 
see that it is satisfied by the curves q = constant: these 
curves are therefore geodesies. 

§ 248. We can throw this expression into another form 
wmch will also be required in our investigation ; take a new 
set of parameters such that 

dp-^-ikdq = ikda and dp—iKdq = vdfi, 

where i is the symbol for V — l ; that is, - is the integrating 
hctiQT of dp + i\dq and - the corresponding factor for 
dp-^iXdq ; we now have 

where h is some function of a and /9. 
It is convenient to write x for a and y for /3 so that 

cfe* = e^dxdy. 

Suppose now that points on the surface admit the in- 
finitesimal transformation 

which does not alter the length of arcs ; that is, suppose that 
a movable net can exist on the surface. 
Since c28 is to be unaltered we must have 

and therefore by equating the coefficients of c2a^, dxdy^ dy^ 
to zero we get 

From these equations we conclude that £ is a function of 
X only, and 17 a function of y only ; and therefore, by taking 
as parameters, instead of a;, a suitable function of a;, and, 
instead of y, a suitable function of j/, we may in the new 
coordinates take ^ and 17 each to be unity. In fact if ^ ^f{x) 
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then from af=ix^ ^/(^)> 

we conclude that whatever ^ may be, 

if then we take <l>^{x)f(x) to be unity, and <l>(x) as a new 
parameter in place of x, ( will be unity. 

Since we must now have with these parameters 

^x ^2/ "" * 

h must be a function of x--y. 

We can therefore, if the surface can have a movable net 
drawn on it, so choose our surface coordinates that 



«**^(^^fe*)'=». 



where/ is some functional symbol ; and we have 

<fo«= - ( A/(a,_y))* ((dx+dy)*-{dx-dy)*) 

This form is the same as (1) of § 247, only that X^ is now 
a function of p only and not of q ; and we conclude that the 
net can move, if and only if, the element of arc can be written 

in the form cfo* = dp^ + k^dq^ 

where A* is a function ofp only, 

§ 249. We now assume the surface to be such that we may 

^^^ d(^ = da^i-k^dy^ 

where \ is a function of x only. 

It is known (Salmon, Geometry of Three DimensionSy § 889) 

d^K 
that the measure of curvature is t-q -r X ; and therefore the 

ax* 

lines on the surbce where the measure of curvature is con- 
stant are the lines x = constant. 

To find the most general displacement of the net on the 
surface we now have 

dxd(+ K^dydri + rfy' ( f -^ + ^ -^) > 
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and therefore, siace X. does not contain y, 

Eliminating rj from the second and third of these equations 
we get 

and therefore 

From the first equation we see that ^ is a function of y only. 
First suppose that £ is zero, then 

and we get the possible displacement 

x'-x, 2^=2^ + ^; 

that is, a displacement along a line where the measure of 
curvature is constant. 

If ^ is not zero, since 

and £ is a function of j/, and A a fimction of x, each of these 
equal expressions must be a mere constant. 
Suppose that this constant is not zero, then 

Solving this equation we get 

X =TC0Sh(fcB + 6), 

where € and k are constants ; and this value of A gives the 
measure of curvature constant everywhere on the surface, and 
equal to 1<?. 

From = 2a*f, 

we get f = -4 cosh V2ay + B sinh V2ay ; 
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and from (2) and (3) we now have 

T? = tanh(fcB + 6) (JLsinh y2ay + 5ooeh '/2ay) + C, 

where ^, £, C are arbitrary constants. 
If we take A ^^ ~ (-r-) to be negative and equal to —a*, 

we should take A to be ^ cos (k^ + e), and 

f = -4 cos v^ay + 5sin ^ay, 
ri = tan(feB + €)(-4 sin v2ay— 5co8 v2ay) + C; 

the measure of curvature at any point of the surface is 
then equal to —A:'. 

By properly choosing the initial line from which a; is to be 

measured we may take € to be ~ when A becomes — i; sin A:a^ 

In particular when k is zero, that is, when the surface is 
a developable, 

A=— oa;, f = -4 cos V^2a2/ + 5sin v^ay, 

ly = (-4 sin v^ay — 5 cos V2ay) + C. 

In general, then, we haye three linear operators corresponding 
to the three possible infinitesimal displacements of the net ; 

and for the case where A-p^ "" (^) ^^ negative and not zero 
these operators are X^, Xg, ^^3 where 

Xj = cos ^^ay z v^ - cot fee sin VZay-^* 

Xg = sin '/iay^' + V^ - cot A»; cos -/2ay ^ > 

We obtain by simple calculation 

(X3, Xj) = « y2aX„ (X^, X3) = - V2aX^, 

(Xi, Xg) = X3. 
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The disoufision of the case where X -ri " {'j") ^ zero may 

be left to the reader ; it need only be stated that it cannot be 
deduced from the results given by merely taking a to be zero. 

The general result of this discussion is therefore to show 
that, if a surEB.ce is not one over which the measure of 
curvature is everywhere the same, at the most there can be 
but one degree of freedom in the motion of the net ; and also 
that no movement of the net is possible at all, unless the 
surface is such that the perpendicular distance between any 
two neighbouring lines, along each of which the measure of 
curvature is constant, is the same at all points of the line. 

On surfaces, however, with a constant measure of curvature 
the net can move with three degrees of freedom; and the 
movements of the net generate a group of the third order. 
This group will contain a pair of permutable operators if the 
surface is a developable. 



CHAPTER XX 

DIFFERENTIAL INVARIANTS 

§ 250. If we are given any function of z, o^, ••., ^n we know 
that there are n unconnected linear operators which will 
annihilate the function ; these operators form a group, though 
not necessarily a finite group, with respect to which the given 
function is invariant: and more generally, if we are ^ven 
m such functions of the variables /i, ...,/m> there wul be 
(ti+I— m) unconnected operators forming a group, with 
respect to which /j, ...,/,» will be invariants. 

DO too when we are given a linear partial differential 
equation of the first order, or a complete system of such 
conations, we have seen in Chapter VIE how the system must 
admit a complete system of linear operators generating a 
group. If the system of equations is of the first order, out 
not linear, then, though it will not generally admit any 
group of point transformations, yet it will admit a groUp 
of contact transformations. In particular cases the equations 
when not linear may admit groups of point transformations ; 
thus we found (§§ 33-85) that the equation 

admitted the conformal group of three-dimensional space. 

In general, differential equations of order above the first 
do not admit point transformation groups, but some particular 
equations do ; thus 

admits the projective group of the plane ; the expression 

<^y\*\i ^y 



{'- ©1 



da^' 



for the radius of curvature admits the group of movements of 
a rigid lamina in the plana If we are given any differential 
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expression or equation, we have seen in Chapter XIX how 
to determine the infinitesimal point transformations which 
it may admit; we have also considered examples of deter- 
mining the transformations admitted by equations of the form 

and we have seen how closely all these different problems 
are connected with the idea of extended point groups. The 
method common to the solution of these problems was that of 
determining the group admitted by a given expression (or 
equation) which expression is then an invariant of the group ; 
that is, the invaiiant was given, and the. group was then 
to be found. 

§ 251. In this chapter we shall consider the converse 
problem, viz. how, when the group is given, we are to obtain 
the functions of 0, a^j, ..., a;„, and the derivatives of 0, which 
preserve their form under all the operations of t^e group; 
in other words, we are to investigate liow t^e differei^tial 
invariants of known groups are to be calculi^ted. We 
confine ourselves to the case where the group, is a fixate 
continuous one. 

We have solved a part of the proposed problem in Chapter 
Vm, whei*e we showed how to obtain the functions of 
z,Xiy ..,yX^ which are invariant for a known group, a^d also 
how to find all the equcktions which the group admits. Such 
functions, or equations, may be considered as respectively 
differential invariants of zero order or differential equations 
of zero order ; and we have seen that only intransitive groups 
can have differential invariants of zero order, whilst im- 
primitive groups must have an invariant system of differential 
equations of the first order. 

Suppose that we now wish to find all the differential 
invariants of the k^ order of a known group, that is, in- 
variants involving derivatives of the k^ order^ We first 
extend the operators of the group to the k^ order, when 
we shall have the operators of a group in the variables 
Zy Xij ...,0^11, and the derivatives of i^ up to the k^ order ; this 
^up has the same structure constants as the given group 
m ZjXiy .•.,a;||. 

We then apply the general method to this extended group, 
and find its oifferential invariants of zero order, and these 
will be differential invariants of the original group involving 
the kf^ derivatives of z ; that is, they will be what we have 
called invariants of the i^ order. 
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In exactly the same maimer, we see how the problem 
of finding the invariant differential equations of the k^ order 
of the given group is reduced to that of finding those of zero 
order in a group where the variables are z,x^, ••.9^n> ^^^ ^® 
derivatives of up to the A*^ order. 

§ 262. Exa/mple. As a very simple example, let it be 
required to find the differential mvariants of the third order 
for the group 

' ^ cy-k-d 
The linear operators of this group are 

Now 1? T— extended to the third order is 
'ly 

^ ( ^^\ ^ ^ 2 ^^ . ^\ ^ 






where we denote the first three derivatives of y with respect 
to a? by y^, ^2' 2/3 respectively. 

If we let 17 successively take the values 1, y, ^, we see that 
the functions we require must be annihilated by the three 
operators 

^ ^ I ^ }i 

and therefore also by the three unconnected operators 

It follows that any function of x and ^^^^T ^^ will be 

a differential invariant of the required class. 

It may similarly be shown, by further extending the 
operators, that a differential invariant of the fourth order will 

CAMnSLL Y 
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have the three annihilaiton 

ihat is, it will not inyolve y^ will be homogeneouB and of zero 
degree in j^^* ^2» Vzy 2^4> ^^^ '^'^ ^ annihilated by the operator, 

So also the invariant of the fifth order will not involve y, 
will be homogeneous, and of zero degree in y^^ .•.>2^6> c^d 
will have the annihilator 

»!* ^ + 3yiy2^^+ (4yiy3+ 33(2') 5^ +(5 yi2f4+ 10 y^ya) ^^ 

and so on, the new coefficient of the next highest partial 
operator being derived from the last by difierentiatin^ it 
totally with respect to Xy and adding unity to the coefficient 
of 2/1 2^6 obtained by such differentiation. 

§ 258. We shall now write down the extended operators of 
the projective group of the plane 

-(*yiys+^y»*)jz -—. 

the coefficient of — r — beinir obtained from that of — -r — 

by differentiating the latter totally with reepeot to x, and 
adding unity to uie coeffident of y^y^ in the result, and so on ; 
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all terms after the third being the same as in (5) ; 

(7) a?^^ary^^{xy,^y)±^^Zxy,^^ 

-(5aJ2^3+3y2)^^-..., 

the coefficient of ~ r— being formed by adding a?y^ to the 

coefficient of — r * differentiating the result totally with 

respect to Xy and omitting the highest derivative in the result ; 

(8) xy—+y^^^--{xyi^^yy^^^3xy^y^ 



hx ^y ^Vi ^y, 



8 



the coefficients of the successive terms being derived from the 
preceding ones as in (7), only that instead of adding x^y^. we 
add xyy^. 

We could now find the invariant differential equations and 
the differential invariants up to any assigned order of this 
group, or of any of its sub-jnroups. Thus (1) and (2) form 
a sub-group of which any function of the aerivatives not 
containing re or y is an invariant; (1), (2), (3), (4) form a 
sub-group of which any function of the derivatives 2^1,^3) ••• 
whidi is of zero degree and of zero weight will be an invariant ; 
(1), (2), (5) is the group of movements in the plane with the 

geometricaUy obvious invariants p, ^, g. .... where pis the 

expression for the radius of curvature in Cartesian coordinates. 

In order to obtain the differential invariants of a less 
obvious group we take (1), (2), (3), (4), and (7) which is at 
once seen to generate a sub-group. A differential invariant 
of this sub-group must be a function of 2^i«2^2»*** ^^ ^^^ 
degree and of zero weight ; the only other condition which 
this function has to satisfy is that of being annihilated by 

It can be at once verified that the operator (9) annihilates 
/^,/5,/j,/7, where 
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-^6 = 3 2/2'yfl- 24 y^^y^y, + 60 y^y^^y^-^0 y^^, 

A = 27 2/2*2/7-315y2'y32/e+ 12602/2^2/6-21002/2^^4 . 

+ 1120 2/3*. 

Each of the equations 7^ = 0, /^ = 0, ... is invariant under 
the operations of this sub-group ; and one of these, 7^ = 0, is 
invariant under all the operations of the general projective 
group of the plane. This last result is obvious firom the 
geometrical fact that 7^ = is the differential equation of the 
conic given by the general equation of the second degree in 
Cartesian coordinate. That 2/2 = is an invariant equation 
of the general projective group is also obvious geometrically. 

The differential invariants of the sub-group (1), (2), (3), (4), 
(7), as distinguished from the invariant differential equations 
of the sub-group, are up to the 7*^ order 

II II Ll ylL. 
V' h'' V 2/2* 

What we have called invariant differential equations are 
sometimes called differential invariants ; in such a notation 
our differential invariants are called absolute differential 
invariarUs. 

§ 254. We now wish to find the differential invariant of 
lowest order of the general projective group of the plane. 

We anticipate * by counting the constants ' that it will be 
of the 7**» onier ; for there are eight operators in the group, 
and we do not therefore expect an invariant till these operators 
are extended so as to be in nine variables, and thus the 
derivatives of the 7^ order will be involved. We shall find 
that this anticipation will be verified. 

From (1) and (2) of § 253 we see that the invariant cannot 
contain a; or ^; and from (5) and (6) of the same article 
we know that it will not contain y^; it must therefore be 
a function of 

72 J J2 

•*4 ^4 •*4 

since an invariant of the group must clearly be an invariant 
of any sub-group, and therefore of the sub-group (1), (2), (3), 
(4), (7). 

K we now extend all the operators to the 7*** order we shall 
find that there are two additional operators to be added to 
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(3), (4), and (9) of § 253 ; and that the invariant, which is 
a function of t/2» •••) 2^7 of zero degree and of zero weight, 
must be annihilated by these operators. These new operators 
are, omitting the parts of these operators which are connected 
with (3), (4), and (9), (we may do this since these parts will 
necessarily annihilate the invariant), 

(10) 6^2^^ +30^2^3^— +(602/22/4 + 402/32)^ 

+ (1062/22/5+1753/32/^—, 
and (11) 22/22/3^ + 102/3'^ + (362/32/4-32/22/5)^ 

_ ,. + (562/32^5 + 362/4*- 7t/22/e)T-7- 

The linear operator ^ifi 



(") '>^*{m^ 



(where (-j-^) denotes the total derivative of I^ with respect 

to a::) is connected with (10) and (11) ; and therefore we may 
replace the annihilator (11) of the required invariant by the 
annihilator (12). 

Denoting the operators (10) and (12) respectively by X and 
T the invariant required is a function of 

II, Is. 11 

^4 -'4 ^4 

annihilated by X and F. 
Now we easily verify that 

Z74=182/2^ XI, = 0, Z/, = 602/2«/„ Z/, = 3152/23/5, 

and therefore Z annihilates P and Q, where 

p_ 31,-61,' 21,-35 J J, ^ 

and the invariant required will be that function of P and Q 
which is annihilated by F. 
Now we may verify that 

JA ^ Li ^dx> /4^«^" 
and also that y2{-^)''^yz^6 = 31^-6/4. 
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We then haTe 

YQ^l^^p and F(7/«-g) = 0; 
-*» 

and ther^Dre JJP^^Q is the inyariant which we require; 
that is, 

(13) y-j 

(where J^, 7^, J^, /^ are as defined in § 253) is the differential 
inTariant of lowest order for the general projective group of 
theplane. 

From this invariant we can dedace the differential eqoation 
satisfied by all cuspidal cubics. To obtain this equatum we 
reduce the cubic by a projective transformation to the form 
^ = a;*, and we therefore have 

If we now calculate for this cubic the values of I^y J^, 7^, 7^, 
and if we let 7 denote the numerator in (13), we have with 

KtUelaboor 2". 10«. P+7». 3«. V = 0; 

and, as this equation is invariant for any projective trans- 
formation, it is zero for a cuspidal cubic, given by any equation 
in Cartesian coordinates. 

§ 255. As an example in finding invariants of groups in 
three-dimensional space, we might take the group of move- 
ments of a rigid body, viz. 

^05* hy* ^0* ^ ^z dy* ^05 ^z' ^y ^ ^x* 

and we should thus obtain the invariant differential equation 
of the first order 

and two differential invariants of the second order, viz. the 
expressions for the sum and product of the two principal radii 
of curvature at any point of a surface. 

Since, however, these results are obvious geometrically we 
shall consider instead the invariants of the group 

d d d d , d , , d d 
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these are the operators of the group of movements of a rigid 
body in non-Eudidean space. 

leaking as usual p^ 9, r^s^t to denote the first and second 
derivatiyes of z with respect to x and y^ the twice extended 

linear operator f_ + ,_ + f- 

where (denoting by the suffixes 1, 2, 3 the partial derivatiTes 
of (, T), or C) wiw respect to x,y,z, respectively) 

-K= g«ijs +pq(a +q(Vi- Q +P(a-C», 

-<f=p'qU +pq*v3i + p*fa + q^vj3 +pq{in+ia+ Q 

+i> (fu - Cb) + 2 (ni2 - f is) - f u 

+i'&»-CB + 2<('?8 + ?n8) + 2«(6 + ?f3) + <(P6 + ?'»3-f8)- 

There are six sets of valaes of f, q, C '^^ 



(1) 


f=l. 


»/ = 0, 


C=y, 


(2) 


f=a^ 


ij = 0, 


C = z, 


(3) 


£=«*. 


1 = «!r-«, 


C^xz, 


(4) 


f = o, 


i, = l, 


f=«. 


(5) 


f=o. 


'j = y, 


c=«. 


(6) 


f = aey-z, 


n = y2. 


C-yz. 



Forming by aid of the above formulae the corresponding 
values of ?r, ic, p, o-, r, we get the six operators 

, , J a J ^ ^ i 
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(3) «^^ + (x,-.)4 + a.^-0>x+«,-.-^)^ 

+^5^ -»• (y- 3i>) g^-(28(y-i') +»• («-?)) ^ 

-{t(3y-p) + 28{x-q))^. 

$ 256. As we have six operators forminfl; a complete system 
in eight variables we expect two differential invariants of the 
second order; and comd not have more, unless the six 
operators are connected ; and it is easily seen that they are 
unconnected. 

From (1) and (4) we see that the invariants must be 
functions of p—y, q—x, z—xy, r, 8, and t ; we therefore write 

P = p-y, Q=:q-x, Z = z-xy. 

The operator (2) now takes the form 

and (5) the form 

while (3) becomes 

(2Z+PQ)^ + (2«^ +(r(2+28P)l +(28Q + «P)i +3<Qi 

and we have a similar expression for (6). 
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It is now convenient to denote Phj p,Q by q^ and Zhj z; 
in this notation we see that the invariants are functions of 
P> ?) ^y ^> ^» ^9 annihilated by each of the four operators 

/Z.X ^ ^ ^ ^ ^ 

(y) (20+^)A+32^1+(^+28p)l 

+ (2«Z + «1>)^+3^?|, 

which we denote respectively hy H^^ Q^, Q^j and 12^. 
We have 

Q^{pq'¥z)=zpq+z, iia(M+«) =M+«^, 
^ (2^ + «^) = 2? (2? +^), 124 (l>? +2?) = 2^ (2^+l>?), 

so that the equation z-^pq =s is invariant (or in the original 
notation z-hpq = px + qy). 

Also Q^rq^ = rq\ £l^T(f = rg*, 

flgrg' = 5*(3rg + 2«p), O^rj'ss (4«+6jog)rg; 

and forming similar equations for tj^ and s(pq'\'2z) we see 
that 

12i (rg'2+^2>*-2«(pgr + 20)) = rg' + ^j?*— 28(pj + 20) ; 

X22(^* + ^/>*-"2«(pg+2«)) = r52 + ^p«-28(pg + 22?); 

X23(rg* + ^^-28(pg + 22f)) = Zq{Tif'\'tp^'-2B{pq+2z))\ 

Q.^{rq^^tj^-28{pq-\'2z)) = 3/>(rg* + e;>2-28(j!>g + 22?)). 

Since 

^i(M + ^)*^"* = (l??+2^)*«'"* = 12a(pg + «)*ar*. 
^(l>?+«)*«"* = 3g(2?? + 3f)*«-*, 
fl^(pg + 3f)*2r* = Sj^C^x^ + 3f)*«-*, 
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we can therefore see that 

is a differential invariant for the group. 
It may be similarly proved that 

rt — i 



2^-2 



is the other differential invariant of the group. 

In the original notation, therefore, the invariants are 

r(q'-xf'^t(p'^yy'-28{2Z'^pq^px^qy'-acy) 



and 



(z^pq -px — gy)* {z - ay)-^ 
(z +pg -px - qyf (z - vy) 



-2 



§ 257. These examples indicate that the only difficulty in 
obtaining differential invariants of a given group is the 
difficulty of finding the solutions of a given complete system 
of equations. 

We are often much helped by geometrical considerations ; 
thus in the example just considered we knew that the group 
was a projective one in ordinary three-dimensional space ; 
and we knew that it transformed the quadric z ^ ocy into 
itself. If then from any point P on a sunace S we draw the 
tangent cone to this quadnc it will meet the tangent plane at 
P to the surface iS in a pair of liiies ; these lines, together with 
the inflexional tangents to iS at P, will form a pencil of four 
rays. Ilie condition that the pencil should be harmonic is 
unaltered by any pi^ojective tnuisformation, and is, in the 
notation here employed, 

Similarly the condition that the surface 8 should be a 
developable is unaltered by projective transformation, and 
is ri—^ = 0. 

It was by attending to these considerations that one was 
enabled to simplify the solution of the given complete system. 



CHAPTER XXI 



THE GROUPS OF THE STRAIGHT LINE, AND THE 
PRIMITIVE GROUPS OF THE PLANE 

§ 268. When we are given the structure constants of a 
group we have seen how the types of groups with the required 
structure are to be formed. If, instead of beins given the 
structure constants, we are merely given the order r of the 
group required, we should have to find the sets of r^ constants 
whicn will satisfy the equations 

where the suffixes {, ky jy m may have any values from 1 to r. 
Two sets of constants cS^j^,... and c^j^y... satisfying these 
equations would not be considered distinct structure sets if 
they could be connected by the equation system 



psfsr 



2 ^U^ihh =2 ^ipHj^pq$y 

where a^,-, ... is a set of constants whose determinant 



a 



11 > 



a 



rl> 



a 



rr 



does not vanish, as we explained in Chapter Y. 

Suppose however that, instead of being given the order 
of the group, we are given the number of variables in the 
operators of the groups, how are we to find all possible types 
of groups in these variables 1 The method of finding the 
structure constants is not now available ; for, when the number 
of variables, ti, is greater than unity, the order of the group, r, 



3S2 



CLASSIFICATION OF OPERATOBS 
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may have any value up to infinity. The problem suggested 
has so fej only been solved for the cases ?i = 1 , 71 = 2, n = 3. 
In this chapter it will be shown how the groups of the straight 
line, and the primitive groups of the plane may be obtained. 



§ 259. A group Zj, ..., X^, where 



(^ — 1, ,,,, Tj, 



is transitive if it has n unconnected operators ; that is, if not 
all 7i>rowed determinants vanish identically in the matrix 

fu» • • • tin 



frl> • 



*rn 



Now let o:? , . . ., o;^ be a point of general position, that is, a point 
whose coordinates do not make all ti -rowed determinants 
vanish in the matrix, and in the neighbourhood of which all 
the functions (^j, ... are holomorphic. By transforming to 
parallel axes through this point we may expand all the func- 
tions ^^•,...,in powers of a^i, .,.,0;,^; and we then see that from 
the r operators of the otoud a set of ti independent ones, 
say Xj, ..., X^, can be selected such that 

(k= 1,.-.,^), 






^x. 



where (j^^ vanishes for iCj = 0, ..., a;^ = 0. 

The other (r — n) operators of the group X^+j, ..., X^ may 
be so chosen that for each of them f^/, when expanded, has no 
term not beginning with powers of o^, ...,a;„, that is, no con- 
stant term. These (r—n) operators form a sub-group, the 
group of the origin^ characterized by the property of leaving 
the origin at rest. 

If in an operator 

the lowest powers of o^j, ..., o^n which occur when f^, ..., f^ are 
expanded are of degree 0, then we say that the operator i$ cf 
degrees. 

If we have a number of operators F^, ..., F^ each of deffree 
8y and if no operator deperident on these, that is, of the wrm 
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where 61, ...,6^ are constants, is of higher degree than 8, we 

say that they form a system of degree 8. It is clear that we 
cannot have more than n operators in a system of degree zero 
nor more than n^ in one of degree unity, and so on. 

If then the operators ^n+i> •••>^r do not form a system of 
degree unity, we can deduce n'om them a number of operators 
of the second degree; and proceeding similarly with these 
latter we may be able to deduce a system of the third degree, 
and so on. 

We therefore see that the operators of a transitive group 
may be arranged as follows : n operators forming a system of 
zero degree, 174 forming a system of the first d€^p:ee, mj a 
system of the second degree, ..., m. a system of 8^ decree. 

Since all of these operators are mdependent, and the group 
is finite, 8 cannot exceed a finite limit, and we have 

r = n + mi+ ... +m,. 

If we form the alfcemant of two operators of degrees p and 
q respectively, it can be at once verified that it cannot be of 
degree lower than ^ + g— 1. This principle is of great use in 
determining the possible types of groups when n is fixed ; we 
shall now apply it to obtain the possible finite continuous 

groups in a single variable, that is, the groups of the straight 
ne. 

First, we notice that if a group contains no operator of 
degree k, then it cannot contain one of d^ree (k+1) ; for it 
must have, if transitive, n operators of zero degree, and, by 
forming the alternants of these with the operators of degree 
{k+l), we must have operators of degree k. 

§ 260. We now consider the case where n is unity; we may 
take the operators of such a group to be 

where f ^ contains x in degree i at the lowest ; and in this 
group there must be no operator of degree higher than 8, 

Suppose that 8 > 2 ; then, forming the alternant of the 
operators of degree 8 and (8—1) respemvely, the group must 
contain an operator of degree (28—2), viz. 

which, since 8 > 2, would be an operator of degree higher than 8 ; 
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and, as this is impossible, we oondude that 8 cannot be greater 
than two. 

A group in a single yariable cannot then contain more than 
three independent operatois. 

A genenJ principle, whatever may be the nmnber of vari- 
ables, is that all operators of the 1^ and higher degrees form 
a sub-group. This is proved from the fact that any two such 
operators have an alternant whose degree is at least (22:— 1), 
and therefore not less than ik, unless k is zero; if j; is zero 
the operators of the k^ and higher degrees form the group 
itsell 

If from the operators X],...,^^ we form a new set of 
operators, by addmg to any operator of degree k anv operator 
dependent on the operators of degree not less than 4 we shsll 
stiU have the operators of the group arranged in systems of 
deme zero to 8. Advantage of this prinaple may often be 
taken to simplify the structure constants of a group. 

Thus in the case of a einfirle variable, suppose 6 = 2, and let 
JT^^, Xj, Xg be the three inaependent operators respectively of 
degrees 0, 1, 2. From the group propc^y we have 

(Zj, Xj) = aXo+6Xi+cXj, 

where a, 6, c are constants. 
Since (X^, X^ is of the second degree, a and 6 must be 

zero ; and, by comparing the coefficients of t— on the two 

sides of the identity, we see that c is unity. 
Similarly we see that 

(Xo,X^=2X, + 6X„ 

where e is some unknown constant. 

To eliminate this constant, we take as the operators of the 
group F^, Fj, Fj where 

Yq = Xq, Fj = Xj +1^6X2, Yg = Xj, 

and we have 

(1) (T,,Y^^Y^, (Fo, F2) = 2F,. 
Suppose now that 

(2) (Fo, FJ = Fo + aFi + 6F„ 

where a and b are some unknown constants : from Jacobi's 
identity 

((F„, rj, F^+((r„ rj, y,)+{{y„ fj, fj = o, 
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and therefore firom (1) and (2) 

80 that a is zero. 
We now take (j3 being an undetermined constant) 

and have 

{Z,,Z^ = 2Z^, {Z,,Z^ = Z^, {Z^,Z^ = Z, + {b--2p)Z^; 

and therefore, by takii^ 2/9 = 6, we see that the group has 
three operators z^, Z^^ Z^ respectively of degrees 0, 1, 2, and of 
the structure 

(^o» ^i) = ^o» (^i» ^2) = ^2> (^o» ^2) = ^^i- 
By a change of the variable from a; to o^ we can reduce 

c— + f, r- to the form :r— > ; to do this we have -j- = - — t-> 
^x ^^x ^x dx l-\-(i 

where d is of defipree unity in a; at least, and we may take of 
in the form x+f\x), where /(a5) is a holomorphic function of 
x, whose lowest term is of the second degree in a; at least. In 
the new variables therefore Z^^Z^y ?^ wiU still be of degrees 
0, 1, 2 respectively, but (^ will be identically zero. 

Omitting accents from the variable we take ^^ to be ^ • 

we see that £, niust be a mere constant; it must therefore 
be zero, since it was given to be at least of the second degree 
in X. We may similarly deduce that £3 is zero; and therefore 
the only group of the tmrd order is 

A X— ai^—. 

do? ^X ^X 

Similarly we may see that the only group of order 2 is of 
the type ^ ^ 

— f X — I 

^x ^x 

and the only group of order unity is r- • 

§ 261. Before applying this method to find the types of 
groups in two variaoles, it will be convenient to consider how, 
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by a linear transfbrmation of the yariablea, the operator 

(1) K«i + ...+a,^irJ^+... + (a^a:i+... + a^a:J^ 

may be reduced to a simple form. 
Let A^ be any root of the equation 



a^j— A, a 



21 



.a 



111 



Ou ,033— A, . .a. 



= 0; 



and let us find n quantities 61, ...,6^ such that 

^hi ^ + • • • + ^m ^« ^ Aj Cj 



These quantities will, unless all first minors of the deter^ 
minant vanish, be proportional to the first minors of any row. 

We take as a variable to replace some one of the set a^, ..., d:,, 
say 0^1, the expression y^ where 

We then see that the operator (1) is of the same form in 
the variables y^, X29...,x^ as it was in ^,.«.,a;^, but the 
constants a^y,... are replaced by a new set of constants 
a^jj ... characterized by the property 

ail = ^i» ^ = ^» •••> ^« = ^' 
By a linear transformation, then, the operator (1) can be 
reduced to such a form that 

Ou = Aj, C42 = 0, ..., Oi^ = 0. 

We similarly see that, by introducing a new variable 2^^ 
where , , 

and e^, ..M^n &]^ determined by 

^22 ^2 "^ • • • "^ ^«2 ^n ^^ ^ ^fl > 



^2n ^2 "*"•'• ■*■ ^nm ^n "" ^ ^> 



the operator can be still further reduced to a form in which, 
in addition to the former simplification, we have 

^22 ^= ^2> ^ha ^^ ^> •••>^*2» ^^ ^' 
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Proceeding thas we see tlutt the operator can by linear 
transformation be reduced to the form 

(2) \aijr +(«ffl*x+M»)J^+(«M«l + «32«^+\ai»)J^ + •••• 
This operator may be stiU further simplified; suppose X, 
and Aj are unequal, and apply the transformation 

which gives 



^ ^ X ^ 


d d d d 


^^1 "" ^Vi ^Vi * 


^«2""^y2' '^«i»"^y« 



we then see that by a suitable choice of A, without otherwise 
altering the form of (2), we can make the new a2i to be zero, 
when we express the operator (2) in terms of the new yariables. 
Similarly, having caused a^i to disappear, by a transforma- 
tion of the form 

we could cause a^i also to disappear from the new form of the 
operator ; and proceeding thus, so long as none of the co- 
efficients Aj, ..mAh are equal to A^, we could cause a^, •••» ^m 
to disappear. 

In exactly the same manner, by properly choosing the trans- 
formations, we could cause all the coefficients a^-, ... to dis- 
appear so long as none of the quantities A^, ..., A^ are equal ; 
that is, if the determinant has no equal roots, the canonical 
form of the linear operator is 

A^ajj^; — +A2aJ2 5; — +...+A,ja5, 



§ 262. The general method of obtaining a canonical form 
for the case of equal roots will be sufficiently explained by 
considering the case where A^ = Ag = A3 = A^, and no other root 
is equal to A^. 

First consider the coefficient of r^ — ; by the transformation 

we can by a suitable choice of A cause a^ to disappear ; and 
by a simUar transformation we can cause 053, a^, a^ also to 
disappear. 

CAMPBBU 2 
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It is ihus seen that the operator may by a linear trans- 
formation be brought to snch a form that ocj^ o^, ^, x^ only 
appear in the first four terms. 

These terms take the form 

Now by any linear transformation in o^, x^, a^, x^ the part 

^ JL _L A 

is unaltered ; if Oji is not zero by a transformation of the form 

we can eliminate the new a^; we may then by a trans- 
formation 

eliminate a», ; and then, if 032 is not zero, we may eliminate 
a^ ; while if o^^ is zero by a transformation 

yi = «l, y2 = «2 + ^^» ^3 = ^. ^4=^4 

we may eliminate a^. 
If a2x is zero, but not 032, we take 

yi = ait y2 = «82«2+a8iai, y3 = «8, y4 = «4. 

and thus eliminate a^i ; if a^ and 032 are both zero, bat not 
043, we take 

yi=^» ^2 = ^2* ys = «41^ + «42^2 + ^43^> ^4 = «4> 

and thus eliminate a^ and 042* Finally if Oji, cugi ftnd a^, are 
all zero, we can similarly eliminate a^. Summing up we see 
that the first four terms may be reduced to the form 

, ^ ^ d ^ X 

« 

whore e^, e^^ e, are symbols for constants; and it is easily 
seen that, by further simple transformations, we may reduce 
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these constants to such forms that any one, which is not zero, 
is unit^. 

Similar expressions could be obtained for the other parts of 
the operator; and we thus see how, in any given number 
of variables, to write down all possible types of such 
operators. 

We know of course that any linear operator can be reduced 

to the type — ; but such reduction is not efifected by a linear 

v3u 



transformation, and just now we are only considering how to 
obtain t^es bv linear transformation ; that is, types con- 
jugcUe within me general linear homogeneous grov,p. 



§ 263. We now enumerate the types of linear homogeneous 
groups of order one in two variables x, y; we write p for 

z— and g for — J and e for an arbitrary constant : 

(1) e(xp-\-yq)-\-xp-yq, (2) xp-k-yq-k-xq, 

(3) xp-k-yq, (4) xp-yq, (6) xq. 

We shall now find all possible types of linear groups of the 
third order. 

First we find all the groups containing the operator 
(3) xp + yq; by a linear transformation every operator of 
the group we seek can be reduced to one of uie above five 
forms (though the same transformation will not necessarily 
bring two operators of the group simultaneously to these 
normal forms) ; and a linear transformation cannot alter the 
form of (3). 

Since we only require two operators to complete the group 
of the third order which contains (3) ; and, since these must 
be independent of (3), one of the operators may be taken to 
be of the form (4) or (6). 

Suppose it is of the form (4), the remaining operator of the 
group must be of the form 

a (ixp'hyq)'hb(xp^yq)-\-cxq + dyp, 

where a, 6, c, d are constants ; as we only require the part 
independent of (3) and (4), we may take a and o to be zero. 
Form the alternant of (4) with 

cxq + dyp, 
and we shall see that cxq-^dyp 
is an operator within the group. As the group is to be of the 

Z 2 
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third order, and to contain (3) and (4) ; and, as we now see 
that cxq and dyp are operators of the group, we must have, 
either d zero when the group is 

(6) «p-yy, xp-hyq, xq; 

or c zero, when we get a group of the same type ; that is, 
a ^oup transformable into (6) by a linear transformation. 

If we had assumed that the second operator was of the 
form (6) we should have been led to the same group (6). 

We must now find the linear groups of the tnird order 
which do not contain the operator (3). 

Suppose that one operator of our group is of the type (5) ; 
and let a second operator be 

a(xp'hyq) + b(xp-yq)+q/p. 

Forming the alternant with xq we see that the group will 
<^^tsiii c(xp--yq); 

first we suppose that c is zero ; and we take the third operator 
of th^ group to be 

(7) a^{ixy> + yq)-^\{xp-yq) + c^yp, 

where aj, tj, Cj are constants. 

Now cTj cannot be zero, for, if it were, 

a{xp'\-yq) + b{xp-'yq) and ai(^P + yq)-^hi^P'-yq) 

would be two independent operators of the group ; and there- 
fore osp+yq would be an operator of the group, which is 
contrary to our hypothesis. 

Forming the alternant of (7) and (5) we see that the group 
wiU contain c^{xp-yq\ 

and therefore the group which contains (5), and does not 
contain (3), must contain (4). 

We therefore take the tiiird operator of this group to be 

a{xp-Yyq)'k'hyp\ 

and forming the alternant with (4) we see that the group 
must contain yp^ and we thus have tne group 

(8) xq, yp, xp-yq. 

We obtain the same group by supposing the fijrst operator 
to be of the type (4). 

We have now only to find any possible group of the third 
order which does not contain any operator of the types (3), 
(4), or (6). 
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Suppose that one operator is of the type (2) ; we then take 
a second to be 

a(xp + yq) + b{xp-yq)+cyp, 
and the third 

and we may clearly suppose that either c or c^ is zero ; say 
we take c to be zero, if we now form the alternant of 

with (2), we shall get an operator of the type (5), which is 
contrary to our hypothesis. 

The group cannot therefore contain an operator of the type 
(2); and we see similarly that it cannot contain one of the 
type (1). 

The only groups of the third order are therefore 

xq, xp^yq, xp-k-yq, 
and xq, xp-yq, yp. 

It may be shown in a similar manner that the only groups 
of the second order are 

e{xp + yq) + xp-yq, xq; 

xp-yq, xp + yq; 

xq, xp-k- yq> 

We have now found all possible sub-groups of the general 
linear group in a;, ^ ; we might have obtained these directly 
by the method explained in Ohapter XIII. 

§ 264. It is now necessary to examine the groups which 
we have found ; and to see, with respect to each of them, 
whether there is any linear equation 

admitting all the transformations of the group. 
It may be at once verified that the group 

xq, xp-yq, xp + yq 

is admitted by the equation a; = ; that is, by any trans- 
formation of this group, points on the line x= are trans- 
formed so as still to remain on the line a? = 0. 

It may similarly be proved by successively examining these 
'oups that, for each group, at least one linear equation can 
found to admit the trsijisformations of that group, unless 
the group is either 
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(1) the general linear group, 

a^y yPf xp-yqy xp+yq, 
or (2) the special linear group, 

»?, yp. xp-^yq. 

§ 265. We now proceed to determine the types of primitiye 
groups of the plane. 

If a group is imprimitive it must have at least one in- 
variant equation of the form 

We express this condition geometrically by saying that 
an infinity of curves can be drawn on the plane ; and that by 
the operations of the imprimitive group these curves are only 
interchanged inJter se ; an^ set of points, lying on one of the 
curves oi the system, being transformed so as to be a set, 
lying on some other curve of the system. 

If then we take a point of general position the group of 
the pointy that is, the transformations of the imprimitive group 
which keep that point at rest, cannot alter the curve of the 
system which passes through the point; and in particular 
the direction of the curve at the point is not altered. 

We take the ori^n to be a point of general position ; then 
the lowest terms m the group of the origin are of the first 
degree ; suppose P is the origin, and PT the tangent to any 
curve which passes through P; by the operations of the 
group of the origin this curve wiU be truisformed into a 
system of curves all passing through P; and the directions 
of the tangents at P to these curves are what the direction 
PT has been transformed into by the operations of the group 
of the origin. 

Now the only terms in the group which are effective in 
this transformation of the linear elements through P are the 
lowest terms; that is, the linear elements at P are trans- 
formed by a linear group. 

We obtain this same result analytically as follows : — 

be any operator of the group of the origin, so that f and i), 
the terms of lowest degree in a;, ^, are at least of the first 
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degree ; and let us extend the operator (denoting by p the 
quantity |) 80 as to get 

where the suffix 1 denotes partial differentiation with respect 
to Xy and the suffix 2 partial differentiation with respect to y. 
We are only concerned to know how the p of any Ime 
through the origin is transformed ; this we know through 
the operator 

where after the partial differentiations have been carried out 
we are to take x = 0, y = ; we therefore need only consider 
those parts of f and 17 which are linear in x, y. 

Now if the ^up is imprimitiye at least one value of p can 
be found which is mYariant for the group of the origin ; but 
if the group is primitiye no such value can be found. If 
therefore the group is primitive the operators in it of the 
first degree, according to the classification explained in § 259, 
must either be of the form 

('> 2/^ + ..., ^^ + .-.» ^^-y^ + - 

where the terms not written down but indicated by + ... are 
of higher degree in the variables than those which are written 
down ; or else they must be of the form 

(2) y_ + ..., 0:^ + ..., a._-y_ + .,., a:^+y^ + ...; 

for, by § 264, all other forms for the group of the origin would 
leave invariant at least one linear element through Uie origin. 

§ 266. Suppose that the operators of the first degree are 
of the form (1) ; it will now be proved that there cannot be 
any operator of degree three, and therefore not any of higher 
degree. 

Suppose that there could exist in the group the operator 
(1) 2^^ + -. 
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where the terms not written down are of higher degree than 
those written down ; form its alternant with 

when we shall see that the group must contain 

(2) 3^A_j^i.+.... 

Forming the alternant of (1) and (2) we get 

(3) 2/»^ + ..., 

and forming the alternant of (2) and (3) we get 

and BO on 6k2 infinitum; so that the group would not be 
finite as all of these operators are independent. 

We can now prove that there can be no operator 

<*> ^^+''^+-' 

where f and 17 are of the third degree ; forming the alternant 
of (4) with y z-- + ... we get 

(yfi-'»)j^+y'»ij-+.... 

Forming the alternant of this again with y r— +..., and so 
on, we get saccessively "^ 

Now rijji is a constant, and it most be zero, else would the 
group have an operator 
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and therefore 17 mnst contain t/ as a factor ; similarly we see 
that f must contain a; as a fEU^tor. 

We must now try whether there can be an operator of the 
form 

(5) a,fA+y,i.+... 

where f and rj are of the second degree ; forming the alternant 
with y^r- + ... we have 

Now the coefficient of r— > being of the third degree, must 

be divisible by x ; and therefore f — 17 must be divisible by x ; 
by symmetry it must be divisible by y, so that 

f-ij = axyy 
where a is a constant. 

The result at which we have arrived is that in any operator 
of the third deirree 

f-i-oj— 17-T-y is divisible by xy. Applying this theorem to (6), 
and writing 77 + aocy for f , we see tnat a is zero, so that ( and 
17 are equal. 

We then have to try whether the group can contain an 
operator of the form 

where f is of the second degree. 
Forming its alternants with the operators of zero degree 

viz. :r- + ...i and r— + ..., we obtain the two operators 
T^x ^y 

and fonning the altemiuit of these two we have 

a 7) 



Now ^.ii = ^(2 
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Thia operator being of (he third degree, mast be such that 

X y * 
and, f being of the second degree, we must therefore have 

where J; is a constant. 

ly^^" ^x 

and therefore k must be zero ; so that f being of the second 
degree and f^ and fj ^^ zero, f must vanish identically. 
We have therefore proved the theorem we enunciated, viz. that 
no operator of degree three can exist in the group. 

§ 267. We have now to find the possible forms of operators 
of the second degree ; let such an operator be 

First we could prove as before that the hypothesis of an 
operator of the form ^ 

existing in the group would involve the non-finitenees of 

the group. 

^^ ^ 

Form successive alternants of (1) with y^ +...; and we 

get 

and therefore, since we must have ri^ zero, we see that y; 
contains t/ as a factor. Similarlv we see that f contains x as 
a £Ebctor ; and we need only consider operators of the form 

(2) ^^Tx^y^Vy''-- 

where f and 17 are of the first degree. 

Form the alternant of (2) with y^- + •••> <^d we shall see 

that f — 1; is divisible by a?, and therefore by symmetry it is 
also (divisible by y ; but f — r\ is of the first degree, and there- 
fore must vanish identically. 
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The only possible operators of the second degree ai*e 
therefore ^ ^ 

where f is of degree unity. 

So &r the reasoning has only involved the existence of two 
of the operators of the first degree, viz. 

(7) *g^+- "»<* yj^-*-"" 

and it therefore applies equally to either class (1) or class (2) 
of the primitive groups. 

We now assume tnat the group is of the first class and 
so has no operator of the form 

and we shall see that ^ must be zero. 
Forming the alternants of 

with ^ - ^ 

^+.... and -+..., 

we have in the group the operators 

^^) J J a 

Since f is linear and equal, say, to ax-^by, the existence 
of (9) and (7) involves the existence of (8), unless a and b 
are zero. 

A primitive group of the first class can then only have the 
five operators 

d d d d d d 

§ 268. We shall now for brevity denote by P the operator 
y— + ..., by Q the operator a;^ + ..., and by iJ the operator 

^y ^^y 
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P, Q. Ris the group of the origin, mod we haTe 

(P,JJ)=2P, {Q,R)=-2Q, (P,Q)=^IL 

Abo, sinee P, Q, ^ form with — + ... mod — + ... the 
group itaelC ^ ^ 

(^ +..., P) = aiP+fc,Q+^,12+ — +..., 

where a,, &|, r^, a^, &2' ^i ^^^ unknown eonsUnta. 

If we now t&ke as two operators of the group X and T 

we get 

(y,>) = X+(a,-i4)P+(6,^/3)e + (q-yJ12+ft«?,P) 

= X+(a,-a,+ 2y,)P+(&,-/3jQ + (q-y, + /3jfi; 
and, similarly, 

(X,Q)= F+(a,-a,)P + (6,-/3,^2y,)Q + (r,-y,-ai)iL 

We now choose the undetermined constants 14, /S^, y^, 
Ofi /^29 y2 so as to make 

(1) (F,P) = X and (X,Q) = F. 

We next suppose (a2,&2)-" denoting unknown constants) 
^^* (F,Q) = a2P+62Q + C2ii; 

for obviously (F,Q) does not involve X, F, when we express 
it in terms of Z, F, P, Q, i2, a set of five independent operators 
of the group which is of order five. Similarly we take 

(X,P) = fl4P + 6iO + Ciii. 

We now applv Jacobi's identities to eliminate as far as 
possible these unknown structure constants of the group. 
From 

(Q, (Y, P)) + (P. (Q,T)) + {7, (P, Q)) = 0. 

(Q, {X, P)) + (P, {Q, X)) + (Z, (P, Q)) = 0. 
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and from (1) we now have 

(X,R) = X+aiR-2CiQ; 
and from 

(R, (Y, P)) + (P, (R, Y)) + (7, (P, R)) = 0, 
we deduce 

(ii,Z) + (P,6,12-2c2P-r) + 2(r,P) = 0; 

that is, 2 CiQ-aijR + 2 b^P = 0, 

which, since the operators are independent, 

gives Cj = ttg = 62 = ^• 

Similarly we see that Cg = Oj = fej = ; 
and we have now proved that 

(F,Q) = o. (Z,P) = o, i7,R) = 7, (Z,fi) = X 

In order to complete the structure of the group, we have 
now only to express the alternant (X, Y) in terms of X, F, P, 
Q, R ; suppose that 

(Z, 7) = aZ+iF+cP + dQ + eE; 

from (P, (X, F)) + (F, (P, Z)) + (Z, (F, P)) = 

we deduce that 6Z + diJ — 2 cP = 0, 

and therefore 6 = d = e = 0. 

Similarly we see that a and c are both zero, and the group 
has therefore the same structure as the group 

/«v ^ ^ ^ ^ ^ ^ 

^ ' ^a; ^2/ ^ ^x ^y }^x ^ ^y 

The ^oup (2) and the required group are then simply 
isomorphic, and the sub-groups of the on^in correspond, so 
that (§ 133) the OTonps are similar. The only primitive group 
of the plane of the first class is therefore of the type (2) ; that 
is, the type is that of the special linear group whose finite 
equations are 

af=ax + hy + e, y'^cx+dy^f, 

where od-^bciB equal to unity, 

§ 269. We now have to consider the possible primitive 
groups of the second class, when the group of the origin 
contains 

d d d d d d 
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We have Kcn tluu the ool v operaton of the seeand degree 
are of the f!arm 

wbcre f u a linear fimciion ; formii^ the akenumt of diis 
withy— +..., we get 

iriiere f ] is a eoniatant. 

Similarly we see that the group must eontain 

Unlew then both ^j and ^ an zero, thai ia, nnkaa the 
group eontaina no operator of the aeeond degree it wiQ fffntain 

Similaiiy it will contain 






If the groap eontaina no operator of the second degree 
it may be proved as before that it is of the type of the general 
linear group 

If it does contain an operator of the second degree the group 
contains the eight operators 

^^+y^+- K^i+2'^)+- y(^^+y4)+-- 

§ 270. Let ns denote these operatmrs respeetiyely by 

(1) JT, r, P, Q, R, U, F, W. 

We have at once (17, F) = F, 
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since the alternant (U^V) being of the second degree cannot 
involve JT, F, P, Q, or -R. 

So also (CT, W) = TT, and (I7,P) = aV+bW, 

where a and b are unknown constants ; and if we take instead 
of P the operator P—aV^bW, we shall have 

(ir,P-aF-6Tr) = 0. 

Since the lowest terms in P— aF— bTTare the same as in 
P, we majr suppose that the operators ^1) are such that (U, P) 
is zero; similarly we may suppose tnat (CT, Q) and (17, jR) 
are zero. 

We have 

{U, X) =-Z+aP+6Q+cl2+(2J7+6F+/Tr, 

which, by taking a new X with the same initial terms as the 
original X, is reduced to 

(Cr,Z)=-Z; 
and similarly (CT, 7) = -F. 

Now by a change of coordinates we can transform any 
linear operator into any other; and in particular we can 
transform 

by the transformation formulae 

where ( and 17 are functions of a; and y^ which, when expanded 

in power series, beffin with terms of the second degree at least. 

If then we apply tliis transformation formula the lowest 

terms in JT, F, P, Q, iJ, F, TF will not be altered in form, U 

will become « ^- + 2/ ^— > and the structure constants will of 

ex cy 

course be unaltered. 

It will now be proved that 

^=^' ^=4' ^=^i' ^=''4' 
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Take for instance 

where ^(*) denotes a homogeneous function of degree k. 
We have 

and, sa {U, F) is equal to F, we must have 

identically zero ; that is, ^^\ ri^^\ ^*>, lyW, ... are all zero, and 
Fis merely (x!^— ^xy^-' 

Similarly for any other operator; so that this primitive 
group is of the type 

cx cy ^ dx oy ex oy ex cy 

that is, of the type of the projective group of the plane. 

There are therefore only three types of pri/mitive groups in 
the plane, viz. (1) the special linear group; (2) tne general 
linear group ; (3) the geTieral projective group. 



CHAPTER XXn 
THE niPRIMITIVE GROUPS OF THE PLANE 

§ 271. We shall now sketch the methods by which the 
imprimitive groups of the plane may be obtained. 

The group being imprimitive, the plane can have an infinity 
of curves drawn upon it, such that by any operation of the 
group these curves are only transformed irUer ae. 

We therefore choose our coordinates so that these curves 
will be given by a; = constant, and then the linear operators 
of the imprimitive groups must be of the form 

where ^ is a function of x alone. 
If the operators of the group are now X^^ ..., X^ where 

then it is dear that fj ^ , •.., f, r- 

must generate a group ; and, this being a group in a single 
variable only, we can, by a change of coordmates (which 
merely consists in takW as the new variable of a certain 
function of the old variable x) reduce ^j^ to be of the form 
aj^ + 6j^a; + Cj^a^ where a^, 6j^, Cj^ are mere constants. By 
a change of coordinates tne operators of an imprimitive group 
can therefore be reduced to the form 

It then follows that imprimitive groups of the plane can be 
divided into four classes: the first class will only contain 
operators in which aj^* &j^, and Cj^ are zero, that is, they will 

all be of the form rtj, ;—- ; the second dass will contain one 
operator n~ + ^i n-> while all others will be of the form rij^ r- ; 

CAMfllU. j^ ^ 
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tL« third will eootain the two opomfton 

with cdhen of the form i:^ — ; the fiomrth clMm will haTe 

^-*'^^' ''5i+"*^' ^^"^^i^ 

with othen of the form n l r— • 

When we have found all possible fcRms of groaps of one 
elaM, in order to find the forms of groups in the ehss next in 
order, we take one of these groups, and add to it the opentor 
whieh dif&rentiates the higher from the lower dass. Applying 
the eoi^iitions for a group, we thus find the form of the operator 
we have added, and the additional conditions ne ct ' tf i aijf (if any), 
in order that the group of lower dass may thus generate one 
of higher dass ; this prindple will be sufficiently illostnted 
in what follows. 

§ 272, We have first to find the groups of the form 

Since x now occurs merdy as a parameter we can, by a trans- 
formation of the form 

reduce each of these operators to the form 

where aj^, /9;^, y^ are functions of the parameter x only ; this 
theorem follows from what we proved as to groups in a single 
variable. 

It may be at once verified that by a transformation of the 
fonn ^ , a^, 

where a, /3, y, ^ c^o functions of z only, any operator 
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is unaltered in form, the functions a^^, /9j^, yj^ being trans- 
formed into other functions of x. The operators of the group 
are therefore unaltered in form by any transformation of the 
given type. 

Suppose that for every set of constants A^, ...,X^ the quad- 
ratic function of y 

is a perfect square ; we may then assume that 
and therefore, if we take 



we may reduce the operators of the group to such a form that 
y does not occur explicitly in the group at alL 

The first type of group that we find in this class is there- 
fore of the form 

(1) [F,(a>)^^,...,F,ix)^} 

Since all the operators are permutable, this group is an 
Abelian one. 

§ 273. We next consider the case where the operators are 
all of the form 

(H'^Pky)^' (A=l,...,r), 

that is, the case where all the functions yi9 •••) Vr '^^ ^^^ » 
we cannot at the same time have all the functions /3^, ..., /S^ 
zero, for then this type of group would reduce to the form 
just considered. 

Suppose therefore that )9^ is not zero, and apply the trans- 
formation y^= oi + i^i^y which will enable us to take one of 
the operators of tne required group to be 

ft!- 4- 

Forming the alternant of this with (aj+iSgy)^- ^® ^^ 

that a2/9ir— is an operator of the group. Now if all the 

functions Og,..., a^ are zero we can by the transformation 
y^= logy reduce the group to the type (1); we therefore 
assume that a, is not zero, and forming the alternant of 

A a a 
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o^/Sir-and/Siy^ wefiiidthaia,;^!* — 18 aa operator of the 

group. Similarly we shonld see that a,^i*r— » ^tA*^'*'* 

are all operators of the groop ; and theref<Nre, if the groop 
is to be finite, we must assume jd| to be a mere eonstant, ana 
we may take this constant to be onity. 

We may similarly show that all the fanctJons ^, ..., A- ai^ 
mere constants ; and we thus get the second type of gronps 
in the first class to be 

(2) F,{x)^,...,F,.,{x)^, yl. 

§ 274. We now pass to the case where there is at least cme 
function o^-^fiiV'^yi'!^ which is not a perfect square and in 
which 7i is not zero. 

and apply the transformation j^= - — ~ » which gives 

We therefore again assume that the group ocmtains an 
operator PiV^i ^uid, if we are not to obtain the type (2) 
oyer again, there must be at least one other operator 

in which y, is not zero. 

By a transformation 2/^= y^y we may simplify the discus- 
sion by haying only to consider the case where y, is unity. 

Forming the alternant of (oj + Z^sy + 2/*)%- w^d PiV — » 

^ ^y ^y 

we find that (/9i2/*— aj/9,)^ is an operator of the required 

^y X 

group. Forming the alternant of this again with /3i y ^ > 

cy 

and so proceeding, we get 
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so that the group would be infinite were no( fii a mere con- 
stant, which we may take to be unity. 

The group now contains 

(y«-<gi^ and (y«+«a)^. 

and therefore j^— ^^^ ^>r ' ^'^'^^ ^® alternant of these 

two we see that it contains a^ t/^— » so that Oo is a constant. 

The group contains (a^ + p^y+y^) — , and therefore also 
^oV T- 9 so that jSo ^ ^Bo A mere constant. 

^y ^ 

If {<h'^M'^y3y^)>r is w^y other operator we fijid, by 

^y I 

taking its alternant with y — » that the group will contain 

(^ + yzy')^ and (y^y^^a^) — , 

and therefore Osr-* yaJ/^T"' *^^ therefore also ^y^" 5 ^^^ 

we see as before that 03, fi^, y, must be mere constanta 
If a^f ..., Oy. are all zero the group will therefore be of the 

*yp^ ^ ^ 

which is but a particular case of (2) ; but if they are not all 
zero the group will contain the three independent operators 

and no others. 

We have now found that all groups in the first class must 
be of the types (1), (2), or (3). 

§ 275. Passing to groups of the second dass, and first 
taking (1) of § 272, we have to find the conditions necessary 
in order that 

may generate a group of order (r + 1). 
If all the functions jF\, ..., jP^ vanish identically we can 
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altering the Conn of the group 

We bare therefore first of aU to see iriiat fionns theae 

foDCtiona F^, ..., F^ most baTe in order thaifc (1) and — 
may geoecafte a group ot order r+1. 

§ 276. We now make a short digrcaEkm in oider to eoniider 
a principle ot wbieh modi use may be made in the inTestxga- 
tion of poanble types of finite groaps. 

If X is any linear opefator of die group wbieh we aeek, 
we can by a diange ot eoordinateB reduce it to the f<»m 

— ; if then any other operat<H' of the group is 

d d ) 

we see, by taking its alternant with — > tbat 

-JL -I- — 1 -I- _± 1. 

^x ^x ^x dy dx ^z 
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is an operator of the group ; so also must every linear 
operator of the form 

belong to the group. 

Now the group being finite only a certain number of these 
operators can be independent; and therefore there must be 
some operator of the form 

(where (4, ..., a^ are constants, depending on the structure 
constants of the group, and 774, ..., 'm^ are positive integers) 
which will have the property of annihilating each of the 
functions f, ij, C, .... 

It follows that 

where a^j, ... denotes a function of the variables not con- 
taining X ; and that we shall have similar expressions for 

is an operator within the group, which will not contain x in 
a higher power than (771^—2) in the coefficient of ^'t and 

is an operator in which x only enters in the power (m^— 3) in 

the coefficient of 6°^^, and so on, it is not difficult to see that 
the group must contain the following sets of operators. 

Operators in which 

f=^i*(aia; + au), 7, = ^i*(6iaj + 6J, C = ^''(ci«+Cu), 
^=^*(aja^ + 2aiiaj+au), t) =z ef^^(h^a?^-2h^X'\-h^, 

and so on, where the letters o^, &2> <?i9 ••• &11 denote functions 
not containing as. 
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In addition to theiie there will be the similar sets of 
operators corresponding to the roots Oj, •••» a^; and every 
possible linear operator of the groap will be dependent on 
the operators here enumerated. 

§ 277. Applying this principle to the problem befcme as, 
▼iz. the determination of the forms of F^y ..., F^ in order that 

may be the operators of a finite group, we see that the functions 
denoted by o^, ft^, c^, ... are now mere constants ; and that the 
group must therefore be of the form 

§ 278. We have now to find what groups in the second 
class may be generated firom 

by adding the operator r" + ''^ * 
Forming the alternant of jF\(^)r- and ^ +i7r-,weseethat 



(^Mpyw)i 



^y ^x ^ ^y 
is an operator of the group ; and therefore 



irsr 



where c^, ...^c,., and c are absolute constants. 

Similarly, by forming the alternant oty :r- and r- + *7 t- > 

cy ox cy 

we see that 6, ftj, ...,&,. being a set of constants 

(B) y^-n^by+^bf^Fuix). 

From (A) we see that i; is of the form a+fiy+yj^, where 
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a, )3, y are functions of x only; and from (B) we see, on 
substituting tills value for 19, tiiat y is zero, and 

Now witiiout loss of generality we can add ^ jT- + *? n~ 
y operator dependent on ^ V 



any 



^i(«')^--^r(^)^; 



and we may therefore suppose that the form of 17 is so chosen 
that both a and y are zero. 

By a transformation of the form 

we may, without essentially altering the form of the other 
operators of the group, so choose the unknown function 4> {x) 

and we may thus reduce the group to one of the type 

f At/ ^ 1,2, 9, •••^« 

§ 279. The only type of group in this class remaining to be 
examined is 

Forming the alternant (^^ -r- +^x-) we see that, there 
being only four operators in the group, 

where a, 6, c are mere constants ; and therefore 
Forming the alternants of r— +^ x- with y tj- and j^ — 
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respectively, we see that <t>(x) must be a mere constant, and 
c must be zero ; so that the group reduces to the type 

^^> a^' yVy' y^Vy' Vx 

§ 280. In the third class the groups must contain two 
operators of the forms %— +^i n- Mid ^ n— +^2T~5 and clearly 
in any group of this class there must be a sub-group con- 
taining all the operators of the group except ^ >r" + ^a jT" * 

We therefore begin by trying whether from the group 

we can generate a new group of order one higher, by adding 

an operator of the form a: r— + ii r— • 

^ ^x 'ly ^ 

Forming the alternant of the new operator with — we see 
that 5-^ is a function of x only ; and forming its alternant with 
any other operator of the group we see that — is a function 
of X only ; and thei'efore we take 

where c is a mei*e constant. 

If we substitute this value of?; in a;- — h»7:r-» w^d form the 

^ Ix 'ly 

alternant with a;*"*~^6"**— j we shall find that the group 

must contain a^x^^^^^ t-\ and, as a?"* "^ is given to be the 

highest power of a; in the coefficient of e°*^, we conclude that 
a^ must DC zero. 

The group must therefore be of the form 

I I Ti a a , , ^ 

cx ^x cy dy dy hy 

where 'Z = ^ + 2 ^h^^ + constant ; 
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and without loss of generality we may say that 

If c is not equal to r, apply the transformation 



c^x^ 



when the group takes the simple form 

If c is equal to r it is easily seen that by a transformation 
of coordinates we may take c^ to be unity, and thus obtain 
the type 

^ ' Ix ^x ^ ^ ^^y hy hy ^y 

§ 281. We should next have to try what groups of the form 

can exist ; and in much the same way we should see that we 
may take t; to be cxy when e is a constant. If we then apply 
the transformation 

r— becomes c— , — (Vt-/* V^r- ^ unaltered in form, and 
^x ^x ^y ^y 

X - — Htj 5— ■ becomes x^r-^i whilst the other operators are not 

o X ^y ox 

essentially altered in form. If we now apply the same 
reasoning to this type as we applied to the last, we shall see 
that a^ must be zero, and that the gi*oup takes the form 

where r > 0. 

The other types of group in this class can similarly be 
found ; they are 
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r>0. 



§ 2^2. PMsmg to types of gimips in the fixxrtk elan we 
mast tske esdi groop from the thnd rissij sad see ithelha 
we ean generate a group cf the fborth dsss bj sAirng to 

it .^me opentor of the tosmj^—- -Kirr— . 
Thi» it msj essilj be abown thai firom 

a griMip of the required dass eamioi be goieiated. On the 
oloer haad, the groop 

win lead to two types of group of the fourth dass ; vix. 
where r is greater than zero ; and 

The other types of groups in this dass are 
^'«^ Wy' % '^ ry' yVy* Vx' 'Vx' ^Ji+<''-»)^ipJ' (- 



0'') Li^' J'j^' »*iP' Ji' *ji' ^Jijj 
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<^«) [I' ^^' "^^l- 



The methods by which these groups of the fourth class 
are found does not differ essentially from the methods by 
which the groups of lower class were found. 

§ 288. Every imprimitive group of the plane must belong 
to one of the types enumerated, but these types are not afi 
mutually exclusive ; thus the group 

in the first class is similar to the group of the fourth class 

hx ^x ^x 

In order to divide the imprimitive groups into mutually 
exclusive types we examine each of the groups we have found 
as regards their invariant curve svstems. For all the groups 
the system x = constant is an invariant system, but some of the 
groups have other invariant curve systems. 

We first consider the type (1) and suppose that r is greater 
than unity ; we may then by a transformation of coordinates 
of the form 

af=Xy 'if^yi>{x) 

simplify the type so as to be able to assume that two operators 

of the group are^and.A. 

Suppose that for this group / (a;, ^) = constant is an in- 
variant curve system ; we must then have 

r— /(a;,y) = some function of f{x,y). 

If this function vanishes identically / (a;, t/) is a mere function 
of Xy and therefore only gives the known invariant system, 
X = constant. If, however, the function does not vanish iden- 
tically the curve system /(a;, y) = constant can be thrown into 

such a form that r-^ is unity, and therefore 

^y ^ 

y +/ (^) = constant 
is an invariant curve system for the group. Applying the 
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operator x — of the group we most thea have 

if 

X y- (?+/(*)) = some function of (y+/(«)) ; 

and as Uub is impossible we oondnde that^ if r is greater than 
unity, (1) cannot have any other invariant curve system than 
X = constant. 

li, however, r is eqoal to unity, the group is of the type 

— ; and admits the co* curves y =:f{x) as invariant systems, 
*f 
where / is an arbitrary functional symbol 

We next can prove that if the type (2) is of order two, 
it may be thrown into the form 



[w ^4]' 



and for this group tiiere are two invariant systems, via. 
X = constant, and y = constant. If the |;roup is of order 
greater than two the only invariant system is x = constant. 

It will be found that for type (3) there are the invariant 
systems x =- constant, and y = constant. 

The type (4) is similar to type (1), when the latter is of 
order unity. 

If the type (5) is of order greater than two, the only 
invariant system is x = constant. If the group is of order 
two it can be reduced to one or other of the forms 

^y ^x ^y ^x ^ ^y 

and for either of these groups there is an infinity of invariant 
curve systems, viz. 

cuc + by = constant, 

where a and b are arbitrary constants. 

The type (6), if the order is three, can be thrown into 
the form 

hx ^y ^y 

with the invariant systems x = constant, y = constant ; if the 
order is above the third the only invariant system is a; = con- 
stant. 
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The type (7) has the invariant systems x = constant, 
y = constant. 

The type (8), if r>l, has only the invariant system 
X = constant. If, however, r = 1, the type is 

d d d d 

r-i r-j X— +cy — ; 
^x ^y ^x oy 

and, since the group contains r-- and ^ » the invariant curve 

system must be of the form 

ax^-hy = constant; 

if c is equal to unity this system is admitted ; but if it is not, 
the only systems admitted are x = constant and y = constant. 

The group (9) has only the invariant system x = constant. 

The group (10) has only the invariant system x = constant, 
if r > 1 ; but, if r = 1, it has x = constant, y = constant. 

The group (11) has the invariant systems x = constant, 
y = constant. 

The group (12) is similar to one of the cases of (6), viz. 
the case when (6) can be thrown into the form 

— — 1. 
^y' ^x ^y 

The group (13) is similar to (2), when (2) is of the second 
order. 

The group (14), when r > 1, has only the invariant system 
X = constant ; when r = 1, it is 

'by bx bx bx 

and is similar to (7). 

The group (15) has only the invariant system x = constant. 

The group (16), when r > 1, has only the invariant system 
X = constant ; when r = 1 it is similar to (11). 

The group (17) has the invariant systems :e = constant, 
y = constant. 

The group (18) is similar to 

A A A A «A 2_i 

bx by* bx by^ bx by* 

and has the invariant systems x = constant, y = constant. 
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The gronp (19; Ium onlj die imramal tjwuam x = fwnwlim 
Tbe group (20; is Hmihr to (3). 

§ 284. We DOW learrao^ the impiimitiTe groups of the 
pbuie into iDiit4uJly ezebunve types aiid mto four new etinBfft, 
eoiTe0poodiiu^ to Uie different srrtemt of enrveft. ^triuch aie 
imrmnmnt under the cfiesmtioDe of the grovipa. We ihdQ denoie 

the openUor f — + 1| ^ by f/>+ 99. 

In Clajs I we have the group q for whidi mn in^vriant 
•yttem in y-^/ix) = eomtaiii, where/(x) ii mny fanetioo of x 
wfaaterer. 

InChesU 

with the inTamnt eunre systCTss 

ax-^ly =: constant, 

where a and 6 axe any constants. 
InClassm 

[?. y?» /?»/>]; [?» />» ^+^* c being a constant not unity ; 

[?•»?. 1>, ay] ; [g, y?. y*g. i>, ay] ; 

[?. y?. y*?. 1^. ay, x^] ; |>+g,ay + yg,aj*y+y*g]; 

with tbe invariant carve systems x = constant, y = constant 
In Class IV 

\F^{x)q, ..., iV(a?)?]> wbere r > 1 ; 

\F^{x)q, ...,iV(x), yg], where r > 1 ; 
[f'^q, ..., x^*"-^ ^**}, p\ where the order > 2, and A = 1, 2, 3, ...; 
[e***j, .•., aj^»"^ ^**g, yg, />], where the order >3, and ife= 1, 2,3, ...; 
[7, ajg, ..., af "^g, />, xp^-cyq]^ where r > 1 and c is a constant ; 
[g, xg,,..,ic''"V,p, ay + (ry+af)g], where r > 0; 
[5^, xg, •••, af-^g, yg, y, xy], where r > 1 ; 
[g, xgr, •..,af-*j, p, 2ay+(r-l)yj, a?«p+(r— l)xyg], 

where r > 1 ; 
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[g, xq, ...yOf-^q, yq, p, (cp, a?p + {r-'l)xyq], where r > 1 ; 

[yq,p,xp,a?p+(cyq]; 
0, 2a^+yq,a?p+xyq]; 

with the invariant curve system x = constant. 

It is clear that a group in one class cannot be similar to 
a group in any other class ; and it may easily be seen that in 
the same class no two similar groups have been enumerated. 

Every imprimitive group of the plane must therefore belong 
to one of these twenty-four mutually exclusive types. 
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CHAPTER XXIII 

THE IRREDUCIBLE CONTACT TRANSFORMATION 

GROUPS OF THE PLANE 

§ 285. We have now found all point groups of the plane, 
and if we extend these we shall have all the extended point 
groups ; if the groups are only extended to the first order and 
we apply to them contact transformations we shall have the 
reducible contact groups of the plane. In this chapter we 
shall show how the irreducible contact groups of the plane 
are to be obtained. 

It must first be proved that the necessary and sufiicient 
condition that a system of contact operators of the plane 
may be reducible to mere extended point operators by a con- 
tact transformation of the plane is that the operators should 
leave unaltered an equation system of the form 

dx _dp ^ dy 

a "" /3 ~ aj9 

where a and fi are functions of Xy y, p. 

Let f(x, y^ p) = constant, <f> (x^ t/, p) = constant 

be integrals of this equation system ; then, since 

hx ^y ^pa ex cy^ cpa 

we see, by eliminating - > that the functions / and <f> are in 

involution ; we can therefore find a contact transformation 

(1) af^f{x, y, ;?), 2^= * («, y, p), p'= yj^ {x, t/, p) 
which will transform the given equation system into 

dx'^ 0, dy'= 0. 

XT .i. . ^ ^ ^ 

Now if ir- + »? T" + ^ ^— 

hx oy dp 

be a contact operator which leaves unaltered the equation 
system dx=iO, dy = 0, we see that f and 17 must be functions 
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not containing p ; and therefore the operators, as transformed 
by (1), will be mere extended point operators. The converse 
is easily proved; for extended point operators do not alter the 
equation system dx= Oj dy = 0; that is, thev transform a 
point i/j into a point Jlf^. It follows that if we apply to 
them a contact transformation the reducible operators will 
leave unaltered the e<][uation system into which c2a? = 0, (it/ = 
is transformed ; that is, an equation system of the form 

dx ^dp ^dy 
a ^ P '^ ap 

§ 286. We now take x and z as the coordinates of any point 
in the plane, and we write y instead of p, when the contact 
operators of the plane become simply those operators in space 
^) y% ^ which do not alter the equation 

dz—ydx = 0. 

An irreducible group of contact operators of the plane, 
when regarded as operators in space, must be transitive. For, 
suppose the group is intransitive, and /(a;, ^, 0) is an invariant; 
then the operators of the group do not alter the equations 

^dx-{- ^dy+:^dz^O, dz—ydx^O. 

They therefore leave unaltered a system of equations of the form 

dx ^dy ^dz 
a " p '^ ay' 

and therefore may be so reduced as to be mere extended 
point group operators. 

Let i{x, y, z)— +rj{x, y, z)— +C(a:, y, z)^, 

or, as we shall write it 

be a contact operator of the plane regarded as an operator in 
space x^yy z; and let TT be its characteristic function, so that 

Taking a point of general position as the origin of co- 
ordinates, we can arrange the operators of the group into sets 

B b 2 
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a8 in § 259. To do this we expand the charaeieristic tamctiaa 

in powers o{ x^y, z; let TTbe the operator which oorreBponds 
to the characteristic function TT, that is, let 

We must, therefore, in order to obtain an operator of degree 
k, consider the terms in W which are of degrees (£+ 1) and L 

Thus corresponding to W= — l we have ir= r, and corre- 
sponding to W=^—x we have W= q-\'Xr; more generally we 
may express these, and similar results, in the tabular form 

^=(-1, ( -« » (2/. ( -^ » ( -«* » ( «y . 
W=\ T , (g+ar, Ip, lyq-^zr, |2a:g+a?*r, (ay— yg, 

W={ 2/* , ( -a» , ( yz , { -«* • 
Tf = (2t/p+y*r, \{z-\'Xy)q-\'Xzr, (s^—y^q^ \2yzq'k'Z^r. 

This table gives us the operators corresponding to terms in 
W of the second or lower d^reee, and, if required, could 
easily be extended so as to give the corresponding operatois 
for terms of higher degree. Thus, if W=. a-k-hx-k-cxy^ where 
a, 6, c are constants, then 

Tf=— ar— 6(g+aw) + c(ay— 2/g). 

It will be noticed that the only terms in TT which contribute 

operators to W whose lowest terms are of zero degree are 
\yX^y\ and the only terms which contribute operators of the 
first degree are 

«, ^, ^y 2/^ a», yz. 

The most general contact operator of the first d^rree is 
therefore 

where 04, ...ja^ are constants, and the terms indicated by 
+ ... are of degree higher mx,y,z than those written down. 

§ 287. If we have a contact group, and consider the operators 
of the first degree in the group, we have, by neglecting the 
terms in such operators inmcated by + ... , a ffroup which is 
linear and homo^neous in x^ t/, z. From the form given by 
^1) of § 286 for these operators, we see that the plane 2; = is 
invariant under the operations of this linear group ; the straight 
lines through the origin in this plane are therefore transformed 
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by Uie operations of a linear homogeneous group in x, y. 
Unless, then, this linear group is the general or special linear 
homogeneous group, it must leave at least one straight line 
through the origin at rest; and therefore the contact group 
itself must, when we regard it as a point group in space, leave 
unaltered at least some x^ curves which pass through x*"^ points 
of space ; the considerations which enabled us to determine 
the primitive groups of the plane will render this evident 

Now a contact group with the property of leaving x^ curves 
at rest has been proved to be reducible; and therefore the 
linear group must be either the general or special linear 
group. 

The group we are investigating must therefore contain at 
least the following three operators of the first degree 

(1) HP + ai«p + 6i«g + ..., 

(2) xq-k-a^zp + h^zq^..., 

(3) ajp— yg + a3«p + 63«gr+.,,. 

Since the alternant of the first two of these operators is of 
the form xp—yq'{-a^zp-\-\zq'{-..,^ it will only be necessary 
to assume that the group contains the first two operators. 

From the form of the general contact operator of the first 
de^ee ((1) § 286), we see that there cannot be more than six 
independent operators of the first degree, such that no operator 
of the second degree is dependent upon them ; and since the 
^oup is transitive va x^ y^ z there must be three of zero 
degree. We have therefore to consider four possible classes 
of groups ; in each there will be the three operators 

in Class I there will be three operators of the first decree ; in 
Class n four such operators ; in Class m five, and in Class IV 
there will be six. 

§ 288. We first examine the possible forms of irreducible 
groups in Class I; since the three operators (1), (2), (3) of 
§ 287 must occur there cannot be any operators of the forms 

zp'\-...y 2^+..., or t/g+2T+.... 
If we form the alternant of (1) and (2) we get 

and therefore, adding (3), we see that by the limitation im- 
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posed on this dass we must have (03—^2) zero, and also 
(63 +%) zero. Similarly, by forming the alternants of (1) and 
(3), and of (2) and (3) respectively, we see that o^ and 6^ are 
both zero. 
The operators of the first degree in this class are therefore 

where a, 6, c are constants ; and it will now be shown that 
there are no operators of the second degree in any group of 
this class, and therefore no operators of any higher d^^ree. 
By the point transformation in space 

(A) a/= 35 + 00, 2^=^ + 60, 2^=z 

the operators of zero degree, and of the first degree, can be 
thrown into the forms 

a5g + ..., ay— 2/g + ..., Hp+.... 

It will be noticed that this transformation is not a contact 
transformation of the plane. 

Suppose now that the group could contain an operator of 
the second decree ^ . . > . 

where f, rj, ( are homogeneous functions of the second degree 
in X, y, z. 

If we form alternants of this operator with j:> + ..., 9 + ..., 
r+ ..., respectively, the resulting operators, being of the first 
degree, must be dependent on a5g + ..., op— yy+..., yp-^..., 
and operators of higher degree; and therefore the first deriva- 
tives of f, 77, C cannot contain z ; it follows that the functions 
f, 77, C themselves cannot contain z. 

Also, since there is no operator of the first degree in which 

the coefBcient of r is not zero, the derivatives r— and r-^ are 

^x ^y 

both zero ; and therefore ( vanishes identically. 

If, then, any operator of the second degree is to be found in 
the group at all it must be 

(B) f2> + T7g+..., 

where f and 17 are homogeneous functions of the second degree 
in X and y. 

There can, however, be no such operator ; for we proved in 
§ 267 that the operators 

JP + ..., ?+..., «? + ..., a2>— 2^+..., KP+... 
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could not coexist in any finite group with an operator of the 
form (B), unless the group also contained the operator of the 

^idegr^ xp+yq + ...; 

and, as the group we are now considering does not contain 
this operator, we draw the conclusion that in Class I there can 
be no ojperator of the second degree, and therefore none of 
higher degree. 

§ 289. The group has therefore only six operators; for 
brevity we denote 

2>+... by P, q+... by Q, r+... by jB, 
xq'\-... by Xj, ay— yg + ... by Xg, yp^... by Xg. 

Clearly in this group X^, Xg, X3 is a sub-group — ^the group 
of the origin ; its structure is 

(Xj, Xj) = — 2X1, (Xj, X3) = Xj, (Xj, X3) = — 2Xj. 

We also have 

(X„ P) = -e + aiX, + 6iX, + CiX3, 
(X2,P)=-P+a2Xi + 62X2 + c,X3, 
(X3, P) = 03X1 + 63X3 + 03X3, 

where 64, b^, c^, ... denote constants. 

By adding to P and Q properly chosen multiples of X,, Xj, 
X3, we may throw these structure constants into the simple 
form 

If X, F, Z are any three linear operators we know that 
{X, (F. Z)) + (7, (Z, X}) + {Z, (X. F)) = ; 
this Jacobian identity may be written in the abbreviated form 

(X, 7, Z) = 0. 

From (X., Xg, P) = 0, we now deduce that (Xj, Q) = Q ; 
from (X3, X^P) = 0, we similarly obtain (X3, Q) = — P; 
while from (Xj, X3, P) = 0, we shall find that a^ is zero. 

The alternant (Q, XJ is dependent on X^, Xg, X3 ; if then 

(Q, X^ = 0X^ + 6X2 + 0X3, 

we deduce from (X^, X3, Q) = that a and b are zero ; while 
from (Xj, Q, XJ = we shall see that c is zero, and therefore 
(0, Xj) is zero. 
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If we now apply the transformation inyerse to (A) of § 288, 

we shall bring the operators of the group back again to such 
a form that they are contact operator of the plane ocf^ 7f ; and 
we may therefore say that the group in Class I has the six 
operators 

^T»»»j ^T"***} '+•••» 

If we denote these respectively by P, Q, jB, X^, X^ Xj, we 
now know so much of the structure of the group as that 

(Z„ X,) = -2X„ (X„ X3) = X„ (Z„ X3)= -2X3, 

(1) (x„ p) = ^e, (x„ p) = ^p, (X3, p) = 0, 

(X„Q) =0, (X2,Q) =0, (X3,e) =0. 

§ 290. If we now form the alternant of P and Q it will be 
of the form . . /^ . 

where a and fi are constants. For, if u and t; are the character- 
istic functions of the operators u and % the characteristic 
function of the alternant (u, v) is 

and, as the lowest terms in the characteristics of jo+ ... and 
g + ... are respectively t/ and — £c, the lowest term in the 
characteristic function of their alternant must be —1, and 
therefore the lowest terms in the alternant must be of the 
form r + aj^ + iSg. 

We may tiien say that 

(P,(2) = ii + aP + /3e + yXi + 5X, + €X3, 

where a, /3, y, 5, € are constants ; and we may therefore so 
choose an operator i2 as to have (P, Q) = i2 without altering 
the structm*e of the group in so £Eur as it is given by (1) 
of § 289. 

From the identity (Xj, P, Q) = we then see that (X^, -R) 
is zero ; and we similarly obtain (X2, i2) = and (X3, ii) = 0. 

We now take 

(P, R) = OiP + fcie + Cjii + aiXi + iSiXg + yiXj, 
where o^, b^, c^, c^, /S^, y^ are constants. 
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From {Xj,y P, jR) = 0, we see that Oj, fej, /?i are all zero; 
from (X2, P, B) = 0, we see that c^ and yj are zero; while 
from (Xj, P, R) = 0, we see that 

We therefore have 

(P, R) = aP, {Q, R) = aQ, (P, Q) = Ji ; 

and from (P, Q, iZ) = 0, we now deduce that a is zero. 
The structare of the group is now given by 

(P,(2) =ii, {R,P) =0, {Q,R) =0, 

(Z„ P) = -Q, {X,, P) = -P, (X3, P) = 0, 

(1) (Z„ Q) = 0, (Z„ Q) = Q, (Z3, (2) = -P, 

(Zi, ii) = 0, (Z^, ii) = 0, (X3, R) = 0, 

(Zg, X3)= — 2X3, (Z3, -yi)=— Zg, (Zi, Zg) =— 2X1. 

§ 291. In this group the operators P, Q, i2 form a simply 
tnmsitive sub-group of the same structure as the simply 
transitive group whose operators are 

it is therefore possible to find a point transformation which 
wiU ti-ansform P, Q, jR to these respective forms. 

If we take X^, X^y X^ to be (in the new coordinates thus 
introduced) respectively 

fiP + %g + fir, ^22^ + 772? + Can i^P + lzq-^C^^y 

then, from the structure constants of the group, we derive 
a number of equations which these functions f^, rjn Cd ••• 
must satisfy. 

It will be at once seen, on forming these equations, that 
they will be satisfied by taking 

ii = 0, ?7i = a;, Ci = i a^y ^2 = «> ^2 = V^ C2 = 0, 
^3 = 2^* »/3=0> fs=i/; 

and therefore a possible form of group is 

(1) Py ? + ^> n xq + ia^r, xp-yqy yp'{-iy^r. 

Now any group in Class I can be reduced to such a form 
as to have Uie structure given bv (1) § 290; and for such 
a group X^, Xg, X3 will be the sub-group of the origin. The 
most general group of the class we seek is therefore simply 
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isomorphic with (1); and in this isomorphism the groups of 
the origin correspond, so that (§ 133) we conclude that the 
most general group is similar to (1) ; that is, it is reducible 
to the form (1) by a point transformation in space x^ y, z, 

§ 292. It must finally be proved that this point transforma- 
tion is a contact transu)rmation in the plane x^ z. 

First it may be seen that (1) of § 291 is a contact group, 
and that it satbfies the condition of irreducibility ; we see 
that all the operators are contact operators, since the cor- 
responding infinitesimal transformations do not alter the 
equation dz—ydx = ; and we conclude that the group is 
irreducible because the lowest terms in the operators of the 
first degree form the special linear homogeneous group (§ 287). 

Now suppose that the point transformation, which trans- 
forms the general contact group of Class I into (1) of § 291 
has transformed the Pfsiffian equation dz-^ydx = into some 
equation of the form 

(dx+ridy + {dz^ 0. 

The group (1) of § 291 must therefore leave unaltered this 
equation, and also, since the group is a contact one, it must 
leave unaltered the equation dz — ydx = 0; but this would 
necessitate that (l) of § 291 should leave unaltered a system 
of the form dx_dy^dz 

a " /3 ""at/* 

where a and fi are functions of Xy y, z; and therefore it would 
be reducible, which we know it is not. 

We conclude, therefore, that the only group in Class I is 
that one which is reducible to 

p, q + ayr, xq + ix^r, xp-yq, yp-^\y*r, 
by a contact transformation of the plane. 

§ 293. We shall now briefly consider the groups of irre- 
ducible contact transformations of the other classes. 
Every such group contains the three operators 

(1) yp-^a^zp + b^zq-^..., 

(2) xq-^a^zp-^b^zq -{-..., 

(3) xp-yq-^a^ep + b^zq-^...; 
and must contain at least one operator of the fcMrm 

(4) a{ay)'^yq'i'2zr) + bzp'^czq + .... 
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If we form the Alternants of (1), (2), (3), (4) we see that the 
group must contain the six operators 

(1, 2) {y + ai^)q-{X'i'b^z)p+...; 

(1, 3) {y'^aiz)p''b^zq + {y^b^z)p+...; 

(1, 4) '-az(a^p'{'biq)'^czp + ...; 

(2, 3) -2a^ — (62 + a3)0g + a2«p + ... ; 

(2, 4) -a«(a2;>+62g)-6«g + -. ; 

(3, 4) '-az{a^p-\'b^q)'-bzp-\'Czq'^.... 

Now if the group is of Class UI or Class IV it contains at 
least one operator for which a is zero ; and therefore we see 
from (1, 4), (2, 4), (3, 4) that it must contain zp+..,y and 
also zq + .... 

If then the group is of Class UI, as it can have only five 
operators of the first degree, its operators must be 

yp+..., iC3 + ..., ocp—yq -{•... y zp-\-...y zq-\r.... 

If the group is of Class IV it has six operators of the first 
degree, which must then be 

2/P+..., ^0^+..., xp—yq^- ..., (cp+yq'^2zr..., 

Zp-^r ...» zq-^r .... 

It only remains then to find the operators of the first 
degree for a group in Class U which can only have four 
operators of the first degree. 

For a group of this class a cannot be zero ; for then there 
would be at least five operators of the first degree, viz. in 



addition to (1), (2), (3), the operators 0p + ..., and zq^-.,,. 

(2, 3), (3, 1), I " " 
contains (1), (2), (3), it must contain 



From (2, 3), (3, 1), and (1, 2) we see that, since the group 



and therefore, since the group, being in Class U, can contain 
none of these operators, we must have 

ai + 63 = 0, 03-63 = 0, 61 = 0, a^ = 0. 

From the equations (1, 2), (1, 3), (2, 3), (1, 4), (2, 4), (3, 4) 
we then deduce that 

oa^ + csO, 062 + 6 = 0, 003 + 6 = 0, 063—0=0; 
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and, Binoe a is not zero, it follows that the operators of the 
first degree in Class II most be of the form 

{x-k'az)q-k'...j {x-k'az)p—{y-\'bz)q+..., (y + 6«) />+..., 

where a and b are some ondetermined constants. 

§ 294. Having found the initial terms in the operators of 
the first degree, the methods by which we find the groups in 
the Classes II, HI, and IV are not essentially different from the 
methods employed in finding the group in Class I, and in 
finding the primitive groups of the plane ; we shall therefore 
merely state the residts which one will arrive at by such 
an investigation. 

Every group of Class II is reducible by a contact trans- 
formation to the type 

p, g + ar, r, xq-^ia^r, xp-yq, yp+ij^r, xp'k'yq'k'22T. 

In the third class no irreducible group can exist 
In Class IV every group is reducible by a contact trans- 
formation to the type 

p, g+ar, r, a5g + iic*r, xp-yq, yp+\}^r, 
xp-{-yq'^2zr, {z^xy)p^\y^q''\an^r, ia^p-^zq-i-xzr, 
(xz''ia?y)p'^{yz'-\x}^)q+{z^'^ix^y^r. 

There are, therefore, only three types of irreducible contact 
groups in the plane. 



CHAPTEE XXIV 

THE PRIMITIVE GROUPS OF SPACE 

§ 295. It would occupy too much time to attempt to 
describe all the types of group which may exist in three- 
dimensional space, and we shall therefore confine our 
attention to the primitive groups which are the most in- 
teresting. It will be shown that there are only eight types 
of such groups. 

The first theorem which it is necessary to establish is that 
every sub-group of the projective cproup of the plane must 
have either an invariant point, an mvariant straight line, or 
an invariant conia 

Suppose that u = is a curve which admits two independent 
projective operators X and F, where 

Pj, Q^, iZj, Po, Q2) -^2 denoting linear functions of x and y. 
Then, since £^1 points on the curve u = 0, must satisfy the 
equations Xu = 0, Tu = these points must also satisfy the 
equation 

Pi+a;jRi, Qi-^-yRi 

Pg+ajiig, Qa + t/jRg 

which, it is easily seen, is not a mere identity. 

Now this is the equation of a curve of the third d^ree at 
most, and, as it contains the curve u = 0, that curve is an 
algebraic curve of degree three at the most. 

§ 296. We shall now prove that this curve if a cubic must 
be a degenerate one. 

It is easily seen that if A, P, C, D are four points, no three 
of which are collinear, there is no infinitesmial projective 



= 0, 
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transformation which can leave all of these points at rest 
To prove this, we take any other point P on tne plane, then 
the pencil of four straight lines A (B, C, D, P) must be trans- 
formed into a pencil of four other straight lines ; and if A, B, 
0, D were to remain at rest, and P become transformed to P', 
we should have 

A {B, C, D,P) = A (B, C, D, P'), 

so that P' would lie on AP. Similarly it would lie on BP, 
and therefore P^ would coincide with P; that is, every 
point in the plane would remain at rest, which is of course 
impossible. 

Let A be one of the points of inflexion which every cubic 
must have: if the cubic admits any projective group the 
group must leave A at rest; for an inflexion can only be 
transformed to an inflexion, and therefore if A did not remain 
at rest there would be an infinity of inflexions. 

K the cubic has no double point it must have nine points 
of inflexion ; and at least four of these points are such that 
no three of them are collinear. A non-singular cubic cannot 
therefore admit a projective group ; for the group would then 
leave four non-coIUnear points at rest, which is impossible. 

We conclude, therefore, that the cubic has a double point. 
Suppose that it contains one double point and no cusp ; it 
has then three points of inflexion, and these points, together 
with the double point, must remain at rest under the opera- 
tions of the group. But if a point A and three points jB, C, D 
on a straight line not passing through A remam at rest, the 
only projective transformation whicn the figure could admit 
would be a perspective one with A as centre and BCD as 
axis of perspective. 

An infinitesimal projective transformation cannot theoreficMne 
transform the cubic into itself ; for, if P is any point on the 
curve and A the double point, P would have to be trans- 
formed to a near point P^ on the line AP ; and P' could not 
be on the curve, since AP only intersects the cubic on 
A and P. 

Suppose now that the cubic has one cusp only ; since by 
hypothesis the cubic admits at least two innnitesimal trana- 
formations, there must be at least one infinitesimal transforma- 
tion which will not alter the position of some arbitrarily 
assigned point P on the cubic. From P draw the tangent 
PQ which touches the cubic at a point Q distinct from P: 
there will now be four points, viz. P, Q, the point of inflexion, 
and the cusp which will not be altered oy tiie projective 
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infinitesimal transformations admitted both by the point P 
and the cubic itself As we can so choose P that no three 
of these points are coUinear, we must conclude that the cubic 
cannot be a proper one. 

Since the cubic must be degenerate we conclude that the 
only curves, which could admit a projective group with at 
least two operators, are straight lines or conies. 

§ 297. Any sub-group of the general projective group of 
the plane must be either primitive or imprimitive ; we first 
take the case where it is primitive, and therefore of one of 
the two following types: 

p, q, xq, xp'-yq, yp, xp + yq; 

p, q, xq, xp~yq, yp. 

The first of these is the general linear group 

tc'zrajaj + iiy + Ci, y'=a^X'^b^y'^c^\ 

and it is clear that by any operation of this group a point 
at infiboity will be transformed to a point at infinity; and 
therefore the group leaves the line at infinity at rest. The 
second group, being a sub-group of the first, must therefore 
also leave the line at infinity at rest. 

It now remains to prove that every imprimitive projective 
group of the plane will leave either a point, a line, or a conic 
at rest. 

First we take the case where the group is at least of the 
third order. From the imprimitive property of the group 
we know there is an infinity of curves forming an invariant 
system. If we take any one of these curves there must be at 
least two infinitesimal transformations of the group which it 
will admit; for there are at least two such tnmsformations 
which will not transform any chosen point on the curve from 
off the curve. Each of these curves must therefore, since 
the group is projective, be either a conic or a straight line. 

If the invariant system of oo^ curves are conies, the five 
coordinates of the conic must be connected by four equations, 
and therefore the system of conies must have an envelope. 
This envelope may consist of mere isolated points ; thus the 
envelope oi conies of the system u + A?i; = 0, where A; is a 
parameter, consists of the four points of intersection of the 
two conies u = and t; = 0. 

Similarly, if the invariant svstem of x^ curves are straight 
lines, they must have an envelope. 

Now the envelope is invariant under all the transformations 
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of tiie group; and, if it does not consist of a mere set of 
isolated points, it must therefore, by what we hav^ proved, 
be either a straight line or a conic. 

A sub-group of the general projective group, if of at least 
the third order, will therefore leave at rest either a point, 
a line, or a conic. 

We now suppose the sub-group to be of order two ; and 
take X^ and Jl, to be its operators ; we have 

where a and b are constants ; and therefore if we take as the 
operators of the group X-^ and aX-^ + hX^^ we see that the group 
must have the structure 

(Zi,Zg) = 6Z,. 

If 6 is not zero, by taking the fundamental operators of 
the group (i.e. those in terms of which the others are to be 

expressed) to be t X^ and Xj, we have the structure 

(Zi, ZJ = Zj ; 

if, however, h is zero the structure is given by 

(Zi, Z2) = 0. 

If the group is intransitive there will be an infinity of 
invariant curves ; and, by what we have proved, these must 
be straight lines or curves. If on the other hand the group is 

transitive we throw Zj into the form — ; and then we may 
take Zj in the form a: r— + ^ > if the structure is given by 
(Zj, Z2) = Z2 ; if the operators are permutable, we take Z^ in 
the form r— • 

In either case the line at infinity is invariant under the 
operations of the group; and therefore returning to the 
original variables 9(yme curve admits two infinitesimal pro- 
jective transformations, and therefore must be either a straight 
line or conic 

Finally if the projective group contains only one operator^ 
let it be 

The condition that the straight line 
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may be mvariant requirea it to coincide with 

A(6i+e2«+«sy+«(«4«+«6y)) 

The equations therefore to determine A, /ui, v are 
where A; is to be determined by 

^2 — '^» ^ ' ^4 

^ , 6g — A;, e^ 



^1 J ^« » 



= 0; 



and there is therefore at least one straight line which the 
group leaves at rest. 

In every case, therefore^ a atub-group of the general projective 
group of the plane must leave at rest either a point, a straight 
line, or a conic. 

§ 298. We now proceed to show how the primitive groups 
of space are to be obtained. We take as origin a point of 
general position, and arrange the operators of the group 
according to degree, as in § 259. 

There will be three operators of zero degree 

where we write » for r— > g' for r— * r for r— ; and a number of 

^ ^x ^y ^z 

operators of the first degree which cannot exceed nine. Let 

the operators of the first degree be X^, X2, .•• where 

ftnd aj^i, ..., bj^^y ••., 0;^|, ... denote constants. 

If we put X = us^, y = v/, z = s^, then in the new variables 
the terms of lowest d^ree in Xjg are transformed into 

(ajkiU + a,k jV + a^3 - (cikju + cjfc2 V + C|k3)u) — 

CAMPBELL C C 
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If we now regard u, t; as the line coordinates of si 
lines through the origin, we see that the oo' linear elemcmts 
through the origin are transformed by the group of the origin, 
in exactly the same way as the straight Unes u, v are tnmft- 
formed by Ti^T^f where 

The linear operators F^, F^, ... are now the operators of 
a projective group in the variables u, t;, and there cannot be 
more than eight independent operators in such a group. 

If there are eight independent operators F^, •••, z g the group 
is the general projective one 

d d d d d 

U;--> Ur-> Vr-j V r- > ;r- > 
CU CV CU CV dU 

^ - ^ ^ ^ . ^ 

CV dt6 CV CU CV 

and the terms of lowest degree in X^, ..., X^ are the terms of 
the special linear homogeneous group 

zp, zq, xq, xp'-zr, yq-zr, yp, xr, yr. 

It may be proved by the method of Chapter XXI that in 
this case the primitive group we seek must be one of the 
following three : — 

The general projective group of space 

a^p + xyq-^-xzr, xyp + y^q-\-yzr^ oczp-hyzq-^a^r]; 
the general linear group 

(2) [>, ?, r, xp, yp, zpy xq, yq, zq, xr, yr, zr]; 
the special linear group 

(3) [p, ?, ^, aq.xp^yq^yp, zp.zq, ajp-ar, w, yr]. 

§ 299. K Fj, F2, ... are not the operators of the ffeneral 
projective group they must form a sub-group of it ; ana must 
therefore have the property of leaving at rest either a point, 
a straight line, or a conic. 

They cannot leave any point at rest ; for, if they did, the 
group of the origin, viz. JT^, X2, ••• and the operators of higher 
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(4) fp + i7? + fr = 0. 
Now if for a transformation of the form 

(5) aj'=/(a5,y), y'=<^(a;,y), 2^=>(^(«,y,«) 

the equation (4) is invariant, then for the same transformation 
the equation ^ 

must be an invariant one. 

The group (1) can only be admitted by (4), if f, 17, C do not 

* It oould not reduce to the form df « 0, for then the group would be 
imprimitiTe. 

C 2 
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contain x or z; for only eqnations of this form could admit 
the operators p and r. Again it is clear that every trans- 
formation of (1) is of the form (5), and therefore 

mast admit the group 

p, q, xq, xp-yq, yp, 

formed by omitting the parts of the operators involving r. 

This group, however, in a;, ^ is primitive, and cannot be 
admitted by an equation of the form f^ + i?? = ; and there- 
fore we conclude that the only equation which could admit 
(1) is the equation r = 0. 

It can be at once verified that this equation admits both 
the ^up (1) and the group (2), so that these groups are 
impnmitive. 

If the group (3) is admitted by an equation of the form 

(4) (p+vq-^Cr; 

then, since (1) is a sub-group of (3), the group (1) must also 
have the equation (4) as an invariant one; from what we 
have proved therefore, ( and ri must both vanish identically, 
and we have only to try whether ?* = admits the group (3). 
Now it can be at once verified that it does not do so ; so 
that (3) is the only primitive group of space obtained firom 
the supposition that F^, F2, ••. luive as invariant a straight line. 

§ 300. If we transform to the variables 

of 

then in the new variables the PfafiBan equation 

dz-^ydx— becomes dz' —'^doi -^-oid/if ^ ; 

and we have the primitive group of space x, y^ 0, 

/jv P-y^y ? + aJr, r, ajgr, xp-yq, yp, xp + yq + 2zr, 

zp-y{xp-\-yq-\-zT)y zq-\-x\xp'\-yq'\-zr\ z{QDp'\-yq'\'ZT\ 

characterized by the property of leaving unaltered the equa- 

dz^ydx-\-xdy=^ 0, 

and transforming the straight lines of this linear complex 
inter ae. 
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§ 301. We have now only to consider the case where 
^i> ^21 •-• has an invariant conic which does not break up 
into straight lines. 

By a projective transformation any conic can be reduced 
to the form ^ . ^ . t n 

and we need therefore onl^ consider the projective group 
which such a conic can admit. 
If the conic admits 

we must have 

e3 + «^ = 0, 62=0, 68 = 0, 61— ^4 = 0, 65-68 = 0; 
and therefore the operator must be of the form 

where X = yp—xq^ F= (1 +aj*)j:>+ajyg, Z = an/pp + (l+2^)g. 

The operators F|^, Tj, ... must therefore be the operators of 
the group Z, F, Z with the structure 

(r,z) = z, (Z,X)^T, (x,r) = z, 

or of one of its sub-groups. 

K the sub-group is of order one we have proved that it 
leaves a straight Une at rest, and therefore comes under the 
case already considered. 

Next we take the case where the sub-group is of order two, 
and we take its operators to be 

e^X-^-e^Y+e^Z and t^X-^-^^Y+f^Z. 

Since the alternant of these two operators must be dependent 
on them we must have 

(e^X + e^Y+e^Z, ^^X+^^Y+^^Z) 

= ^(eiZ + 6jr+e8Z)+g(€iZ + €2F+€8Z); 

and therefore, since the alternant is easily proved equivalent 
we have 



6263 — 6362, €^^1 6j€3, ^^^^'^2^1 
^1 > ^2 , 63 

*1 s ^2 > ^3 



= 0; 
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that is, (et€,-«,€j^+(«,€i-«i^ + (Ci^— «,€,)* = 0. 
If we ehooM X, ^ f to satisfy the equations 

it can be at <»iee verified that the straight line 

admits this sab-group, so that this also falls under the ease 
already considered. 

We have therefore only to consider the case idiere the 
group Fj, Fj, ... is of the third order. 

§ 302. We most now find the form of a gronp ia x, y^ z 
which is of at least the sixth order, with three operators 
of zero degree, and at least three of the first d^;ree, and with 
the property of having an invariant equation oithe form 

(1) ada?'k'hdy^'\'Cds^'k'2fdydZ'k'2gdzdX'\'2hdxdy^ 0, 
where a» 6, c, /, g, h are fonctions of o^ y, such that the 
^^^^snisii^t abc + 2fgh-^ap^bg^^ch^ 

is not zero. 

The equation (1) is not altered in form by anv point trans- 
formation, and it may easily be proved that by a suitably 
chosen transformation we may reduce it to the form 

(2) ada:« + Wy*+cd^« = 0. 

The origin being a point of general position, and the dis- 
criminant not being zero, we know that if we expand the 
fonctions a, 6, c in powers of the variables the lowest terms 
will be of degree zero ; and by a linear transformation we 
may take these lowest terms each to be unity. We must now 
find all possible forms of primitive groups of order not lees 
than six which the Mongian equation (2) can admit. 

Arranging the operators according to degree, as in § 259, 
we shall first prove that the group cannot contu^ an operator 
of d^ree three, and therefore none of higher degree. 

If the equation admits the operator 

we must have, for all values of x, y, 0, dx, dy, dZy satisfying (2), 
2a(ficto + f2dy + fjefo)(iaj + 26(i7idfc + iyj<iy+iyjdb)<iy 

where suffixes are used to denote partial derivatives. 
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It therefore follows that we must have 

and, if p denotes some undetermined factor, 

2afi + Xa = pa, 26i72+-3r6 = p6, 2cf3+-3rc = pc. 

We now suppose Z to be an operator of the third degree 
of which the terms of lowest degree are 

sothat z = fA+^i. + <:^+.... 

The equations satisfied by f, 17, C cure now 

2a£i =pa, 2hr)^ = pb, 2cC^ = pc, 

since we may neglect Xa, Xby Xc, as containing no terms 
of de^ee less than three, while the derivatives of £ v;, C only 
contam terms of the second degree. 
These equations can be written 

^3 + C2 = 0, fi + fs=0, 6 + ^1=0, fi = »|j = f3; 

and we have proved in Chapter II, § 85, that no values of 
(9 17, C of the third degree can be found to satisfy these equa- 
tions ; we therefore conclude that the group cannot contain 
any operator of the third degree. 

§ 303. Still making use of the results of Chapter II, we 
shall see that the only possible operators of the second degree 
are dependent upon 

(2) 2^^^+{y'-z'-a^)^ + 2yz^^+..., 

(3) 2zx^ + 2yz^+{^-x'-y')^^ + .... 

Similarly we see that the only possible operators of the first 
degree are dependent upon 
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d ^ ^ 

and ihereibfe the groop is of the teoih order at higfaeBt. 

We next see, m in { 264, by aid of the iflomotphie gioap 
Fj, F^. ... in the Tariables «, r, that thoe most be three 
opexauyrs of the first degree at least, rix. 

J ? , ^ ^ ^ V 

•^^2 ?y ^ ^x ^ ^y ^z' 

where e is a eonstanL 

If we form the alternants of these three we see that^ unless 
e is zero, the group must also contain 

d d d 

and therefore the group must eontain (4), {B\ (6), and may 
also contain (7). _ 

If we denote by 1 the operator (1) and so on, we see that 

1 , 2, and 3 are commutative ; and that 

(1,4)= 0, {r,5) = -3, (T,6) = 2, (2,5)= 0, (2, 4)=3, 
(2,6) = -T, (3, 6)= 0, (3,6) = r, (3,4) = «2. 

From these identities we see that if the group admits any 
operator of the second d^ree, viz. (1), (2) or (3), it must admit 
all three. 

We first consider the case where the ffroup admits no 
operator of the second d^ree, and not (7), but only (4), (5), 
(6) in addition to the three of zero degree. 

If we denote 4 by X, 5 by F, 6 by Z^ and the three opera- 
tors of zero degree, 
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by P, Q, R respectively, we have 

i7,Z)=-X, {Z,X) = -T, {X,Y) = -Z. 
We also have, since X, Y, Z, P, Q, R geoerate a group, 
(P, Z) = a^X + biT+c^Z, {P, 7)^-R+ajX+b^7+c^Z, 

{P,Z)=.Q + a^X + b^7+c^Z, 

where Oj, hi,... denote structare constants; if we add to 
P, Q, R operators dependent on X, 7, Z, we may throw these 
identities into the simpler forms 

(P,X)^aX, {P,7) = -R, (P,Z)^Q, 

where a is some constant. 
From the Jacobian identity 

(P, (Z. F)) + (F, (P, Z)) + (Z, (F, P)) = 0, 

which we now write in the form (P, X, F) = 0, as we shall 
have occasion to employ it often, we dedace 

(iJ,Z)=-Q + aZ; 

while, from (P, JT, Z) = 0, we have 

and, from (P, F, Z) = 0, we have 

(iJ,Z) + (Q, F) = aX 

We now have (Q, Z) = -P+a^X-hb^Y-^CjZy 

and deduce, from (Q, X, Z) = 0, that 

(Q, F)-(iJ, Z) = CiF-fciZ; and therefore 
2(Q, F) = aZ + CiF-6iZ, 2(i2, ^ = aZ-CiF+ft^Z. 

From (Q, F, Z) = 0, we then conclude that a, 64, and c^ are 
zero ; and have so far determined the structare of the group 
that we may say that 

(P, X) = 0, (P, F) =-iJ, (P, Z)=Q, (Q, Z) = iJ, 
(Q, F) = - 6^, (Q, ^) = -P+ 26F, (iJ, Z) = - Q, (iJ, ^) = 6Z. 

From (Q, X, F) = 0, we now see that 

{R,7)^P-b7; 

and, from (R, X, 7) = 0, we see that b is also zero. 
Suppose that 

(P,Q)^aiP+biQ+eiR+\X+ij,7+vZ; 



894 THE PRIMITIVE GROUPS [303 

we then see from (P, Q, X) = 0, and from (P, Q, F) =s 0, that 

(E, P) = c,Q^b^P^iiZ+vY, 
(Q, Ji) = c^P^a^R^kZ-^-vXi 

and, from (P, Q, ^ = 0, we conclude that o^, 61, A, fx are all 
zero, and therefore 

(P,e) = CiJi + i;Z, (Q,iJ) = CiP + i;Z, (iJ,P) = CiQ + i;r. 

If we now take as the operators of the group instead of P 
the operator P-k-eX^ instead of Q the operator Q+eF, and 
instead of R the operator R-^eZ^ it is seen that the only 
structure constants which are changed are Oj and v which 
become respectively Cj— 2 c and v— CjC + e^. By properly 
choosing e we can therefore throw the structure of the group 
into the form 

(F, ^)= -Z, {Z,X)= - Y, (X,7)= - Z, (P.X)=o, (Q,Y)= 0. 
iR,Z)^ 0,{P,7)=-R,(P,Z)= Q,{Q,X)=R, (Q,Z)^-P, 
iR,X)=-Q,(R,7)= P,{Q,R)= cP, {R,P)=.cQ, {P,Q)= cR 

§ 304. Two cases now present themselves according as c is, 
or is not, equal to zero. 

First we take the case where c is zero. 

P, Q, R now form a simply transitive Abelian sub-group. 
By a point transformation we can therefore reduce P, Q, 22 

to the forms t~ » t- ' %— respectively ; suppose that 

where in ^, 17, Cthe lowest terms, when expanded in powers of 
X, jfy 0, are of the first degree. From 

{P, X) = 0, (Q, X) = R, {R, X) = -Q, 

we see that (denoting partial differentiation with respect to 
^9 Vi ^ hy the suffixes 1, 2, 3, respectively) 

^1 = ^1 = fi = 0, fa = ^2 = ^> Ci = 1, fa =^8= ^> »?3 = -1 ; 

and therefore X = i/r Zt—* 

^ oz oy 

Similarly we see that F= z- a;^— and Z s=x- Vz-l 

-^ ^x ^z ly ^Ix 

and therefore the group is simply the group of movements in 

ordinary space ; and the invariant Mongian equation is 
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Next we take the case where c is not zero ; and we choose, 
as the fundamental operators of the group, 

P, Q, R, X-cP, 7-cQ, Z-eR, 
which we may denote by 

P, Q, R, P', (T, R'. 
The structure is now given by 

(P, Q) =-Ji, (Q, R) =-P, (iJ, P) =~e, 

(P',(y) = -Ji^ {Q^,R)=-^P^, {R\P^ =-0^, 

while each of the operators P, Q, jB are commutative with 
each of the operators P', Q\ R. 

We may also rearrange these operators, taking 



where i is the symbol for V^l\ the group is now the direct 
product of two simply transitive reciprocal groups. 

Since 17, F, TT is simply transitive, and has the same 
structure as 

it may be transformed into the latter when 17^ Vy W will 
be transformed into 

It will be noticed that in this form the oriffin is no longer 
a point of general position ; and it may at once oe verified that 
in this form the group has the invariant Mongian equation 

This group, which is admitted by the quadric 0— on/ = 0, is 
the group of movements in non-Euclidean space. 

§ 805. If we were to consider the case of a noup oontaininff 
no operators of the second, but four of the first degree, and 
three of zero degree, we should similarly obtain the group of 
order seven consisting of movements in Euclidean space and 
uniform expansion, viz. 

Pi ?, n y^— «?, zp—XTy ocq-'yp, osp-hyq + zr. 

Finally, if we were to consider the group containing three 
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operators of the second degree, we should find that there 
must be four operators of uie first d^ree in the groap, as 
well as three of zero degree ; and should arrive at the con- 
formal group in three-dimensional space, consisting of move- 
ments in Euclidean space, uniform expansion and inversions, 
viz. the group 

(1) [>» ?> n «?-KP, yr-^y zp-xr, U, 2xU^8p, 

2yU'^Sq, 2zU-'Sr], 

-where U = stp-hyq-^zr and iS = a:*+y^ + 2?^. 

This group has the property of being the most general 
group for which the equation 

is an invariant. 

By the operations of this group any sphere is transformed 
into a sphere, and in particular any point sphere 

is transformed into some other point sphere. If, therefore, we 
apply the contact transformation with the generating equations 

by which spheres in space of, j/y / are transformed to straight 
lines in space x^ t/, z, and point spheres to straight lines of 
the linear complex 

(2) dz-^ydx—ady =iO, 

we should expect to obtain the projective group (1) of § 300, 
for which the linear complex (2) is an invariant. 

It may be verified that this is the case, and therefore the 
groups (1) of § 300 and (1) of this article have the same 
structure. 

§ 306. We have now found all possible iypea of primitive 
groups of space ; that all these eight groups are primitive is 
easily proved ; the groups (1), (2), and (3) are primitive because 
they have no invariant linear element for the group of the 
origin, a point of general position ; the group (1) has been 
proved primitive ; and the groups (5), (6), (7), and (8) are 

* These are obtained from the equations of Chapter XVH by the 
substitution ^^ ^^^ ^ ^^^ ^^ ^^^ 
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primitive because the three operators of the first degree do 
not leave any linear element through the origin at rest. 

Collecting the results of this chapter we conclude that every 
primitive group of space is of one of the following types : 

(1) |>, ?, r, ay, yp, zp, acq, yq, zq, xr, yr, zr, 

a^P'\-xyq-\-xzr^ xyp + j^q+yzr, xzp+yzq-^z^r]; 

(2) [p, q> n a!p, ap, «p, a^i 2/?» ^> ^» 2/^» ^] ; 

(3) [p, ?, r, xq, xp^yq, yp, zp, zq, xp-zr, or, yr\ ; 

(4) [p-yr, q + xr, r, xq, xp-^yq, yp, ocp+yq + 2zr, 
zp^y(ocp + yq + zr), zq + x{ocp + yq + zr), z{xp+yq'k'Zr)]; 

(5) [p, q, r, yr-zq, zp^xr, xq^yp]; 

(6) [q-¥xr, yq + zr, {xy-^z)p-^y^q + yzr, p-k-yr, xp-^zr, 

a^p + (xy^z) q + zxr] ; 

(7) |>, ?, n yv'-zq, zp-^xr, xq^-yp, xp + yq + zr]; 

(8) [p, ?, n xq-yp, yr-^zq, zp-xr, U, 2xU^S.p, 

2yU'-S.q, 2zU^S.rl 

where IT = a?p+yg + 2?r and S = x^-^y^+z^. 



CHAPTER XXV* 

SOME LINEAE GROUPS CONNECTED WITH HIGHER 

COMPLEX NUMBERS 

§ 307. In this chapter we shall explain briefly an interesting 
connexion between the theory of nigher complex numbers 
and that of a particular class of linear homogeneous groups. 

(1) Let Ot^a^^^^Hk^iVjo («= 1»..M^) 

be the finite equations of a simply transitive linear group, 
characterized by the property of involyinff the parameters 
^19 •••> Vn^e^^J in the finite equations of me group. 

We may suppose that the coordinates have been so chosen 
that (1, 0, 0, ...) is a point of general position, and therefore, 
the group being transitive, we may transform this point to 
any arbitrarily selected point by a transformation of the 
group ; it is therefore necessary that the n linear functions 

2«««fy*» (« = 1, ..., ii-) 

should be independent. 
If we now introduce a new set of parameters ^^n ...» ^^ 

defined by *.=2«Hky*. 

the equations of the group will take the form 

(2) ^s^^Pdk^i^kl 

and, since the coefficient of a^ must be 0^, we shall have 

(3) Paik = ^8ky 

where c^j^ is equal to unity if 8 = i, and to zero otherwise. 

* In this chapter I have made much use of $$ 3, 4 in Chapter XZI of 
Lie-Soheffers* Vorletungen titer wnHnuieriiehe Qruppen, 



307] SOME LINEAR GROUPS 899 

The equations (2) define a group which will, we assume, 
contain the identical transformation. It must, therefore, be 
possible to find ^j, ..., 2,| to satisfy the equations 

kmn 

and in particular, taking t to be unity, to satisfy the equations 

ktxn 

80 that Zy^ = 1, 0^ = 0, ..., z^ = 0, and j3^ = €^^. 

Expressing the fact that the operation, resulting firom first 
carrymg out the operation with the parameters 2^, ..., ^n> ^^^ 
then that with the parameters 2^, ..., sLy must be the same as 
the operation with some parameters 21^ , ..., z^^ we haye 

Equating the coefficient of (Ci on each side we see by (3) that 

(5) < = 2 PHk^tU^i^k =2 ^Hk^i^k' 

These equations give the parameters 2^^ ..*9 ^' ; cmd if we 
substitute their values on the right of the equation (4), and 
then equate the coefficients of the variables on each side we 
obtain, as tiie necessary and sufficient conditions (in addition 
to Pgjj^ = figjgi = €gig) in order that (2) may be the equations 
of a group 

(6) 2 Piik PiJM = 2 Ptji Pak 

for all values of «, i, jy I from 1 to n inclusive. 

A linear group of the form (1) when thrown into the form 
(2) is said to be in standard form ; from (6) we see that the 
group in standard form is its own parameter group. 

By interchanging k Budj in (2) we see that the equations 

kmimn 

(7) Ofs =2 Pski^i^k^ (« = ^ •••' '^) 

also define a linear group in standard form, and with the 
parameters only involved linearly. 

The condition that the linear transformations 
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may be permutable is 

(8) 2s-^jfc=2^j«ifc; 

we therefore see from (6) that every operation of (2) is per- 
mutable with every operation of (7) ; the two groups are 
then reciprocal. 

§ 308. Conversely, any simply transitive linear group, whose 
reciprocal group is also linear, must be of the form (2) of 
§ 807. We prove this as follows : 

If S^, ..., Sf are a number of linear transformations (which 
need not form a group), we say that the linear transformation 

where X^, ..., X^ are constants, is dependent on 8^ ..., S^. 

It is clear tnat in n variables there cannot be more than 
n^ independent linear transformations. 

If we are given r linear transformations S^ ,..^8^ we cannot 
in general mid a linear transformation T permutable with 
each of them ; the forms of the given transformations, however, 
may be such that there are a number of linear transformations 
permutable with them. 

Let T^ ..., T^ be the totality of all independent linear 
transformations permutable with 8^^ ..., 8^. The condition 
that two linear transformations should be permutable shows 
us that every linear transformation dependent on 7^, ..., T^ia 
permutable with every linear transformation dependent on 
Sj, ..., 8f. Now T^ Tj is linear and permutable with 5^, ..,, 8^; 

it must therefore be dependent upon 7. , ..., jT^, and therefore, 
from first principles, 2\, ..., 7^ form a nnite continuous group 
into which the parameters enter linearly. 

The operations iS^, ..., jSy must now be operations of a linear 
group of the class we are now considering. For iS| £^* is a 
linear transformation, permutable with 2\, ,.., T^; and there- 
fore from iS^,..., 8f we can generate a group which will be 
linear, permutable with 7^, ..., 7^, and will mdude amongst 
its operations 5^, ..., &-. 

The two groups ^j, Og* ••• *^d ^i> ^2» ••• ^^'^ ^ permutable 
and each wiU involve the parameters linearly. 

Let 'Si, ..., ^n be a simply transitive linear group (?, with 
the special property that its reciprocal group F (which is of 
course simply transitive) is also linear in the variables. By 
what we have proved F must involve the parameters linearly; 
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and iherefore being the reciprocal group of T most do 
likewise ; and tiierefore be of tiie form (7) of 9 807. 

§ 809. The linear operators of (2) § 807 are given by 

and in particular the group contains 

which is permutable with eyery other linear operator. 

A linear group therefore in which the parameters enter 
linearly must always contain the Abelian operator 

If we are given the infinitesimal operators of a simply 
transitive linear group we may at once determine whether or 
not it belongs to Sie class of groups we are here considering. 
Let these operators be 

9mim% 

then, if the group is of the required class, we know that the 
finite transformations must be given by 

and therefore if, and only if, these equations generate a group, 
will the given group be of the required class. 

§ 310. We shall now determine all possible groups of this 
class in three variables. 

First we shall prove that the alternant of two linear opera- 
tors can never be equal to the linear operator 

The operators of the general linear homogeneous group are 
x^ ^ , ..., where i and k are any int^ers from 1 to n ; 

cAMnisLL D d 
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and the opermton of the epeeuJ linear groop are x^ - — , ..., 
where i and k are unequal, and also Xx r x^ z — * 

^ • ^X| * ^x^ 

This operator U cannot then belong to the special linear 
fzroup ; the alternant therefore of two operaton of the special 
linear group can never be equal to U. 

Now if A is any linear operator whatever, we can find 
a constant X making X-^kU an operator of the special linear 
gronp. We then take (X and F being any two linear opera- 
tors) X-^kU and Y-h^iUio be two operators of this srodal 
group. We have toproYe that (X, 7) cannot be equal to i7; if 
it were equal to 1/ then (X + XI7, x +/iI7), being identically 
equal to (X, F), would be equal to U; and we have just 
proved that this is impossible. 

Let now X, Y^ Uoe the operators of a group of the re- 
quired class, viz. one in which the parameters oiter the finite 
equations linearly. The operator U being permutaUe with 
every linear operator, we have 

(ir,X) = 0, (ir,F) = 0, (X,F) = aX+6F+c£r, 

where a, 6, c are some constants. We have just proved that 
a and 6 cannot both be zero uidess c is zero ; if a, 6, c are all 
zero the group has the structure 

(1) (ir,X) = 0, (ir,F) = 0, (X,F) = 0. 

Now this group is Abelian, and therefore, if linear, must 
be of the requirea class ; for its reciprocal group coincides 
with it, and is therefore linear, and by § 808 must therefore 
involve the parameters linearly in its fmite equations. 

If a and 6 are not both zero, and we take operators of 
the form X + AlT, Y+fiUy and U as fundamental operators 
of the group, we can cause c to disappear from the structure 
constants ; and we then see that funcuimental operators may 
be so chosen that the group will have the structure 

(2) (ir,X) = 0, (ir,F) = 0, (X,F) = X. 

From what we have proved in § 268, we see that any linear 
operator in the variables a;, ^, z must be of one of tiie 
following types : 

xp + byq +cEr, where b and c are constants and 6#1 ; 

(3) xp-^ezq +cU^ where e is zero or unity; 

Cixp-^e^zq-k-cU^ where e^ and e, cu^ unity or zero. 
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We therefore can take X to be of one of the following types 
(since the group has U as one of its operators) : 

(4) xp + hyq^ where h is neither zero nor unity ; 

(5) xp\ (6) ajp + 0g; (7) yp-{-zq\ (8) zq. 

We must then find T from the identity (JT, F) = 0, or 
from (Z, F) = X 
Let the tnird operator of the group be 

where f, r;, C are linear and homogeneous functions which can 
be found from the structure constiants when we know X\ in 
finding F we may omit any part which is dependent on 
X and U. 

Take X in the form (4) and form its alternant with F; 
we have 

where X is zero if the group is in Class (1) and unity if in 
Class (2) ; we tiien find that the only possible group is in the 
first class and is 

(A) xp, yq, zr. 



Taking JT in the form (5), we see that the group must 
contain yq+zr; and, if it is in Class (1), Fmust be of the form 

(<hy + «2*) ? + {<hy + «4«) ^• 

Omittin^^ the part yq + zr we can reduce this, by § 263, 
to one of me two forms yq-^zr or zq; the group is therefore 
either of the form 

(B) asp, zq, xp+yq + zr, 

or it is of the form (A). 

It may be shown that there is no group in Class (2) with X 
in the form (6). 

It may also be verified that (6) does not lead to a new 
group. 

Passing to (7), we see that in Class (1) F must be of the 
form zp; if F is in Class (2) it may be reduced to the form 
xp^zrhj 9k linear transformation. 

D d 2» 
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We therefore have the two groups 

(C) y/>+«9. fP. xp + yq + zr; 

(D) yp-¥zq, xp—zr, xp-^yq + zr. 

We next take Z to be z; ; if the group is in Class (1), we 

We cannot have o^ = a, = 0, for this would make the groap 
intransitive. 

If o^ = but neither a, nor a^ is equal to zero, we haye 
the type (C) again. 

If C4 = a, = we get the type 

(E) zp, zq, xp-k^yq + zr. 

If Oj is not zero, we may reduce (by linear transformation) 
T to the form ct^xp; we thus obtain the type (B) again. 
If the group is in Class (2) and JT = ^g, we have 

F= {(iiX'k-<i^z)p'^{y'^a^x) q. 

If a. = 0, then, the group being transitive, a» cannot be 
zero; by a transformation of the form 

a^=:X + PZ^ y'=y + AiC, 2^:=Zt 

we may then reduce Y to the form yq-¥zp. 
This gives the group 

(F) zq, yq+zp, xp+yq+zr. 
If C4 = 1, we may so transform that 

Tzrza^xq-'zr; 
if 03 is not zero, this gives the group 

(G) zq, xq+zr, xp+yq+zr; 
if a, is zero, we have the group 

(H) zq, xp + yq, zr. 

If Oj is neither zero nor unity, we may reduce T to the form 

a3q>+yq; 
and we then have the group 

(I) zq, axp+yq, xp+yq+zr, 

where a is neither zero nor unity. 



311] THE PARAMETERS UNEARLT 405 

§ 311. We must now examine all these groupe to see 
whether the parameters occur linearly in the £uQite equations 
of the groups. 

The finite equations corresponding to (A) are 

oi^e^x, 'jf^e^y, f^=^e^z. 

The point (1, 0, 0) is not, however, a point of general 
position, since the coefficients of a; in the three equations are 
not independent linear functions of the parameters. 

These equations clearly form a group with the property of 
beinff its own parameter group. The group is not, howeyer, 
in what we have defined as standard form, though it can be 
brought to that form. To bring it to standard form it is 
necessary to transform it so that in the new coordinates the 
point (1, 0, 0) may be one of general position. We therefore 
take 

yi = ^> 2/2 = ^-««> y8 = «i-«s» 
and thus obtain the group 

This group is one of the class required and is in standard form. 
Hie finite equations which correspond to (B) are 

If we take a?i= «, x^^y^ x^^X'\-z, 

we have a group of the required class 

(B) a4==yaa?i, a^ = ^2^1+^1352, ^^y^^+iyi-y^^- 
The operators (C) lead to the group 

(C) a4 = yiai» «a= 2/2^1 +yi«2» a4 = 2/8ai + 2/2«2+2/i«5, 

which is of the required class and in standard form. 

If the operators (D) lead to a group whose finite equations 
involve the parameters linearly, the equations in finite form 
must be 

«'= («2+^)« + «iy» y'=^y + ^«^' «'=(«s-«2)«- 

Now these are not the equations of a group at all, so that 
the equations (D) do not lead to a group of the type we want. 

Similarly we see that (F), (G), and (I) do not lead to the 
required type of group. 
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The operators (E) lead to 

Finally the operators (H) lead to 

There are, therefore, only five types of groops in three 
variables which are linear in both variables and parameters ; 
and of these groups only (H) is non-Abelian. 

An example of a non-Abelian group linear in four variables 
and four parameters is 

4= ysai-y4««+yi«i+y2«4. 
<= y4«i+y8»2-y««3+yi^4- 

An example of an Abelian linear group in five variaUes is 

a4=y8«i+2/2«2+yiai. 

<= y4ai+y8«2+y2«b+yi«4> 

a^6=y6«l + y4af2 + y8«8 + y2«4+yi«6* 

§ 312. We now proceed to explain the connexion of these 
results with the theory of higher complex numbers. 

Let 6j, ..., «|| be a system of n independent complex num- 
bers ; any number x of the system can be expressed in the 
form _ 

where o^j, ..., x^ are ordinary numbers; x can therefore only 
be equal to zero when a^, ..., a;,| are each zero. 

We call 6i, ..., e„ the fundamental complex numbers of the 
system; but if i3i,...,/9n cure any n independent complex 
numbers of the system we could equally take them to be 
the fundamental complex numbers, and express all other 
numbers in terms of them. 

From the fSeust that the number resulting fix>m the multi- 
plication of two complex numbers must be expressible in 
terms of the fundamental complex numbers we have 
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where y^j^, ... are a system of ordinary numbers, fixed when 
we have chosen our fundamental complex numbers. If, 
therefore, u is the complex number yx^ 

Similarly, if t; is the complex number xy, 

imtmn 

From the &ct that division is to be an operation possible 
in the system — that is, when we are given x and u, or x and 
V, we must be able in general to determine y — ^we see that 
the determinant Jlf^ whose 8^ row and k^ column is 

2yaw^<» 

cannot vanish identically ; nor can the determinant M^, whose 

8^ row and k^ column is 2 ygik ^<» vanish identically. 
It follows, therefore, that the equation system 

(1) aC=2y«JMy*^^ («= l,...,7i), 

where we look on o^, ..., ^n ^ ^^ original variables, and 
a<, ...,a4 as the transformed, is such that the determinant 
of the transformation does not vanish. 
For a similar reason the determinant of 

imkmn 

(2) «l=2y«fcyfc^< 

does not vanish. 

Since in the svstem of complex numbers the law of multi« 
plication is to be associative, if u = ^a; and v^zy^we must 
have zu =s vx. Therefore 

2^i^<yf«^«=2^<^ikyrffc^»5 and therefore 

2 ^i^syiuytjkyj^k =2 ^kyM^iyta^iyj' 

Equating the coefficients of z^ e^ Xj^ yj on each side we have 
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(3) 2 7rfr 7iik = 2 r^i 7Hj' 

Xow these are just the eonditiciiB that (1) ahoald geDcnie 
m group wfaidi is its own pummeier gnrap, and they mre equally 
tM conditions thai (2) should do so. 

( 313. We most now prore thai these groups oiwitain the 
identieal t»^^"*^i 7fTnatifMi 

Let a: = 2|«| + ...+x.% be a geneial eomplez number, tbst 
is, a number sach thai neither M^ nor Jf^ is sero ; we esn, 
whatever u may be, find a eomplex number y sodi that % 
is eqoal to yx. Now let « be tacen eqatl to z, and let the 
eorresponding number y be denoted Inr c, so tiiai a; is equal 
to €X; we shall prove ^bai c does not depend aaxaX all, and 
shall investigate its position in the mtem. 

Let V be any other general eomplex number, and s a eom- 
plex siieh thai r is eqnal to x? ; we have 

€9 = cxs = xs = 9 ; 

that is, € has the same relation to r as to x, and therefinre does 
not depend on either r or x. 

Next we see that if yx is aero, where x is a general eomplex 
number, we must have, sinee M^ is not aaro, 

Vi = 0, ..., Sf, = 0. 

So, sinoe M'^ is not xero, if xy is aero, we must have 

Let x^ be equal to xc, then 

X'X = X€X = XX, 

and therefore (x^— x)x is aero, so that a^ is equal to x; that 
is, we also have x = xc. 

This unique number c is therefore a complex unity. 

Let € = <}^+ ••• + <« 6fi> where €|,..., C|, are ordinary num- 
bers, then, smce x = xc = ex, we have 

its k an isxk^n 

We now see that y^^ = €j^, {k = 1, ...,n) 

will give the identical transformation in (1] and (2) of § 812. 
The two equation systems, therefore, aefine groups eadi 
containing the identical transformation ; and, smoe neither 
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if 2 nor if ^ is zero, there are n effectiye parameters ; that is, 
the groups are simply transitive, and involve the parameters 
linearly, and each group has the property of being its own 
parameter group. 

If we were to take c as one of our fundamental complex 
numbers, say 6^, we should have each group in its stanoard 
form. 

§ 314. The infinitesimal operators of (1), §312, are X],...,Jr,i, 
where Xj, =2 Ysik^i ^ 

and (■^<.-X'*)=2%f^- 

Now (Xf, Zjfe) = 2 iy$ji Yuh - yijk yuil ^j ^r » 



*—•'-" i 



=2 (yrik-y.w) ytj»«fj^* *>y (») of § 812. 



«B1» 



^X^ 



and therefore c^;^-=y^jfc-y,jfc^ 

Similarly we may write down the operators of the group 
(2) of § 312 ; and it may be at once verified (by aid of (d) 
§ 812) that the two sets of operators are permutable, so that 
the CTOups are reciprocal. 

We thus see that to every system of complex numbers there 
wiU correspond two simply transitive reciprocal linear groups; 
and conversely, to every pair of such groups a system of com- 
plex numbers. 

The complex number c whose existence we have proved may 
be taken to be an ordinary unit number since €X =: x€ = x. 
The fundamental complex numbers may therefore be taken 
to be the ordinary unity and e^, .•.) a,, as in the Hamiltonian 
Quaternion system. 

§ 315. When we are given a simply transitive linear group 
in standard form, and wish to write down the corresponding 
system of complex numbers, we multiply o^ by 6^, o^ by ^, ••• 
and, adding, equate the coefficient of x^y]^^ on the right of the 
transformation scheme, to ^i^i.. 

The laws of combination of the symbols 6^, ..., e^ are most 
conveniently expressed in the form of a square of n* com- 
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partmentB, the expression equal to e^ej^ being found in the 
compartment corresponding to the i^ row and ifc^ column. 
Thus the system corresponding to (H) is denoted by 



«i 



e. 



'2 



^ 



«! 


«« 


«» 


«« 








«S 





«. 



this means that 

where we understand that the operation on the right in e^ e^ is 
to be taken first. 

The other systems in three complex numbers are all com- 
mutative, since the groups are Abeuan. 

The non-Abelian group of order four gives the sjBtem 





«1 


«2 


A. 


«4 


«1 


«1 

«2 


«» 


«J 


«4 


«2 


-«1 


«4 


-«3 


«8 


«J 


-«4 


-«! 


«« 


«4 


«« 


«. 


-«« 


-«1 



i.e. the Hamiltonian Quaternion system, when we take 6^ = 1 
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Abellan group, definition of, 17 ; 
simplest form of, when all its 
operators are unconnected, 85. 

AbeUan oi>6rationa of a group, 
definition of, 16 ; condition that 
a group may have, 71 ; if a group 
has none, it has the structure of 
the linear group (the adjoint 
group) given, 78. 

Abelian sub-eyBtem of functions, 
definition of, 218. 

Admit, when an operation is said 
to be admitted by a group, 16 ; 
an infinitesimal transformation, 
by a function, 82 ; by a complete 
system of operators or of differen- 
tial equations, 98; a contact 
transformation by a function 
or equation, 278. 

Alternant, of two linear operators, 
definition of, 8 ; of two functions, 
196. 

Ami>tee'8 equation, when it can 
be transformed to «»0, 243; 
the group then admitted, 807. 

Billnmir equations, defining a 
contact transformation, 257 ; 
simplified by projective trans- 
formation, 257, 268. 

Bunudde, quoted, 2, 165, 406. 

Canonioal equations of a group, 
45; relation between canonical 
parameters of an operation and 
its inverse, 46 ; canonical form 
varies with choice of fundamen- 
tal operators, 162. 

Charaoteristio ftmotlon of an 
infinitesimal contact transforma- 
tion, 277j of the alternant of 

IFi and TT,, 285 ; of the contact 
operator of the plane x, z re- 



garded as an operator in space 
«, y, z, 871. 

Charaoteristio manifold of an 
ej^uation or function, defini- 
tion of; 279 ; properties of, 279, 
280; one passes through every 
element of space, 279. 

Co-gredient transformation 
schemes, definition of, 15. 

Complete system of homoge- 
neous ftmotions, definition of, 
218, 215 ; if of decree zero, in 
involution, 215 ; reauced to sim- 
plest form, 222, 228 ; is a sub- 
system within a svstem not con- 
taining Abelian functions, 224 ; 
can be transformed by a homo- 
geneous contact transformation 
to any other system of the same 
structure, 285. 

Complete system of linear par- 
tus differential equations, con- 
dition that they should admit an 
infinitesimal transformation, 98. 

Complete system of operators, 
definition of, 82 ; in normal form, 
88 ; when permutable, 84. 

Con^plez numbers, connexion of, 
with a class of linear groups, 
406-410. 

Complexes, linear, of lines, ele- 
mentary properties of, 255-257 ; 
tetrahedial, 269. 

Conformal group, 82 ; isomorphic 
with the projective group of a 
linear complex, 805, 896. 

Conjugate elements, definition of, 
260. 

Conjugate operations, definition 
of, 16. 

Cox^jugate sub-group, definition 
of, 17; method of finding all, 
188-185. 
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Contaot gro apm ^ fimdamentml 
Uieorems on, 287-290; when 
similar, 290; when reducible, 
292; connexion with Pfiiff*8 
Problem, 293; in the ^Une re- 
garded as point groups in space, 

Ccmtaot tranBfcrmatioiia, homo- 
geneous, definition of, 228; given 
when X^...fXu given, 229; 
when one set of functions can be 
transformed to another bj aid 
of; 236 ; infinitesimal, 276. See 
also under Sztended. 

Contaot tranatormatlons, non- 
homogeneous, definition o^ 240 ; 
generate a group, 241 ; infini- 
tesimal, 276 ; geometriod inter- 
pretation, 280 ; how the infini- 
tesimal operator is transformed, 
286. 

Contaot transfonnatloii which 
transforms straight lines into 
spheres, 262; points into mini- 
mum lines, 261 ; positive and 
negative correspondents to a 
sphere, 263 ; spheres in contact, 
264. 

Contaot tranafbmiation with 
B^metrical generating equa- 
tions, 268 ; tiansforms points to 
lines of tetrahedral complex, 
269 ; planes, to twisted cuoics, 
269 ; straight lines, to quadrics, 
271; examples on this method 
of transformation, 274. 

Contlnuoua group, definition of^ 3. 

Contraoted operators of a group 
with respect to equations admit- 
ting the group, 128; generate 
a group, 129 ; number of uncon- 
nected operators in thisgroup, 1 30. 

Coordinates of a suxlboe, defini- 
tion of, 135. 

Corre8iK>ndenoe established be- 
tween the points of two spaces, 
151, 152; of isomorphic groufw, 
162, 163 ; between manifolds in 
two spaces, 262, 268, 304. 

Correspondenta, positive and 
negative, of a sphere, definition 
of, 263. 

Dependent, when an operator is 
said to be, on others, 7. 



^1 -I-...- 
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0, 



transformations admitted by, 28. 

Difflbrential equattoii, of the 
conic given by the general Gar 
tesian equation, 324; of the 
cuspidal cubic, 326. 

BifBBrential equations, partial of 
first order, theory of the solution 
of linear, admitting known in- 
finitesimal transformations, 90- 
112; method of finding the 
complete integral of non-unear, 
204. 

BifBBrential invariants of a group 
defined,820; how obtained, 880 ; 

of the group a/=«, Z-—^' 

821 ; of the projective group of 
the plane, 9U; absolute, 824; 
of the group of movements in 
non-Euclidean vpeoe, S80. 

IMstinet, when infinitesimal trans- 
formations are said to be, 95. 

]>ttpin*s oyelide, transformed into 
a quadiic, 265. 

SflbotiTe parameters, definition 
0^7. 

Element, of ^P^fe, and united 
elements, definitions o^ 194; 
linear element, definition of, 280. 

Hlliott, quoted, 55. 

Bngel*s theorem, 86. 

Bquati on s admitting a given 
group, how to obtain, 180; 
examples on method, 182. 

EquiviUent, when two function or 
equation systems are said to be, 
197. 

£uler*s transfbrmatioii tost- 
mulae, 20. 

Bxtended oontaot tranaftmnsr 
tions, operators o( 295; in 
explicit form for the plane, 296 ; 
tnuisforming straight lines to 
straight lines, 297 ; oircles into 
circles, 800; tiansformafcion of 
this group, 802-804; exvJidt 
form of operators in space, 805. 

Xztended operators of, the group 

^-a?./-^i|,821,822;the 
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Srojective group of the plane, 
22, 828; the Jr^^np of move- 
ments in non-Eucliaean space, 
827. 
Bztended point transformations, 
explained, 24 ; formulae for, 24 ; 
illustrative example, 25 ; ex- 
tended point ffronp, 288 ; struc- 
ture of, 290 ; transforming 
straight lines to straight lines, 
297 ; circles to circles, §98. 

Finite oontintioas transforma- 
tion groups, definition of, 5 ; 
origin of theory of, 100 ; contact 
groups, 287. 

Finite oi>erationB of a group 
generated from infinitesimal 
ones, 45; method of obtaining, 
47 ; example on method, 48. 

Forsyth, quoted, 86, 77, 88, 211, 
217. 

Fundamental ftinotions used in 
invariant theory of groups, 119 ; 
how found, 121. 

Fundamental theorems on 
groups, first, 88, and its con- 
verse, 66 ; second, 51, and con- 
verse, 57-59 ; third, 68, converse, 
75; resume, 80; similar theo- 
rems hold for contact groups, 
287-290. 

Oenerating equations of a Pfisif- 
fian system, definition of, 196 ; 
of a contact transformation, defi- 
nition of, 245 ; property of, 246 ; 
limitations on, 246 ; interpreta- 
tion of limitation, 247 ; applica- 
tions of, 252, 259, 268. 

Generators of a quadrio are 
divided in a constant anharmonic 
ratio by any inscribed tetrahe- 
dron, 272. 

Ooursat, quoted, 244. 

Qroup of a point, definition of, 
140; group locus, definition of, 
141 ; stanonazy and non-sta- 
tionary groups, 141 ; when the 
point IS ike origin, 882. 

Group of movements in non- 
Euclidean space, 827, 895. 

Group of movements of a rigid 
body in a plane, 18 ; of a net on 
a for&ce, 817. 



Group of transformations, gene- 
ral definition of, 2 ; continuous, 
8, example, 4 ; infinite, 8, ex- 
ample, 4; discontinuous, 8, ex- 
ample, 4 ; mixed ffroup, 8 ; finite 
and continuous, 5, example, 6. 

Groups, in cogredient sets of 
variables, 115. 

GrouiM of the linear complex, 
804, 888. 

Groups, possible types of, in a 
single variable, 885. 

Hamiltonian Quaternion system, 
410. 

Homogeneous ftinotion systems, 
defined, 198 ; equation systems, 
198; condition that a system 
shotdd be homogeneous, 214. 
See also under Complete. 

Identioal transformation, defini- 
tion of, 8 ; parameters defining, 

Imprimitive groups, definition 
of, 187 ; admitted by a complete 
s;fstem, 189 ; of the plane, di- 
vided into four classes, 858 ; sM 
types of these groups found, 
854-864 ; arranged into mutuiJly 
exclusive types, 868. 

Independent, infinitesimal trans- 
formations, 7 ; linear operators, 
7 ; functions, 81. 

Index of sub-group, definition of, 
188. 

Infinitesimal transformation, 
definition of, 6 ; operator, defini- 
tion of, 6 ; operators of first 
parameter group, 41 ; are un- 
connected, &. 

Integral oones, elementary, defini- 
tion of, 281 ; associated differen- 
tial equation, 282. 

Integral of a diflferential equati6n, 
Lie's extension of dennition, 
202, 281, 282. 

Integration operations, definition 
of, 88. 

Invariant curve systems of the 
imprimitive groups of the plane, 
866, 867. 

Invariants, of a complete system 
of operators, 87 ; transformed to 
other invariants by any trans- 
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formation which the system 
admits, 94; of an intransitiTe 
group, 114; geometrical inter- 
pretation, 114. 

Invariaiit. See under DifferentlaL 

Invariant, theory of binary quan- 
tics, 118 ; equations with respect 
to a RTOup, 128 ; how obtained, 
130 ; decomposition of space, 137. 

Inverse tranafbrmation aoheme, 
1. 

Involution, functions in, defini- 
tion of, 197 ; equations in, 197 ; 
if any equation syst^ni is in 
involution, so is any equivalent 
sjrstem, 197 ; contact transforma- 
tion admitted by equation system 
in, 278. 

Irredooible oontaot groups of 
the plane obtained, 371-378; 
types of, enumerated, 878, 380. 

Iflomoriiliio, two groups are simply 
isomorphic when they have the 
same parameter group, 162. 

Isomorphism of two groups, 
simple, definition of, 10; ex- 
ample of, 10; multiple, defini- 
tion of, 163; when a gproup is 
multiply isomorphic with an- 
other, a self-conjugate sub-group 
in the first corresponds to the 
identical transformation in the 
second, 164. 

Jaoobian identity, definition of, 
67; identity deduced from, 216. 

Linear complex, definition of, 
255; form to which it can be 
reduced, 256; lines conjugate 
with respect to, 256 ; complexes 
in involution, 257 ; projective 
group of, 304. 

Ii&ear groups whose finite equa- 
tions involve the parameters 
linearly, 398-401; standard form 
of such a group, 399; must 
contain an Abelian operator, 
401; enumeration of such groups 
in three variables, 405, 406 ; con- 
nexion with the theory of higher 
complex numbers, 406-410. 

Iiinear homogeneous group, 
general, 14, special, 17 ; simpli- 
fication of the form of an operator 



of, 336-388; possible types of, 
in two variables, 389, 341. 
Iiinear operators, any one is 

of type — ' 84 ; transformation 

formula for any operator, 91; 
formal laws of combination of, 
54-57. 
Iiines of ourvature transformed 
to lines of infiection, 266. 

Kanifblds of united elements. 
definition of, 201; the symbol 
Jf»^, 201 ; different classes of. 
201; in ordinanr S-wav space, 
250. 

UfaTimmn sab-group, definition 
of, 101. 

Measure of ourvature unaltered 
bv transformations which do not 
alter length of arc, 810 ; expres- 
non for, 315 ; constant along 
lines of motion of points of a net, 
812. 

Mlnlmmn curves, definition of^ 
28. 

Mongian equations, defined, 29; 
associated with an equation of 
first order, 28, 282; of tetza- 
hedial complex, 282. 

Non-homogeneous oontaot trans- 
formation, 240. 

Non-stationary group, defined, 
141. 

Normal form of complete system 
of operators, 88; operators are 
permutable, 84. 

Normal struoture oonstants, 
defined, 72. 

Null plane, definition of, 256. 

Operators of a group, definition 
of, 37 ; fundamental theorem on, 
88; number of independent, 88 ; 
examifles on finding, 40, 41; 
condition that one may be self- 
coigugate, Abelian, 93; arranged 
in classes accordinff to their 
degprees in the variables, 882. 

Order of a group, definition of, 
18 ; of an integration operation, 
88 ; of a Pfieiffian system of equsr 
tions, 196. 
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Parameter group, first and second, 
definitions of, 18 ; any operation 
of the first permntable with any 
operation of the second, 18; 

Sarameter groups of general 
near homogeneous group, 15 ; 
stracture constants of, 65, 159; 
operators of, 160, 161 ; of two 
simplj isomorphic groups iden- 
Ucal, 162. 

Permutable operations, definition 
of, 2 ; condition that two linear 
transformations may be, 400. 

FiSafflan syatem, definition of, 
196 ; condition that given system 
of equations should form, 201 ; 
transformation of, 231. 

FfikfTs equation, definition of, 
194; solution, 195; in non- 
homogeneous form, 238. 

Ffkffs problem, in relation to 
contact transformation, 293. 

Potnoar6, quoted, 86. 

Polar system of ftmotions to a 
given complete system, 217 ; if 
given system is homogeneous, 
polar is also, 217. 

Primitive groups, definition of, 
187; possible types of, in the 
plane, 852 ; in space, 897. 

Prcdeotive groups and sub-groups, 
18, 20 ; examples of non-projec- 
tive groups, 19, 22 ; of the linear 
complex, 304, 888 ; of the plane, 
property of sub-group of, 385. 

Beoiprooal groups, definition of, 

62 ; structure constants of, 158. 
Bedprooation, a case of contact 

transformation, 252. 
Beduoed operators, definition of, 

97. 
Beduoible contact groups, 292 ; 

of the plane, condition for, 370. 

Salmon, quoted, 265, 266, 815. 

Scheffers, quoted, 272, 398. 

Self-conjugate operator, condi- 
tion for, 93. 

Self-oox\jugate sub-group, defi- 
nition of, 17; condition that a 
given sub-group may be, 92. 

Similar groups, definition of, 16 ; 
are simply isomorphic, 16; 



necessary and sufficient con- 
ditions that two groups may 
be similar, 149-154; that two 
contact groups may be, 290, 291. 

Bimilar operations, definition of, 2. 

Simple group, definition of, 165. 

Special elements, definition of, 
249 ; equations satisfied by, 249, 
254. 

Si>eoial enveloi>e, definition of, 
249. 

Special equations, definition of, 
247. 

Special linear homogeneous 
group, definition of, 17. 

Special position, points of, with 
respect to a complete system of 
ox>erators, 110; transformed to 
points of the same special order 
by transformations lulmitted by 
system, 127. 

Standard form of a group, defini- 
tion of, 147 ; of a homogeneous 
function system, 198. 

Stationary ftmctlons, definition 
of, 144 ; construction of, 187. 

Stationary group, definition of, 
141; all such groups imprimitive, 
142 ; operators permutable with, 
156, 157. 

Structure, when two groups are 
said to be of the same, 70. 

Structure constants, definition of 
a set of, 68; vary with choice 
of fundamental operators, 70; 
normal structure constamts, 72; 
a set resulting from a change 
of fundamental operators, 177 ; 
construction of group, when 
structure consents given, 187 ; 
examples on, 189-192; structure 
constants of contact group, 292. 

Structure ftmctions of a complete 
system of operators, defimtion 
of, 144 ; of a complete system of 
functions, 215. 

Sub-group, definition of, 17 ; 
maximum, 101 ; equations de- 
fining a, 181; index of, 188; 
method of finding all types of, 
186; examples on method, 189- 
192. 

Surfistce coordinates, 813, 814. 

SurCeuses on which a net can move, 
811-318 ; group of movements of 
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the net, 317 ; when the snrfftce 
if a developable, 818. 

Tetrahedral oomplfliz, definition 
of, 269 ; Mongian equation satis- 
fied bj linear elements of, 282. 

Tranafbrmation group, general 
definition of, 2. 

Tranafbrmatioiia which transform 
snrfiicei but leave unaltered 
length of arcs, 308-311. 

Traiiaitive group, simply transi- 
tive group, definitions of, 45, 118 ; 
when two transitive groups are 
similar, 167 ; construction of, 
when the structure constants and 
stationary functions are given, 



170-173; extensioii to the cue 
of intransitive groups, 174. 

Tranalation group, 18. 

Trivial, when infinitesimal trans- 
formations admitted by an equa- 
tion are said to be, 95. 

Type, when groups are said to be 
of the same, 16 ; when sub- 
groups, 17 ; number of types of 
groups, 22. 

Unoonneoted, operators, defined. 
7 ; functions, ol ; infinitesimal 
transformations, 82; invariants 
of a complete system, 83. 

United elementa, definition of, 
194. 
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ISs. net VoL I, Part II. West and West Central Phrygia. £1 Is. net 

Byzantine Art and Archaeology. By o. M. Dalton. with 457 

illustrations. Royal Svo. Cloth, 38s. net ; morocco back, 42s. net. 

Early European History 

Bronze Age Pottery of Great Britain and Ireland. By 

the Hon. J. Abercro3iby. With over lOO collotype plates. [In the press.] 

The Stone and Bronze Ages in Italy and Sicily, By 

T. E. Peet. Svo, illustrated. 16s. net 

Ancient Britain and the Invasions of Julius Caesar. By 

T. Rice Holmes. Svo. 21s. net. 

A Manual of Ancient History. ByG.iUwLiNsoK. snded. svo. i48. 



European History 



Historical Atlas of Modem Europe, fiom the DecUne of the 

Roman Empire. 90 maps, with letterpress to each : the maps printed by 
W. & A. K. JoHysTON, Ltd., and the wnole edited by R. L. Poole. 

In one volwne, imperial 4to, half-persian, £6 15s. 6d. net ; or in selected 

sets — British Empire, etc, at various prices from 90s. to 358. net each; 

or in single maps. Is. 6d. net each. Prospectus on application. 

Finlay's History of Greece ^m b.& i4s to a.d. i864. a new editbo, 

revised by the Author, and edited by H. F. Tozer. 7 vols. 8vo. 638. net 

Italy and her Invaders (A.n. sie-su). with pUtes and maps, fight 

volumes. 8vo. By T. Hodokin. Vols. I-IV in the second edition. 
I-H. Visigothic, Hunnish, Vandal Invasions ; Herulian Mutiny. £2 is, 
III-IV. The Ostrogothic Invasion. The Imperial Restoration. £1 168. 
V-VI. The Lombard Invasion, and the Lombard Kingdom. jCI 168. 
VII-VIII. Prankish Invasions, and the Prankish Empire. jCI ia. 

The Dynasty of TheodosiuS. By the same author. Cr. 8va 6s. 

Dalmatia, the Quamero, and Istria ; with Cettigne and Grada 

By T. G. Jackson. Three vols. With plates and illustrations. 8vo. 31s. 6d. net 
The Islands of the Aegean. By H. p. Tozeb. Crown 8vo. 8s. 6d. 

Caesar S Conquest of Gaul. By T. Rice Holmes. Second editioD, 
revised throughout and largely rewritten. 8vo. With map and 8 plans. 946.0. 

Genealogical Tables illustrative of Modem History. By H. a 

George. Pourth (1904) edition. Oblong 4to, boards. 7s. 6d. 

The Life and Times of James the First of Aragon. By 

p. D. Swift. 8vo. 128. 6d. 

Documents of the Continental Reformation. Edited bj 

B. J. KiDD. Cr. 8vo. 12s. 6d. net. 

A History of France. By G. W. Kitchik. Cr. Svo ; revised. Vol I 

(to 1453); Vols. II (1624), III (1795), 10s. 6d. each. 

De Tocqueville's L'Ancien Regime et la Revolution. 

Edited, with introductions and notes, by G. W. Headlam. Crown 8vo. 6i. 

Speeches of the Statesmen and Orators of the French 

Revolution. Ed. H. Morse Stephens. Two vols. Crown Svo. £1 Is. net 

Documents of the French Revolution, 1789-1791. By 

L. G. WicKHAM Legg. Crown 8vo. Two volumes. 19s. net. 

Napoleonic Statesmanship : Germany. By h. a. l. Fubei. 

8vo, with maps. 12s. 6d. net. 
Bonapartism. SU lectures by H. A. L. FuuER. Svo. 3b. 6d. net 

Thiers' Moscow Expedition, ed. h. b. Geoege. Cr. 8vo,6 maps. 5i. 
The Oxford Text-books of European History. 

Crown 8vo, with maps. Each is. 6d. 
Mediaeval Europe. 1095-1254. By KENinrrH Bell. 

The Renaissance & the Reformation, liw-ieio. ByE.M.TAinrEi. 
The Fall of the Old Order. 1763-1815. By i. L. Plukut. 
From Mettemich to Bismarck. I8i5-i878. By L. Cect. Jake. 



£nglish History : Sources 

Baedae Opera Historica, edited bj C Pumimu Two ▼olnmet. 
Crown 8vo, leather back. £1 Is. net 

Asser's Life of Alfred, with the Annals of St. Neot, 

edited by W. H. SrEVENsoy. Crown Sto. 198. net 

The Alfred Jewel, an historical essay. With lUustrations and a map, 
by J. Earle. Small 4to, buckram. 13s. 6d. net 

Two of the Saxon Chronicles Parallel ; with snppiementory 

extracts from the others. A Revised Text edited by C Plummer and 
J. Earle. Two volumes. Crown 8vo. VoL I. Text, appendices, and 
glossary. 10s. 6d. net. VoL II. Introduction, notes, and index. 10s. 6d. net. 

The Saxon Chronicles (tst-iooi a.d.). Crown 8vo, stiff covers, ss. 
Handbook to the Land-Charters. ByJ. Eakle. Crown 8vo. i6a. 

The Crawford Collection of early charters and Documents, now in 
the Bodleian library. Edited by A. S. Napier and W. H. Steveksok. 
Small 4to, cloth. 19s. net 

The Chronicle of John of Worcester, iiis-iiio. Edited by 

J. R. H. Weaver. Crown 4to. 7s. 6d. net 

DialogUS de ScaCCario. Edited by a. Huohes, C. G. Crump, and 
C. JoHNSOK, with introduction and notes. 8vo. 19s. 6d. net 

PaSSio et Miracula Beati Olaui. Edited from the Twelfth-oentury 
MS by F. Metcalfe. Small 4to. 6s. 

The Song of Lewes. Edited from the MS, with introduction and 
notes, by C. L. Kinosford. Extra fcap 8vo. 5s. 

Chronicon Galfridi le Baker de Swynebroke, edited by Sir 

E. Maukde Tuompson, K.C.B. Small 4to, 18s. ; cloth, gilt top, £1 Is. 

Life of the Black Prince. (See p. 99.) 

The First English Life of Henry V. Edited from the MS. by 

C. L. KiKosFX)RD. 8vo. 8s. 6d. net 

Chronicles of London. Edited, with introduction and notes, by 
C L. KivGSFORD. 8vo. 10s. 6d. net 

Six Town Chronicles of England. Now printed for the first 
time. Edited from the MSS by R. Flenley. 8vo. 7s. 6d. net 

Gascoigne's Theological Dictionary C Liber Veriutum'): selected 

passages, illustratinji^ the condition of Church and State, 140S-1458. With 
an introduction by J7 E. Thorold Rogers. Small 4to. 10s. 6d. 

Fortescue's Governance of England, a revised text, edited, 

with introduction, etc, by C Plummer. 8vo, leather back. 19s. 6dL net. 

StOW's Survey of London. Edited by a L. Kutosford. Svo, 9 vols., 
with a folding map of London in 1600 (by Emery Walker and H. W. Crirb) 
and other illustrabons. dOs. net 

The Protests of the Lords, from 1624 to I874 ; with introductions. 
By J. E. Thorold Rogers. In three volumes. 8vo. £2 2a. 

Historical Evidence. By H. B. Oaoioi; Grown 8vo. 3s. 



The Clarendon Press Series of Charters, 

Statutes, etc 

From the earliest times to 1307. By Bishop Stdbbs. 

Select Charters and other illustratloiis of English Constitatioiial History. 
Eighth edition. Crown 8vo. 8s. 6d« 

From 1558 to 1635. By G. W. Proihero. 

Select Statutes and other Constitutional Documents of 
the Reigns of Elizabeth and James I. ThM e^tkm. 

Crown 8vo. 10s. 6d. 

From 1635 to 1660. By S. R. GARonncR. 

The Constitutional Documents of the Puritan Revolu- 
tion. Third edition. Crown 8to. IOi. 6d. 

Calendars, etc 
Tudor and Stuart Proclamations, 1485-1714. Caiendaied 

by Robert Steele under the direction of the Earl of Crawford, K.T. Royal 
4to, two volumes. £5 5s. net 

Calendar of Charters & Rolls in the Bodleian Library. 8yo. Sla. ed. D. 

Calendar of the Clarendon State Papers preseryed to the 

Bodleian Library. In three volumes. 1869-76. 

VoL L From 1593 to January 1649. 8vo. 18s. net VoL IL From 1649 
to 1654. 8vo. 168. net VoL III. From 1655 to 1657. 8va 14a. net 

Hakluyt's Principal Navigations. (See p. i«.) 

Aubrey's ' Brief Lives/ set down between the Years 1669 and 1696. 
Editea from the Author*s MSS by A. Clark. Two volumes. 8vo. £1 5s. 

Whitelock's Memorials. (1635-1660.) 4 vols. svo. £iioi. 
Ludlow's Memoirs. (I695-I679.) £d.CH.FiRTH. 2 vols. svo. £ii6t. 

Luttrell's Diary. (I678-I714.) SbL volumes. Svo. £1 lOs. net 

Burnet's History of James II. 8vo. 98. 6d. net 

Life of Sir M. Hale, with Fell's Life of Dr. Hammond. 8va 9b. 6d. net. 
Memoirs of James and William, Dukes of Hamilton. 8vo. 7s. 6d. net 

Burnet's History of My Own Time, a new edition, baaed on 

that of M. J. RouTH, by Osmukd Airy. Two vols., each ISs. 6d. net 
Supplement, derived from Burnet's Memoirs, Autobiography, etc, all 
hitherto unpublished. Edited by H. C. Foxcroit, 1909. 8vo. 16s. net 

The Whitefoord Papers. (1739-1810.) Ed.w.A.s.Hi:wiir8. svo. i9s.6d. 

History of Oxford 

A complete list of the Publications of the Oxford Historical Society 
can be obtained from Mr. Frowde, and see p. 29. 

Manuscript Materials relating to the History of Oxford ; 

contained in the catalogues of the Oxford librarie8% ByF.MADAX. 8vo. 7s. 6d. 
Oxford Books. By F. Madak. 8vo. Two volumes, 36s. net Also sepa- 
rately. VoL I (The Early Oxford Press) 18s. n.,Vol. 1 1 (Oxford Literature) 26s. n. 

Bibliography 
Cotton's Typographical Gazetteer. First Series, svo. isa. ed. net 
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Bishop Stubbs's and Professor Freeman's Books 
The Constitutional History of England. ByW.SxuBBs. Library 

edition. 3 vols. Demy 8vo. £2 Ss. Also in 3 vols., crown 8vo, 19s. each. 

Seventeen Lectures on the study of Mediaeval and Modem History, 
1867-1884. By the same. Ed. 3, 1900. Cr. Svo, 8s. 6d. 

History of the Norman Conquest of England ; its Caasei 

and Results. By E. A. Freeman. Vols. I, II and V (English edition) are 
out of print Vols. Ill and IV. £1 Is. each. Vol VI (Index). 10s. 6d. 

A Short History of the Norman Conquest of England. 

Third edition. By the same. Extra fcap 8vo. Ss. 6d. 
The Reign of William Rufus. By the same. 2 vol^. Svo. £1 16s. 

School Books 

A School History of England. By a R. L. Flctcheh and Rod- 

YARD KipUNG. Ed. 2 revised. Crown 8yo, cloth, with 1 1 coloured and 19 black 
and white illustrations by H. J. Ford, and 7 maps. Is. 8d. An Edition de luxe, 
with additional illustrations, 4to, 7s. 6d. net. Containing many new and 
original poems by Mr. Rudyard Kipling. 

School History of England. By O. M. Edwards, R. S. Rah*, and 

others. Second edition (1911), to the death of Edward VII. With maps. 
Crown Svo, 3s. 6d. ; also in 2 vols. (Vol. I to 1603, VoL II to 1910), each 9s. 

Companion to English History (Middle Ages). Edited by F. P. 

Barnard. With 97 illustrations. Crown 8yo. 8s. 6d. net 

The Story of England. For Junior Formf. By M.O.Davis. Crown Svo, 

with 16 maps in black and red. 3s. Also in parts, I to James I, II to Victoria, 
each Is. 9d. 

A History of England for Indian students. By V. A. Smfth. Crown 
Svo, with many illustrations. [Immediately.] 

Perspective History Chart. By E. a. g. Lambork. ss. 6d. net 

Oxford Countv Histories 

Crown Svo, illustrated, each Is. 6d. net. (In superior bindings, 9s. 6d. net.) 

Berkshire, by E. a. G. Lamborn. Cheshire, by c. e. Kelsey. Dur- 
ham, by F. s. Edejt. Esscx, by w. H. Weston. Gloucester- 
shire, by W. H. Westox. [In the press.] Hampshire, by F. Clarke. 

Oxfordshire, by H. a. Liddeli. Shropshire, by t. Audek. 



The Making of London. BySir Laurence Gomme. Cr.Svo. 3s.6d.net. 

Leeds and its Neighbourhood. By a. c. Price. Cr. svo. ss. 6d. 

Southampton. ByF.J.CHEARNSHAwandF.CLARKE. Crown Svo. 9fl.net. 
Bucks Biographies. By Lady Verney. Crown Svo. 9a, 6d. net. 

Also, for junior pupils, iilustrated, each Is. 

Stories from the History of Berkshire. By e. a. g. Lamborx, 
Stories from the History of Oxfordshire. By Johk Irviko. 
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Special Periods and Biographies 
Ancient Britain and the Invasions of Julius Caesar. By 

T. Rice Holhzs. 8vo. 21s. net 

Life and Times of Alfred the Great. ByC. Plummer. svo. 5s.net 
llie Domesday Boroughs. Bj AdolpbubBajllmmb. sto. fii.6d.Det 

Villainage in England. Eaajs in English MediaeTal History. Bj 
P. VnroGEADoiT. 8yo. 16s. net. 

English Society in the Eleventh Century. Essays m 

English Mediaeval History. By P. ViKOoaADOFF. 8vo. 16s. net 

Oxford Studies in Social and Legal History. Edited by 

Paul Vinooradoff. Svo. Vol. I. English Monasteries on the Eye of the 
Dissolution. By Alexander Savine. Patronage under the Later Empire. 
By F. DE ZuLUETA. 12s. 6d. net VoL II. TVpes of Manorial Structure. By 
F. M. Stentok. Customary Rents. By N. NEiLsoy. 19s. 6d. net VoL III 
in preparation. 

The Gild Merchant : a contribution to British municipal histoiy. By 
C. Gross. Two volumes. 8vo, leather back, £1 is. 

The Exchequer in the Twelfth Century. ByR.L. Pooix. 8vo. 

[In the press. 

Ireland under the Normans, 1169-1716. By G. H.ORPEir. 

Two vols. 8vo. With two maps. 81s. net 

The Welsh Wars of Edward I ; a contribution to mediaeval 
military history. By J. E. Morris. 8vo. 98. 6d. net 

The Great Revolt of 1881. By C. Oman. Svc 8s.6d.net 

Lancaster and York. (a. d. is99-ii85.) By sir J. h. Ramsat. Two 

volumes. 8vo, with Index, £1 17s. 6d. Index separately, Is. 6d. 

Life and Letters of Thomas Cromwell. By r. b. Mkrrimaii. 

In two volumes. [Vol I, Life and Letters, 15d3'1535, etc VoL II, Letters, 
1536-1540, notes, index, etc] 8vo. 18s. net 

Edward Hyde, Earl of Clarendon. By a h. Fzrtb. 8vo. is. net 

A History of England, principally in the Seventeenth Century. By 
L. VON Ranks. Translated under the superintendence of G. W. KncBnt 
and C W. Boase. Six volumes. 8vo. £S 3s. net Index separately. Is. 

Sir Walter Ralegh, a Biography, by W. Stbbbiko. Post 8vo. fis. Dct 

The Life and Works of John Arbuthnot. By g. a. Airnoi. 

8vo, cloth extra, with Portrait 15s. net. 

The Life and Letters of Sir Henry Wotton. Bf u FisAMau. 

Smith. 8vo. Two volumes. 25s. net 

Great Britain and Hanover. By a. w. Ward. Crown svo. 5a. 
Henry Fox, Lord Holland. By T. w. Rumu 2 w. 8vo. ais. net 
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History of the Peninsular War. By c Omax. To be completed 

in six Tolumes, 8vo, with many maps, plans, and portraits. Already published : 
Vol. I. 1807-1809, to Corunoa. VoL II. 1809, to Talavera. Vol. III. 1809- 
10, to Tones Vedras. Vol. IV. 1810-1811, to Tarragona. 14s. net each. 

British Statesmen of the Great War, 1798-1814. By 

the Hon. J. W. Fortescue. 8to. 7s. 6d. net. 

Anglo-Dutch Rivalry, 1600-1658. By G. Edmundsok. sto. es.n. 
Progress of Japan, 1 858-1 871 . By J. H. Gubmks. svo. los. 6d. n. 
Anglo-Chinese Commerce and Diplomacy : mainly in the 

nineteenth century. By A. J. Sargent. 12s. 6d. net. 

Frederick York Powell. By Ouver Elton. 2 vols. svo. with 

illustrations. 9 Is. net. 

David Binning Monro. By J. Cook Wiuon. svo. 9s. net 

F. W. Maitland. Two lectures by A. L. SMrrn. 870. 98. 6d. net 

Henry Birkhead. By j. w. Mackail. svo. is.net 

Biographical Memoir of Dr. William Markham, Arch- 
bishop of York, by Sir Clements Markham, K.C.B. 8vo. 5s. net 

Memoir of Sir John Burdon Sanderson. By the late Lady 

BuRooN Sanderson. Edited by J. S. and £. S. Haldane. Svo. 10s. 6d. net 



Constitutions of the Empire 

Lord Durham's Report. By sir C. p. Lucas, K.CB. [in the press. 

Federations and Unions within the British Empire. By H.E.£oerton. 
870. 8s. 6d. net 

Responsible Government in the Dominions. By a. b. Keith. 

3 vols. Svo. [In the press. 

The Union of South Africa. By the Hon. R. H. Brand (1909). 
8vo. 6s. net 

Political Unions. By H. a. L. Fisuer. Svo. is. net. 
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The Government of India, behig a Digest of the SUtute Law relating 
thereto, with historical introduction and illustrative documents. By Sir C P. 
Ilbert, K.CS.I. Second edition, 1907, with a supplementary chapter (1910) 
on the Indian Councils Act of 1909 (also separately, Is. net). Us. 6d. net 

Second Chambers. By J. a. R. Marriott. Svo. 5s. net 

English Political Institutions. By J. a. R. Marriott. Cr. Svo. 
46. 6d. 



History and Geography of America 
and the British Dominions 

For other Geographical hooks, see page 59 ; for Legal and Constitutional 

works, see page 63. 

Histor}' of the New World called America. By E. j. Patw. 

VoL I. Sro. 188. Bk. 1. The Discorery. Bk. 11, Fart I. Aboriginal Americi. 
VoL 11. 8to. lis. Bk. 11, Part II. Ahoriginal America (conehided). 

A History of Canada, 1763-1812. Bj sir c. P. LucAa, K.CB. 

8vo. With eight maps. 12s. 6d. net 

The Canadian War of 1812. By Sir C P. Lucas, K.C.B. 8m 
With eight maps. 1?S. 6d. net. 

Historical Geography of the British Colonies. By sir c. P. 

Lucas, K.CB. Crown 8vo. 

Introduction. New edition by H. E. Eozbtoit. 190S. (Origin and 
growth of the Colonies.) 8 maps. 3b. 6d. In cheaper binding, Ss, 6d. 

Vol. I. The Mediterranean and Eastern Colonies. 

With 13 maps. Second edition, revised by R. E. Sttbbb. 1906. 5s. 

VoL II. The West Indian Colonies, with twdfe 

maps. Second edition, revised by C. Atchley, I.S.O. 1905. 7s. 6d. 

Vol. III. West Africa. Second Edition. ReYised to the 
end of 1S99 by H. K EcEBToy. With five maps. 7s. 6d. 

VoL IV. South and East Africa. Historical and Geo- 
graphicaL With eleven maps. 9s. 6d. AlsoPftrtl. Historical 1898. 
(»s.6d. Part II. 1903. Geographical 3s. 6d. 

Vol. V. Canada, Part I. 6s. Pkrt II, by H. E. EoEBioy. 46. 6d. 

Part 111 (Geographk»l) 4s. 6d., and Part IV, Newfoundland, by 
J. D. Rogers. 4s. 6d. 

Vol. VI. Australasia. By J. D. Roocas. 1907. with Sd maps. 
7s. 6d. Also Part 1, Historical, 4s. 6d. Part II, Geographical, 3s. 6d. 

History of the Dominion of Canada. By W. P. GacswEix. Crown 8vo. 7s. 6d. 
Geooraphy of the Dominion of Canada and Newfoundland. By the same author. 

With ten maps. 1891. Crown 8vo. 6s. 
Geography of Africa South of the 21ambesi. By the same author. With mi^. 

1892. Crown 8vo. 7s. 6d. 

The Study of Colonial History. AlectttrebyH.E.EGKBTON. 8TO.l8.n. 
Historical Atlas. Europe and her Colonies. 27 m^is. S5s. net. 

Comewall-Lewis s Essay on the Government of Depen- 
dencies. Edited by Sir C. P. Lucas, K.C.B. 8vo, 128. net. 

Sierra Leone : a bibliography. By H. c Luxacu. svo, with intro- 
ductory essay and maps. 8s. 6a. net. 

Political Unions. By H. a. L Fisher. 8vo. Is. net 
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India 

The Imperial Gazetteer of India. New edition, i906. The 

entire work in 26 vols., cloth £5 net, morocco back £6 68. net. The 4 vols, 
of *The Indian Empire' separately, cloth 68. net each, morocco back 
7s. 6d. net ; Atlas, cloth 15s. net, morocco back ITs. 6d. net ; the remaining 
91 vols., doth £4 4s. net, morocco back £5 5s. net 

Vol. I. Descriptive. Vol. V-XXIV. Alphabetical Gazetteer. 

VoL 11. Historical. VoL XXV. Index. 

Vol III. Economic. Vol. XXVI. Atias. 

VoL IV. Administrative. 
Each volume contains a map of India specially prepared for this Edition. 
Reprints from the Imperial Gazetteer. 
A sketch of the Flora of British India. By Sir Josefr Hooker. 8vo. Is. net 
The Indian Army. A sketch of its History and Organization. 8vo. Is. net. 

Rulers of India 

Edited by Sir W. W. Huwter. Crown 8vo. 9s. 6d. net each. 
(There is also a special Indian Edition.) 



Bdbar. S. Lane-Poole. 
Albuquerque. H. Morse Stephens. 
Akbar. Colonel Malleson. 
Aurangzib. S. Lane-Poole. 
Dupleix. Colonel Malleson. 
Clive. Colonel Malleson. 
Hastings. Captain L. J. Troiter. 
Sindhia. H. G. Keene. 
Comwallis. W. S. Seton-Karr. 
Haidar Ali and Tipu Sult^. 

L. B. BOWRING. 

Wellesley. W. H. Hution. 

The Marquess of Hastings. Major 

R088-0F-BlaDEN8BUR0. 

Elphinstone. J. S. Cotton. 
Munro. J. Bradshaw. 



Amherst. Anne T. Ritchie and 
R. Evans. 

Bentinck. D. C. BouiiOER. 

Auckland. Captain L. J. Trotter. 

Hardinge. Viscount Hardinoe. 

Ranjit Singh. Sir L. GRirror. 

Dalhousie. Sir W. W. Hunter. 

Thomason. Sir R. Temple. 

Colvin. Sir A. Colvin. 

Henry Lawrence. Lt-Gen. J. J. 
M^'Leod Innls. 

Clyde and Strathnairn. Major- 
Gen. Sir O. T. BuRNB. 

Canning. Sir H. S. Cunningham. 

Lawrence. Sir C. Aitchison. 

Mayo. Sir W. W. Hunter. 



Asoka. By V. A. Smith. Second edition, 1909. 3s. 6d. net 

Sketches of Rulers of India. Abridged from the Rulers of India 

by G. D. OswEfx. VoL I, The Mutiny and After ; Vol. II, The Company*s 
Governors ; Vol. Ill, The Govemors-Creneral ; VoL IV, The Princes of Inma. 
Crown 8vo. 9s. net each. Also in two vols., 7s. 6d. net ; separately, each 
4s. net. 

Macaulay's Clive and Warren Hastings, with introductions by 

V. A. Smith, the former with notes by the same ecutor. 2s, each. 

A Brief History of the Indian Peoples. By sir w. w. Hdnteiu 

Revised up to 1903 by W. H. Hutton. Eighty- ninth thousand. Ss. 6d. 

The Oxford Student's History of India. By v. a. Smith. 

Crown 8vo. Third Edition. With 7 maps and 11 other illustrations. 3s. 6d. 
The Oxford India Reader. Authorized selections from the Imperial 
OazeUser of India. By W. Bell. Cr. Hvo, illustrated. [Immediately.] 
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India (continued) 

The Government of India, being a digest of the statute Law relating 
thereto; with historical introduction and illustrative documents. By Sir 
C P. Ilbert. Second edition, 1907, with a supplementary chapter (1910) 
on the Indian Councils Act of 1909 (also separately. Is. net), lis. 6d. net 

The Early History of India from eOO && to the Muhammadan Con- 
quest, including the invasion of Alexander the Great. By V. A. Siuth. 8va 
With maps, plans, and other illustrations. Second edition. 14s. net. 

The English Factories in India: By w.Focter. Med.8vo. (PobUshed 

under the patronage of His Majesty*s Secretary of State for India in CoundL) 
5 Vols., 1618-91, 1622-3, 1624-9, 1630-83, 1634-36. 12s. 6d. net each. 
(The six previous volumes (VoL II is out of print) of Letters received by 

the East India Company ftom its Servants in the East (1602-1617) may 

also be obtained, price 15s. each volume.) 

Court Minutes of the East India Company. By E. b. 

Sainsbury. Introduction by W. Foster. Med. 8vo. 12s. 6d. net each. 
Three Vols., 1635-39, 1640-43, 1644-i9. 

The Court Minutes previous to 1635 have been calendared in the Calendars 
of State Papers, East Indies, published by the Public Record Office. 

Wellesley's Despatches, Treaties, and other Papers relating to bis 
Government of India. Selection edited by S. J. Owkh. 8vo. £1 48. 

Wellington's Despatches, Treaties, and other Papers relating to 
India. Selection edit^ by S. J. Owen. 8vo. £1 46. 

Hastings and the Rohilla War. By sir j. SnACHKr. svo. ioB.6d. 

GEOGRAPHY 

Historical Atlas of Modem Europe. (Sfep. 5o.) 

Economic Atlas. By J. G. Bahtholomew. lalioduction by L. W. Lybb. 
4to, with over 180 coloured maps. 3s. 6d. net School edition, 28. 6d. net. 

The Dawn of Modem Geography. By a R. Beazlet. in three 

volumes. £2 15s. net Vol. 1 (to a.d. 900). Not sold separately. VoL II 
(A.p. 900-1960). 15s. net Vol. III. 90s. net 

Regions of the World. £d.H.J.MACKiNDEB. Med.8vo. 7s.6d.n.peryol. 

Britain and the British Seas. Ed. 9. By H. j. MAcxmnL 
Central Europe. By John Pabtsch. Nearer East. By 
D. G. UooABTH. North America. By i. Russell. India. By 

Sir THoiiAs HoLDicH. The Far East. By Aechibald LrTTLE. 
Frontiers: Romanes Lecture (1907) by EarlCuBzoK of KEDLEffroK. Svo. 8b. n. 

The Face of the Earth. By Eduard Suns. (See p. 99.) 

Peaks and Pleasant Pastures. By Claud Schuster. Svo, with 
5 maps. 7s. 6d. net. 

Relations of Geography and History. By H. B. Geobge. with 

two maps. Crown 8vo. Fourth edition, is. 6d. 

Geography for Schools. By a. Huohes. c^wq 8vo. 9s. 6d. 
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The Oxford Geographies 

Edited by A. J. Herbertson. Crown 8vo. 

The Preliminary Geography. Ed. 2, 72 maps, is.ed. 

The Junior Geography. Ed. S, revised, lee maps and diagrams, 2b. 
With Physiographicid IntroducUon, 3s. With Questions (by F. M. Kirk), 
and SUtistical Appendbc (by £. G. R. Taylor), 9s. 6d. With both, 3s. 6d. 
Quests, and Stat App. separately. Is. 

The Senior Geography. Ed. S, in maps and diagrams, 2s. 6d. With 
Physiogpraphical Introduction, 3s. 6d« With Questions (by F. M. Kirk), and 
SUtistical Appendix (by E. G. R. Taylor), 3s. With both, 4s. Quests, and 
Stat App. separately. Is. 

Physiographical Introduction to Geography. 63 maps. is.6d. 
The Clarendon Geography. ByF.D.HERBER-reow. in9vois. Voi.i: 

Principles, British Isles, and Europe. In the press. Vol. II. In preparation. 

A Geography of Ireland. By O.J. R. Howarth. 2s. 6d. 

Australia, in its physlographicand economic aspects. ByT. G.Taylor. 3s.6d. 

The Elementary Geographies. By f. d. Herbertson. i, Ed. 2-. 

Physiogpraphy. Is. II : In and About our Islands. Is. Ill : Europe. Is. 
IV : Asia. Is. 6d. VII : The British Isles. Is. 9d. Others in preparation. 

Practical Geography. By J. F. Unstead. 2s. ed. 2 Parts, is. ed. each. 
The British Empire. By R. L. Thompson. [In the press.] 

The Oxford Wall Maps 

Edited by A. J. Herbertson. Drawn by B. V. Darbishire. 
Detailed Prospectuses on appUcation to Mr. Frowde. 

British Isles : Physical Features ; do. with physical names ; do. with 
routes ; Geology ; Rainfall. Five maps, 60 x 40, scale 1 : 1,000,000. 

Continents (Europe, Asia, Africa, N. America, S. America, Australasia) : 

Physical Features ; do. with physical names ; do. with political names ; Rain- 
fall; Vegetation. Thirty maps, 60x40 , except Asia, 60x60), scale, Europe 
and Australasia, 1 : 5,000,000, others 1 : 7,o00,000. 

W^Orld : Physical Features ; Structure ; Thermal Regions ; Pressure and 

Winds ; Rainfall ; Vegetation ; Natural Regions ; Political. Eight maps, 
40 X 60, scale 1 : 33,300,000. 

Price per map : Unmounted 7s. net ; mounted on cloth to fold 8s. 6d. net ; 
on cloth and rollers (varnished or unvarnished) 10s. 6d. net, except Asia, 10s. 6d. 
net, 12s. 6d. net, 15s. net. 

In Sets (prices net) : British Isles, Europe, Africa, N. America, S. America, 
Australasia, each in five maps, 32s. 6d., 40s., 50s. Asia, 50s., 60s., 72s. 6d. 
World, the eight maps, 55s., 65s., 80s. Physical Features of the eii^t maps, 
with or without names, or with political names (the British Isles with routn), 
57s. 6d., 70s., B58. Ramfall, tiie eight maps, 57s. 6d., 70s., 85s. Vegetation, 
the seven maps, 508., 60s., 75s. 

The Oxford Charts and Outline Maps. Prices : id. net eachi 

9d. net for 12 of one kind. Is. 4d. net for 25 of one kind. 
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Anthropology 

Transactions of the Third (1908) International Congress 
for the History of Religions. Rojaism dToit. sss. net. 

Anthropological ElssayS presented to Sir KmrARD Bub»it Ttim in 
hoDOUT of his serenty-fifth birthday. Imperial 8to. 91s. net. 

The Evolution of Culture, and other Essays, by the ute 

Lieut -Gen. A. Lave-Fox Pitt-Riteu ; edited by J. L. BfTaxs, with an 
Introduction by H. BALPOua. 8vo, with 91 plates, 7s. 6d. net. 

Anthropology and the Classics, six lectnm by a. Etaxs, 

A. Lavg, G. G. a. Mubbay, F. B. Jetons, J. L. Mrais, W. W. Fowixa. 
Edited by R. R. Marett. 8vo. Illustrated. 6s. net 

Folk-Memory. By Walteb Jouinow. Svo. mnstrated. 18b. «d. neL 

Celtic Folklore: Welsh and Manx. By j.Rhts. Sfois. sm. £i u. 
Studies in the Arthurian Legend. By j. RhK 8Yo.i98.6d. 

Iceland and the Faroes. By N. Axnavdaix. With an appendix 
on the Celtic Pony, by F. H. A. Marshall. Oown 8¥a 4s. 6d. net. 

Dubois' Hindu Manners. Translated and edited by H. K. Bkau- 
CHAMP. Third edition. Crown 8vo. 68. net On India Paper* Ts. 6d. net 

The Melanesians, studies in their Anthropology and FoQc-Loie. By 

R. H. CoDRiNOTON. 8vo. 16s. net 

The Melanesian Languages. ByR. H.GonaiNGTOK. sto. i8b.net. 
The Masai, their Language and Folk-lore. By a. a Hoilis. 

With introduction by Sir Charles Euot. 8vo. lUustrated. lis. net 

The Nandi, their Language and Folk-lore. By a. c Hmus. 

With introduction by Sir Charles Euot. 8to. Illustrated. 16s. net 

The Suk, their Language and Folk-lore. By M. w. h. Bekh. 

With introduction by Sir Charles Euot. 8vo. Illustrated. 198. 6d. net 

The Ancient Races of the Thebaid : an anthropometricai study. 

By Arthur Thomson and D. Randall-MacIvbr. Imperial 4to, with 6 collo- 
types, 6 lithographic charts, and many other illustrations. 49s. net 

The Earliest Inhabitants of Abydos. (A cnmioiogicai study.) 

By D. Randall-MacIver. Portfolio. 10s. 6d. net 

Bushman Paintings. Copied by M. H. Tovoub, and printed in oolonr. 
With a preface by H. Balfour. In a box, £S Ss. net 
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LAW 

Jurisprudence 
Bentham's Fragment on Government. Edited by p. c. 

Montague. 8vo. 78. 6d. 

Bentham's Introduction to the Principles of Morals and 

Legislation. Second edition. Crown 8vo. ds. 6d. 

Studies in History and Jurisprudence. By the Right Hon. 

Jajieb Bbtck. 1901. Two volumes. 8vo. £1 58. net. 

The Elements of Jurisprudence. By x. E. Hoixaitd. Eleventh 

edition. 1910. 8vo. 108. 6d. net 

Elements of Law, considered with reference to Principles of General 
Jurisprudence. By Sir W. Markby, K.CI.E. Sixth edition revised, 1905. 
8vo. 13s. 6d. 

Roman Law 
Imperatoris lustiniani Institutionum Libri Quattuor; 

mth introductions, commentary, and translation, by J. B. Motlk. Two 
volumes. Svo. VoL I (fourth edition, 1903), 16s. ; VoL II, Translation 
(fourth edition, 1906), 68. 

The Institutes of Justinian, edited as a recension of the institutes 
of Gains. By T. E. Holland. Second edition. Extra fcap 8vo. 5s. 

Select Titles from the Digest of Justinian. By t. e. Holland 

and C L. Shadwklu 8vo. 14s. 
Also, sold in parts, in paper covers : Part I. Introductory Tlties. 98. 6d. 
Part II. FamUy Law. Is. Part III. Property Law. 98. 6d. Part IV. 
Law^ of Obligations. No. 1. 3s. 6d. No. 9. 4s. 6d. 

Gai Institutionum luris Civilis Commentarii Quattuor : 

with a translation and commentary by the late E. PoarrE. Fourth edition. 
Revised and enlarged by E. A. Whittuck, with an historical introduction 
by A. H. J. Greevidoe. 8vo. 16s. net. 

Institutes of Roman I^aw, by R. Sohm. Translated by J. C 

Ledlie : with an introductory essay by £. Grueber. Third edition. 1907. 
Svo. 16s. net 

Infamia ; iU place in Roman Public and Private Law. By A. H. J. 
Greekidge. Svo. lOs. 6d. 

Legal Procedure in Cicero s Time. By a. h. J. Greeiodoe. svo. 

95s. net. 

Six Roman Laws. TransUted, with Introduction and Notes, by E. G. 
Hardy. Svo. 68. net. 

The Roman Law of Damage to Property : being a commentary 

on the titie of the Digest * Ad Legem Aquiliam * (ix. 9), with an introduction 
to the study of the Corpus luris Ovilis. By £. Grueber. Svo. 10s. 6d. 

Contract of Sale in the Civil Law. ByJ. b. Moyle. svo. i0i.6d. 
Trichotomy in Roman Law. By h. Goudt. s?o. 4s. net. 

The Principles of German Civil Law. By EaxEn J. ScninrEi. 

1907. Sfo. 19s. 6d. net 
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English Law 
Law and Custom of the Constitution. By Sir w. r. Amov. 

In two volumes. 8vo. 

VoL I. Parliament Fourth edition. 1909. Reissue revised, 1911. 

12s. 6d. net. 
VoL II. The Crown. Third edition. Parti. 1907. lQs.6d.net Part II, 

1908. 8s. 6d. net 

Principles of the Elnglish Law of Contract, and of A^encj in 

its relation to Contract By Sir W. R. Anson. Twelfth edition, 1910, revised 
by M. L. GwYEiu 8vo. 10s. net 

Introduction to the History of the Law of Real Property. 

By Sir K. E. Digby. Fifth ediHon. 8vo. 12s. 6d. 

Legislative Methods and Forms. By sir a P. luEn, K.C&L 

1901. 8vo. 16s. 

Modem Land Law. By e. Jsmu. sto. iss. 

Essay on Possession in the Common Law. By Sir p. 

Poujock and Sir R. S. Wright. 8vo. 8s. 6d. 

Outline of the Law of Property. By T. iuleioh. svo. 7«. 6d. 
Cases illustrating the Principles of the Law of Torts. 

By F. R. Y. Radcuffe and J. C Mnxs. 8Ta 1904. 12s. 6d. net. 
TheLawof CopjTight (1912). By G.S. Robertson. [Immediately.] 

Law in Daily Life. By Rud. vow Jherino. Translated with Notes 
and Additions by H. Goudy. Crown Svo. Ss. 6d. net 

The Management of Private Affairs. By Joseph Knro, p. T. R. 

BioHAM, M. L. GwYER, Edwin Cannan, J. S. C. Bridge, A. M. Lattei. 

Crown 8vo. 2s, 6d. net. 

Constitutional Documents 

Select Charters and other illustrations of Englisb Constitotional History, 
from the earliest times to Edward 1. Arranged and edited by W. Stitbbs. 
Eighth edition. 1900. Crown Svo. 8s. 6d. 

Select Statutes and other Constitutional Documents, 

illustrative of the reigns of Elizabeth and James I. Edited by G. W. 
Proiuero. Third edition. Crown Svo. 10s. 6d. 

Constitutional Documents of the Puritan Revolution, selected and 
edited by S. R. Gardiner. Third edition. Crown 8vo. 10s. 6d. 

Calendar of Charters and Rolls, containing those preserved in tbe 

Bodleian Library. 8vo. £1 Us. 6d. net. 

Handbook to the Land-Charters, and other Saxonic Docnmeota. 
By J. Earle. Crown 8vo. 16s. 

Fortescue's Difference between an Absolute and a Limited 

Monarchy. Text revised and edited, with introduction, etc, by C. 
Plummkr. 8vo, leather back, 12s. 6d. net 

Villainage in England. By p. VurooEADonr. sto. les. net 

Welsh Mediaeval Law : the Laws of Howel the Good. Text, 

translation, etc, by A. W. Wade Evans. Crown 8vo. 8s. 6d. net. 
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International Law 

International Law. By W. E. Halu sixth edition by J. B. Atlay. 
1909. 8vo. £1 l8. net 

Treatise on the Foreign Powers and Jurisdiction of the 

British Crown. By W. E. Hall. Svo. lOs. 6d. 

The European Concert in the Eastern Question, a coUection 

oftreaties and other public acts. Ed. by T. E. Holland. 1885. 8vo. 12s. 6d. 
Studies in International Law. ByT.E. Holland. 189& 8vo. 108.6d. 

The Laws of War on Land. By T. E. Holland. 190a 8vo. «B. net 

Gentilis Alberici de lure Belli Libri Tres edidit x. s. 

Holland. 1877. Small quarto, half-morocco. £1 Is. 

The Law of Nations. By Sk T. Twus. Part I. in time of peace. 
New edition, revised and enlarged. 8vo. 15s. 

Pacific Blockade. By a. E. Hogan. I9O8. 8vo. 6s. net. 

The Progress of International Law and Arbitration.. By 

Sir H. Erle Richards. 8vo. Is. net. 

Colonial and Indian Law (see also p. 55) 
British Rule and Jurisdiction beyond the Seas. By the Ute 

Sir H. Jenkyns, K.CB., with a preface by Sir C. P. Ilbert. 1909. 8vo, 15s. n. 

Comewall-Lewis's Essay on the Government of Depen- 
dencies. Edited by Sir C. P. Lucas, K.C.B. 8vo. 128. net. 

An Introduction to Hindu and Mahommedan Law fot 

the use of students. 1906. By Sir W. Markby, K.C.I.E. 6s. net 

Land-Revenue and Tenure in British India. By b. h. 

Baden-Powixl, CLE. With map. Second edition, revised by T. W. 
HoLDERNEss, C.S.I. (1907.) Crowu 8vo. 5s. net 

Land-Systems of British India, being a manual of the Land- 

Tenures, and of the systems of Land-Revenue administration. By the same. 
Three volumes. 8vo, with map. £S 3s. 

Anglo-Indian Codes, by Whitley Stokes. 8vo. 

VoL I. Substantive Law. £1 10s. VoL 11. Adjective Law. £1 15s. 
Ist supplement, 2s. 6d. 9nd supplement, to 1891, 4s. 6d. In one voL, 6s. 6d. 

The Indian Evidence Act, with notes by sir w. Mabkby, k.ci.e. 

8vo. 3s. 6d. net (published by Mr. Frowde). 

Corps de Droit Ottoman : «n Recuell des Codes, Lois, I^glements, 

Ordonnances et Actes les plus importants du Droit Int^rieur, et d*Etude8 sur 
le Droit CoutumierderEmpire Ottoman. Par George Youxo. 1905. Seveu 
vols. Svo. Cloth, £4 lis. 6d. net ; paper covers, £4 4s. net. Parts I (Vols. 
I-III) and II (Vols. IV- VII) can be obtained separately ; price per part, 
in doth, £2 17s. 6d« net, in paper covers, £2 12s. 6a. net. 
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Political Science and Economy 

For Biyce^s StwUsi and other books on general jurisprudence and poHtica] 

science, see p. 61. 

The Greek Commonwealth. PoHtics and Economics in Fifth- 
Century Athens. By A. E. Zimmehn. 8vo. 8s. 6d. net. 

Industrial Organization in the 16th and 17th Centuries. 

By G. Ukwdt. 8vo. 7s. 6d. net 

Relations of the Advanced and Backward Races of 

Mankind, the Romanes Lecture for 1909. By J. Brtck. Svo. 8b. net ' 

Comewall-Lewis's Remarks on the Use and Abuse 

of some Political Terms. New edition, with introduction by 
T. Raleioh. Crown 8vo, paper, 3s. 6d. ; cloth, 4s. 6d. 

Adam Smith's Lectures on Justice, Police, Revenue, and Arms. 
Edited with introduction and notes by E. Cannak. Bvo. 10s. 6d« net 

BluntSChli's TheOir of the State. Translated from the sixth 
German edition. Third edition. 1901. Oown 8vo. 8s. 6d. net 

Second Chambers. By J. a. r. Marbiott. svo. 5s. net 

English PoliticallnstitutionS. ByJ.A.R.MA]uiioiT. Cr.Svo. 4s. 6d. 

Political Unions. By H. a. L. Fdhir. Svo, is. net 

Biological Analogies in History : the Romanes Lecture for 1910. 
By TflHfiODORE Roosevelt. 8vo. 2s. net. 

A GecMnetrical Political Economy. By h. Cuxtkguame, c.b. 

Crown 8vo. 2s. 6d. net 

The Elements of Railway Economics. By w. m. Acwoktb. 

Oown Svo. Third impression. 2s. net 

Elementary Political Economy. By e. Cakxav. Third edition. 

Extra fcap Svo, Is. net. 

Elementary Politics. By sir T. Ralsoh. sixth edition revised. Extra 
fcap Svo, stiff covers. Is. net 

The Study of Economic History. By l. l. Price, is. net 

Economic Documents 
Ricardo's Letters to Malthus (isio-isss). Edited by J. Bonab.^* 
8vo. 7s. 6d. Letters to Trower and others (isii-isss). Edited y 

by J. BoNAH and J. H. Hollander. 8vo. 7s. 6d. 

Lloyd's Prices of Com in Oxford, isss-isso. svo. 3s. 6d. net 
First Nine Years of the Bank of England. By J. E. Thorold 

Rogers. 8vo. 8s. 6d« 

History of Agriculture 
The History of Amculture and Prices in England, 

A.D. 1259-1793. By J. K Thorold Rogers. Svo. Vols. I and II (1259-1400). 
84s.net Vols. Ill and IV (1401-1582). 32s.net Vols. V and VI (1583-1702). 
32s.net VoL VII. In two Parts (1702-1793). 32s.net 

HistoryofEnglish Agriculture. ByW.H.R.CuRTiJDi.Cr.8vo.6s.6d.n. 
The Disappearance of the Small Landowner. . By a. H. 

JoHKsoK. Crown Svo. 58. net 
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